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·K (½È©��55)

� f (x)Ú g(x)Ñ3 [a,b]þ�È,Ké?¿~ê k1 Ú k2,¼
ê k1f (x) + k2g(x)�3 [a,b]þ�È,�k

Z b

a
[k1f (x) + k2g(x)]dx = k1

Z b

a
f (x)dx + k2

Z b

a
g(x)dx .

AO/,3þ¡�½n¥- k1 = k2 = 1,Ò��
Z b

a
[f (x) + g(x)]dx =

Z b

a
f (x)dx +

Z b

a
g(x)dx .

- k2 = 0,Ò�� ∀k ∈ R,
Z b

a
kf (x)dx = k

Z b

a
f (x)dx .
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·K (½È©��55)

� f (x)Ú g(x)Ñ3 [a,b]þ�È,Ké?¿~ê k1 Ú k2,¼
ê k1f (x) + k2g(x)�3 [a,b]þ�È,�k

Z b

a
[k1f (x) + k2g(x)]dx = k1

Z b

a
f (x)dx + k2

Z b

a
g(x)dx .

AO/,3þ¡�½n¥- k1 = k2 = 1,Ò��
Z b

a
[f (x) + g(x)]dx =

Z b

a
f (x)dx +

Z b

a
g(x)dx .

- k2 = 0,Ò�� ∀k ∈ R,
Z b

a
kf (x)dx = k

Z b

a
f (x)dx .
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y².

é [a,b]�?¿��y©

a = x0 < x1 < x2 < · · · < xn−1 < xn = b

Ú?¿ ξi ∈ [xi−1, xi ],¤á�ª

nX
i=1

[k1f (ξi) + k2g(ξi)]∆xi = k1

nX
i=1

f (ξi)∆xi + k2

nX
i=1

g(ξi)∆xi .
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ü>- ∆x = max
1≤i≤n

∆xi → 0,d f (x)Ú g(x)��È5k

lim
∆x→0

nX
i=1

[k1f (ξi) + k2g(ξi)]∆xi

= k1 lim
∆x→0

nX
i=1

f (ξi)∆xi + k2 lim
∆x→0

nX
i=1

g(ξi)∆xi

= k1

Z b

a
f (x)dx + k2

Z b

a
g(x)dx .

d½È©�½Â=� k1f (x) + k2g(x)3 [a,b]þ�È,�

Z b

a
[k1f (x) + k2g(x)]dx = k1

Z b

a
f (x)dx + k2

Z b

a
g(x)dx .
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íØ

e f (x)3 [a,b]þ�È,
 g(x)�3k��:þ� f (x)��
�ØÓ,K g(x)3 [a,b]þ��È,¿�

Z b

a
f (x)dx =

Z b

a
g(x)dx .

ù�íØ`²,3k��:þUC���È¼ê�¼ê�,¿
ØK�§��È5ÚÈ©�.
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íØ

e f (x)3 [a,b]þ�È,
 g(x)�3k��:þ� f (x)��
�ØÓ,K g(x)3 [a,b]þ��È,¿�

Z b

a
f (x)dx =

Z b

a
g(x)dx .

ù�íØ`²,3k��:þUC���È¼ê�¼ê�,¿
ØK�§��È5ÚÈ©�.
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y².

- h(x) = g(x)− f (x),K h(x)�3k��:þØ� 0,l

�kk��mä:,Ïd3 [a,b]þ�È.é [a,b]�?¿��
y©

a = x0 < x1 < x2 < · · · < xn−1 < xn = b,

3z��«m [xi−1, xi ]¥�½k¦� h(x) = 0�:. u´,
� ξi �Ü�ù��:�,

lim
∆x→0

nX
i=1

h(ξi)∆xi = lim
∆x→0

nX
i=1

0 ·∆xi = 0,

�
Z b

a
h(x)dx = 0.
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d½È©��55=�

Z b

a
g(x)dx =

Z b

a
[f (x) + h(x)]dx

=
Z b

a
f (x)dx +

Z b

a
h(x)dx

=
Z b

a
f (x)dx .
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·K (½È©�«m�\5)

� f (x)3 [a,b]þ�È,Ké?¿: c ∈ [a,b], f (x)3 [a, c]
Ú [c,b]þÑ�È.
��,e f (x)3 [a, c]Ú [c,b]þÑ�È,K f (x)3 [a,b]þ
�È,�¤á

Z b

a
f (x)dx =

Z c

a
f (x)dx +

Z b

c
f (x)dx .
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y².

� f (x)3 [a,b]þ�È, c ´ [a,b]¥?¿�½��:.
d Riemann�È�¿©7�^�,é?¿ ε > 0,�3 [a,b]
���y©

a = x0 < x1 < x2 < · · · < xn−1 < xn = b,

¦��A��Ì÷v

nX
i=1

ωi∆xi < ε.

