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1 ¼ê�4�

�. ^½Ây²4�:

2. lim
n→∞

2n− 3

5n+ 1
=

2

5
.

y². ∀ε > 0, � N =
[ 4

5ε

]
, K ∀n > N ,∣∣∣2n− 3

5n+ 1
− 2

5

∣∣∣ =
17

5(5n+ 1)
<

4

5n
< ε.

4. lim
x→+∞

cosx√
x

= 0.

y². ∀ε > 0, � X =
1

ε2
, K ∀x > X,∣∣∣cosx√
x
− 0
∣∣∣ =

∣∣∣cosx√
x

∣∣∣ ≤ 1√
x
< ε.

�. � {xn} ��ê�.

2. Þ�~`²e lim
n→∞

|xn| = |a|, Ø�½k lim
n→∞

xn = a.

J«. - xn = (−1)n.

n. �äK:

1. e {xn} Ú {yn} ÑÂñ, K {xn + yn} 7Âñ.

J«. e xn → a, yn → b, d½Â´y xn + yn → a+ b.

2. e {xn} Ú {yn} ÑuÑ, K {xn + yn} 7uÑ.

J«. - xn = (−1)n, yn = (−1)n−1.

3. e {xn} Âñ, {yn} uÑ, K {xn + yn} 7uÑ.

J«. b� {xn + yn} Âñ, Kd 1 � yn = (xn + yn)− xn Âñ.
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o. y²: éê� {xn}, XJ lim
k→∞

x2k−1 = lim
k→∞

x2k = a, K lim
n→∞

xn = a.

y². ∀ε > 0, d lim
k→∞

x2k−1 = a,

∃K1 ∈ N+,∀k > K1, |x2k−1 − a| < ε.

d lim
k→∞

x2k = a,

∃K2 ∈ N+,∀k > K2, |x2k − a| < ε.

�K = max{K1, K2}, - N = 2K, K

∀n > N, |xn − a| < ε.

Ê. y²: lim
x→∞

f(x) = A ��=� lim
x→−∞

f(x) = lim
x→+∞

f(x) = A.

J«. �ìùÂ¥é x→ x0 ��¹�y².

8. �â¼ê�ã/�Ñe�4�:

1. lim
x→−∞

arctanx, lim
x→+∞

arctanx Ú lim
x→∞

arctanx.

J«. arctanx ���´
(
− π

2
,
π

2

)
.

Ô. y²: XJ lim
x→x0

f(x) �3, K f 3 x0 �,��%��Sk..

y². �ùÂ.

l. y²: lim
x→x0

f(x) = A ��=� lim
x→x−0

f(x) = lim
x→x+0

f(x) = A.

y². �ùÂ.
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2 Ã¡��Ã¡�

�. W�K:

lim
x→∞

1

x− 1
= 0, lim

x→1

1

x− 1
=∞,

lim
x→0−

e
1
x = 0, lim

x→0+
e

1
x =∞,

lim
x→1

lnx = 0, lim
x→0+

lnx = −∞, lim
x→+∞

lnx = +∞.

�. ÀJK:

� x→ 0 �,
1

x
cos

1

x
´Ã.�, �Ø´Ã¡�.

J«. �e��KÓn.

n. y²: ¼ê f(x) = x sinx 3 (0,+∞) SÃ., �� x→ +∞ �, f(x)

Ø´Ã¡�.

y². ∀M > 0, Ø��M ∈ N+, K∣∣∣f((M +
1

2

)
π
)∣∣∣ =

∣∣∣(M +
1

2

)
π sin

(
M +

1

2

)
π
∣∣∣ =

(
M +

1

2

)
π > M,

Ïd f(x) = x sinx 3 (0,+∞) SÃ..

��½M0 = 1, K ∀X > 0, ���ê n > X, Òk nπ > X, �

|f(nπ)| = |nπ sinnπ| = 0 < M0,

� f(x) Ø´� x→ +∞ ��Ã¡�.

o. �äK:

2. ü�Ã¡��Ú�´Ã¡�.

J«. � x→∞ ��Ä f(x) = x, g(x) = −x.

3. Ã¡��Ã¡��Ú�½´Ã¡�.
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y². � α ´Ã¡�, f ´Ã¡�. ∀M > 0,

∃δ1 > 0,∀x ∈ Ů(x0, δ1), |f(x)| > 2M,

∃δ2 > 0,∀x ∈ Ů(x0, δ2), |α(x)| < M

2
,

� δ = min{δ1, δ2}, K

∀x ∈ Ů(x0, δ), |f(x) + α(x)| ≥ |f(x)| − |α(x)| > 2M − M

2
=

3M

2
> M.

4. Ã¡��Ã¡��È�½´Ã¡�.

J«. � x→∞ ��Ä f(x) =
1

x
, g(x) = x.

5. Ã¡��Ã¡��È�½´Ã¡�.

J«. �~Óþ.

6. Ã¡��Ã¡��È�´Ã¡�.

J«. � f(x), g(x)�Ã¡�,dÖþ1o!½n 2�
1

f(x)
,

1

g(x)
�Ã¡�,

qd1Ê!½n 2 �íØ 2 �
1

f(x)g(x)
�Ã¡�, ��2d1o!½n 2

� f(x)g(x) �Ã¡�.

Ê. Þ~`²:

1. ü�Ã¡��ûØ�½´Ã¡�.

J«. � x→ 0 ��Ä f(x) = g(x) = x.

2. Ã��Ã¡��ÚØ�½´Ã¡�.
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). ∀n ∈ N+, �Ä½Â�� [1,+∞) �¼ê fn(x) Xe:

fn(x) =

1, x ∈ [n, n+ 1),

0, x 6∈ [n, n+ 1).

w, lim
x→+∞

fn(x) = 0, = fn(x) � x→ +∞ ��Ã¡�.

,
, �Ä

F (x) =
∞∑
n=1

fn(x),

K ∀x ∈ [1,+∞), Ø�� x ∈ [k, k + 1), k ∈ N+, ·�k

fn(x) =

1, n = k,

0, n 6= k.

u´

F (x) = fk(x) +
k−1∑
n=1

fn(x) +
∞∑

n=k+1

fn(x) = fk(x) = 1.

Ïd F (x) ≡ 1, §Ø´� x→ +∞ ��Ã¡�.

8. y²:

1. � x→ 0 �, f(x) = x sin
1

x
�Ã¡�.

y². ∀ε > 0, � δ = ε, K

∀x ∈ Ů(0, δ), |f(x)| =
∣∣∣x sin

1

x

∣∣∣ ≤ |x| < δ = ε.

2. � x→ 0+ �, f(x) = e
1
x �Ã¡�.

y². ∀M > 0, Ø��M > 1, � δ =
1

lnM
, K

∀x ∈ (0, δ), |f(x)| = e
1
x > elnM = M.
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3. � x→ −∞ �, f(x) = ex �Ã¡�.

y². ∀ε > 0, Ø�� 0 < ε < 1, � X = ln ε, K X < 0, �

∀x < X, |f(x)| = ex < eX = eln ε = ε.
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3 4�$�{K

�. O�e�4�:

4. lim
x→1

xn − 1

x− 1
, (n ∈ N+).

).

lim
x→1

xn − 1

x− 1
= lim

x→1

(x− 1)(xn−1 + xn−2 + · · ·+ x+ 1)

x− 1

= lim
x→1

(xn−1 + xn−2 + · · ·+ x+ 1)

= n.

6. lim
h→0

(x+ h)3 − x3

h
.

).

lim
h→0

(x+ h)3 − x3

h
= lim

h→0

(x3 + 3x2h+ 3xh2 + h3)− x3

h
= lim

h→0
(3x2 + 3xh+ h2)

= 3x2.

�. O�e�4�:

5. lim
n→∞

( 1

n2
+

2

n2
+ · · ·+ n− 1

n2

)
.