·�o�±b� c ´Ù¥�,��©: xk ,ÄK�I�3�
ky©¥�\©: c �¤#�y©,þ¡�Ø�ªE,¤á.
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ò
a = x0 < x1 < x2 < · · · < xk = c

Ú
c = xk < xk+1 < xk+2 < · · · < xn = b

©Ow¤´é [a, c]Ú [c,b]��y©,Kw,k

kX
i=1

ωi∆xi < ε Ú
nX

i=k+1

ωi∆xi < ε.

qd Riemann�È�¿©7�^�=� f (x)3 [a, c]
Ú [c,b]þÑ´�È�.
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��,� f (x)3 [a, c]Ú [c,b]þÑ�È.é?¿ ε > 0,©O
�3 [a, c]Ú [c,b]�y©

a = x ′0 < x ′1 < x ′2 < · · · < x ′n1
= c

Ú
c = x ′′0 < x ′′1 < x ′′2 < · · · < x ′′n2

= b

¦��A��Ì÷v

n1X
i=1

ω′i ∆x ′i <
ε

2
Ú

n2X
i=1

ω′′i ∆x ′′i <
ε

2
.
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òùü|©:Ü¿å5�� [a,b]��|©: {xi}nn=0,ù
p n = n1 + n2,K

nX
i=1

ωi∆xi =
n1X

i=1

ω′i ∆x ′i +
n2X

i=1

ω′′i ∆x ′′i <
ε

2
+
ε

2
< ε,

Ïd f (x)3 [a,b]þ�È.



�È©
£0¤-2

�åá

½È©�Ä�
5�

�¼ê�3½
n

½È©�«m�\5

3
Z b

a
f (x)dx ,

Z c

a
f (x)dx ,

Z b

c
f (x)dx Ñ�3�^�e,�I

5¿�é?¿�¹: c �y©

a = x0 < x1 < · · · < xk = c < xk+1 < · · · < xn = b

Ñ¤á

nX
i=1

f (ξi)∆xi =
kX

i=1

f (ξi)∆xi +
nX

i=k+1

f (ξi)∆xi ,

3þªü>- ∆x = max
1≤i≤n

∆xi → 0Ò��

Z b

a
f (x)dx =

Z c

a
f (x)dx +

Z b

c
f (x)dx .
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·�5½ Z a

b
f (x)dx = −

Z b

a
f (x)dx ,

ÏdN´y²,� c ´ [a,b]�	��:�,�� f (x)��È
5�,�±,½È©�«m�\5Ò�,¤á.
~X,� c < a < b �,d
Z b

c
f (x)dx =

Z a

c
f (x)dx+

Z b

a
f (x)dx = −

Z c

a
f (x)dx+

Z b

a
f (x)dx

=� Z b

a
f (x)dx =

Z c

a
f (x)dx +

Z b

c
f (x)dx .
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·K (½È©��S5)

� f (x)Ú g(x)Ñ3 [a,b]þ�È,�3 [a,b]þð
k f (x) ≤ g(x),K¤á

Z b

a
f (x)dx ≤

Z b

a
g(x)dx .
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y².

�Iy²é [a,b]þ��K¼ê f (x)¤á
Z b

a
f (x)dx ≥ 0.

du3 [a,b]þðk f (x) ≥ 0,é [a,b]�?¿y© {xi}ni=0 Ú
?¿: ξi ∈ [xi−1, xi ]Ñk

nX
i=1

f (ξi)∆xi ≥ 0.

- ∆x = max
1≤i≤n

∆xi → 0Ò��

Z b

a
f (x)dx = lim

∆x→0

nX
i=1

f (ξi)∆xi ≥ 0.
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½n (È©1�¥�½n)

� f (x)Ú g(x)Ñ3 [a,b]þ�È, g(x)3 [a,b]þØCÒ,
K�3 η ∈ [m,M],¦�

Z b

a
f (x)g(x)dx = η

Z b

a
g(x)dx ,

ùp M Ú m©OL« f (x)3 [a,b]�þ(.Úe(..
AO/,e f (x)3 [a,b]þëY,K�3 ξ ∈ [a,b],¦�

Z b

a
f (x)g(x)dx = f (ξ)

Z b

a
g(x)dx .
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y².

du g(x)3 [a,b]þØCÒ,Ø��

g(x) ≥ 0, x ∈ [a,b],

K
mg(x) ≤ f (x)g(x) ≤ Mg(x).

d½È©��S5��

m
Z b

a
g(x)dx ≤

Z b

a
f (x)g(x)dx ≤ M

Z b

a
g(x)dx .
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du
Z b

a
g(x)dx Ú

Z b

a
f (x)g(x)dx Ñ´~ê,Ïd7k,

� η ∈ [m,M]¦�

Z b

a
f (x)g(x)dx = η

Z b

a
g(x)dx .

e f (x)3 [a,b]þëY,Kd4«mþëY¼ê�0�½n
���3 ξ ∈ [a,b],¦� f (ξ) = η,Ïd

Z b

a
f (x)g(x)dx = f (ξ)

Z b

a
g(x)dx .
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íØ

� f (x)3 [a,b]þëY,K�3 ξ ∈ [a,b],¦�

Z b

a
f (x)dx = f (ξ)(b − a).

y².