).

lim
n→∞

( 1

n2
+

2

n2
+ · · ·+ n− 1

n2

)
= lim

n→∞

1 + 2 + · · ·+ (n− 1)

n2

= lim
n→∞

n(n− 1)

2n2

=
1

2
.
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6. lim
n→∞

1 + a+ a2 + · · ·+ an

1 + b+ b2 + · · ·+ bn
, (|a| < 1, |b| < 1).

).

lim
n→∞

1 + a+ a2 + · · ·+ an

1 + b+ b2 + · · ·+ bn
= lim

n→∞

1− an+1

1− a
1− bn+1

1− b

=
1− b
1− a

.

7. lim
n→∞

2n + 3n

2n+1 + 3n+1
.

).

lim
n→∞

2n + 3n

2n+1 + 3n+1
= lim

n→∞

(2

3

)n
+ 1

2
(2

3

)n
+ 3

=
1

3
.

n. e lim
x→∞

( x2

x+ 1
− ax− b

)
= 0, ¦ a, b ��.

). d

lim
x→∞

( x2

x+ 1
− ax− b

)
= lim

x→∞

(1− a)x2 − (a+ b)x− b
x+ 1

= 0

�� 1− a = 0,

−(a+ b) = 0.

Ïd a = 1, b = −1.

o. e lim
x→1

( a

1− x2
− x

1− x

)
=

3

2
, ¦ a ��.

). d

lim
x→1

( a

1− x2
− x

1− x

)
= lim

x→1

a− x− x2

1− x2
= lim

x→1

a− x− x2

(1− x)(1 + x)
=

3

2
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�� a− x− x2 ¹kÏf 1− x.

�

a− x− x2 = (1− x)(b+ x), (1)

K

lim
x→1

a− x− x2

(1− x)(1 + x)
= lim

x→1

b+ x

1 + x
=
b+ 1

2
=

3

2
,

� b = 2. �\ (1) ª�

a− x− x2 = (1− x)(2 + x) = 2− x− x2,

Ïd a = 2.

Ê. O�e�4�:

1. lim
x→1

x2 + x+ 1

x2 + x− 2
.

J«. �Öþ1Ê!~ 4 �{�Ó.

2. lim
x→∞

(5x2 − 4x− 3).

J«. ë�Öþ1Ê!~ 8 þ¡�o(.

8. O�e�4�:

J«. A^Öþ1Ê!½n 2: k.¼ê�Ã¡��¦È´Ã¡�.

Ô.

� f(x) =

x, |x| ≤ 1

x2 − 5, |x| > 1,
, ©O¦¼ê f(x) 3 x = −1 � x = 1 ��4

�!m4�Ú4�.

J«. ���\O���4�Úm4�,XJüöØ��K4�Ø�3.
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l. � f(x) = lim
n→∞

x2n − 1

x2n + 1
, ¦ f(x) �L�ª.

). e |x| = 1, K lim
n→∞

x2n − 1

x2n + 1
= lim

n→∞

1− 1

1 + 1
= 0;

e |x| < 1, K lim
n→∞

x2n − 1

x2n + 1
=

0− 1

0 + 1
= −1;

e |x| > 1, K lim
n→∞

x2n − 1

x2n + 1
= lim

n→∞

1− 1

x2n

1 +
1

x2n

= 1.

Ïd

f(x) =


−1, |x| < 1,

0, |x| = 1,

1, |x| > 1.
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4 4��3OK, ü�­�4�

�. |^Y%½n¦e�4�:

1. lim
n→∞

( 1

n2 + 1
+

1

n2 + 2
+ · · ·+ 1

n2 + n

)
.

). du

0 <
( 1

n2 + 1
+

1

n2 + 2
+ · · ·+ 1

n2 + n

)
<

n

n2
=

1

n
,


 lim
n→∞

1

n
= 0,

Ïd lim
n→∞

( 1

n2 + 1
+

1

n2 + 2
+ · · ·+ 1

n2 + n

)
= 0.