3È©1�¥�½n¥- g(x) ≡ 1�á�.
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3È©1�¥�½n�y²�c�Ü©¥- g(x) ≡ 1���
±��XeíØ:

íØ

� f (x)3 [a,b]þ�È, M Ú m©O� f (x)3 [a,b]�þ(
.Úe(.,K

m(b − a) ≤
Z b

a
f (x)dx ≤ M(b − a).
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þãü�íØ�Ñ
­� y = f (x), x = a, x = b 9 x ¶¤�
¤�­>F/�¡È��O��,ÙAÛ¿Â´éw,�.
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1 ½È©�Ä�5�

2 �¼ê�3½n
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� f (x)3«m [a,b]þ�È,d½È©�«m�\5,é?

¿ x ∈ [a,b],È©
Z x

a
f (t)dt �3,ù´��½Â3 [a,b]þ

�'u x �¼ê.

½n

� f (x)3 [a,b]þ�È,�¼ê

F (x) =
Z x

a
f (t)dt , x ∈ [a,b],

K

(1) F (x)´ [a,b]þ�ëY¼ê;
(2) e f (x)3 [a,b]þëY,K F (x)3 [a,b]þ��,�

F ′(x) = f (x).
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y².

(1)d½È©�«m�\5,

F (x+∆x)−F (x) =
Z x+∆x

a
f (t)dt−

Z x

a
f (t)dt =

Z x+∆x

x
f (t)dt .

P mÚ M ©O� f (x)3 [a,b]þ�e(.Úþ(.,dÈ©
1�¥�½n,�3 η ∈ [m,M]¦

F (x + ∆x)− F (x) = η ·∆x ,

Ïd

lim
∆x→0

[F (x + ∆x)− F (x)] = lim
∆x→0

η ·∆x = 0,

� F (x)3 [a,b]þëY.
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(2)e f (x)3 [a,b]þëY,dÈ©1�¥�½n,�
3 ξ ∈ [x , x + ∆x ]¦

F (x + ∆x)− F (x) = f (ξ) ·∆x ,

u´

F ′(x) = lim
∆x→0

F (x + ∆x)− F (x)

∆x

= lim
∆x→0

f (ξ) ·∆x
∆x

= lim
∆x→0

f (ξ)

= f (x).
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ù�½n¥� (2)¢Sþ�Ñ
ù�¯¢:

e f (x)3 [a,b]þëY,K

F (x) =
Z x

a
f (t)dt , x ∈ [a,b]

´¼ê f (x)3 [a,b]þ����¼ê.

½ö�é{`: ?Û��ëY¼ê7�3�¼ê.

Ïd·�r (2)¡��¼ê�3½n.
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Ó�,ù�½n*Ð
¼ê�/ª.
Z x

a
f (t)dt ù«L«�ª�

·�ÙG�Ð�¼ê/ª»É,�(¢´�«¼ê�L«/
ª.

,	,·����
é F (x) =
Z x

a
f (t)dt ù«/ª�¼ê¦

��úª:

F ′(x) =
� Z x

a
f (t)dt

�′
=

d
dx

� Z x

a
f (t)dt

�
= f (x).

·�Ï~¡Ù�”éÈ©þ�¦�”.
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~

¦
d

dx

� Z x

0
e2tdt

�
.

).
d

dx

� Z x

0
e2tdt

�
= e2x .
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~

¦
d

dx

� Z −1

x
cos2 tdt

�
.

).

d
dx

� Z −1

x
cos2 tdt

�
= − d

dx

� Z x

−1
cos2 tdt

�
= − cos2 x .
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éÈ©þ�¦��~f

~

O� F (x) =
Z x2

0
sin
√

tdt ��ê.

).

P u = x2,K F (x) = G(u) =
Z u

0
sin
√

tdt . dEÜ¼ê¦�

{K,

F ′(x) = G′(u) · u′(x)

=
d

du

� Z u

0
sin
√

tdt
�
· 2x

= sin
√

u · 2x
= 2x sin x .
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Ùö��,TK�)�L§�±{�Xe:

).

d
dx

� Z x2

0
sin
√

t
�

= sin
√

x2 · (x2)′ = 2x sin x .
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éÈ©þ�¦��~f

~

¦
d

dx

� Z x2

x
sin tdt

�
.

).

d
dx

� Z x2

x
sin tdt

�
=

d
dx

� Z 0

x
sin tdt +

Z x2

0
sin tdt

�

=
d

dx

� Z x2

0
sin tdt −

Z x

0
sin tdt

�

= sin x2 · (x2)′ − sin x
= 2x sin x2 − sin x .
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Ùö��,TK�)�L§�±{�Xe:

).

d
dx

� Z x2

x
sin tdt

�
= sin x2 · (x2)′ − sin x = 2x sin x2 − sin x .
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~

¦4� lim
x→0

Z sin x

0
etdt

x
.

).

lim
x→0

Z sin x

0
etdt

x
= lim

x→0

� Z sin x

0
etdt

�′

x ′

= lim
x→0

esin x (sin x)′

= lim
x→0

esin x cos x

= 1.
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