2. lim
n→∞

( 1

n2 + n+ 1
+

1

n2 + n+ 2
+ · · ·+ 1

n2 + n+ n

)
.

). du

0 <
( 1

n2 + n+ 1
+

1

n2 + n+ 2
+ · · ·+ 1

n2 + n+ n

)
<

n

n2
=

1

n
,


 lim
n→∞

1

n
= 0,

Ïd lim
n→∞

( 1

n2 + n+ 1
+

1

n2 + n+ 2
+ · · ·+ 1

n2 + n+ n

)
= 0.

3. lim
x→∞

1

x
(arctanx)2.

). du

− 4

|x|
< − 1

|x|

(π
2

)2

<
1

x
(arctanx)2 <

1

|x|

(π
2

)2

<
4

|x|
,


 lim
x→∞

(
− 4

|x|

)
= lim

x→∞

4

|x|
= 0,

Ïd lim
x→∞

1

x
(arctanx)2 = 0.
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�. y²: lim
n→∞

n
√

2n + 3n = 3.

y². du

3 =
n
√

3n < n
√

2n + 3n < n
√

3n + 3n =
n
√

2 · 3n = 3 · 2
1
n ,


 lim
n→∞

2
1
n = 2

lim
n→∞

1
n = 1,

Ïd lim
n→∞

n
√

2n + 3n = 3.

n. a = max{a1, a2, . . . , am}(ak > 0, k = 1, 2, . . . ,m),y²: lim
n→∞

n
√
an1 + an2 + · · ·+ anm =

a.

y². du

a = n
√
an < n

√
an1 + an2 + · · ·+ anm ≤

n
√
m · an = a ·m

1
n ,


 lim
n→∞

m
1
n = m

lim
n→∞

1
n = 1,

Ïd lim
n→∞

n
√
an1 + an2 + · · ·+ anm = a.

o. � a > 1, y²: lim
n→∞

n

an
= 0.

y². � b = a− 1, K b > 0. du� n ≥ 2 �,

0 <
n

an
=

n

(1 + b)n
=

n
n∑
k=0

Ck
nb
k

<
n

C2
nb

2
=

n

n(n− 1)

2
b2

=
2

(n− 1)b2
.


 lim
n→∞

2

(n− 1)b2
= 0,

Ïd lim
n→∞

n

an
= 0.

5P.

∀a > 1,∀k ∈ N+, lim
n→∞

nk

an
= lim

n→∞

logka n

n
= 0.
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Ê. |^ê��üNk.OKy²e�ê�Âñ, ¿¦Ñ4�:

1. x1 =
√

2, x2 =
√

2 +
√

2, . . . , xn =
√

2 + xn−1, . . .

y². Äk^êÆ8B{y²

∀n ∈ N+, 1 < xn < 2.

w, 1 < x1 < 2. b� 1 < xn < 2, K xn+1 =
√

2 + xn <
√

2 + 2 = 2 �

xn+1 =
√

2 + xn >
√

2 + 1 > 1, ��y.

∀n ∈ N+, d xn+1 =
√

2 + xn �� x2
n+1 − 1 = xn + 1, l


xn + 1

xn+1 + 1
= xn+1 − 1 < 2− 1 = 1,

� xn + 1 < xn+1 + 1, Ïd xn < xn+1, =ê� {xn} üNO\.

ù�ê� {xn} üNk., l
Âñ. � lim
n→∞

xn = a, K

a = lim
n→∞

xn = lim
n→∞

√
2 + xn−1 =

√
2 + lim

n→∞
xn−1 =

√
2 + a,

z{�

a2 − a− 2 = (a− 2)(a+ 1) = 0,

T�§��� a = 2 ½ −1. 5¿� a =
√

2 + a > 0, ��K�, Ò��

lim
n→∞

xn = a = 2.

2. x1 = 1, x2 = 1 +
x1

1 + x1

, . . . , xn = 1 +
xn−1

1 + xn−1

, . . .

y². Äk^êÆ8B{y²

∀n ∈ N+, 0 < xn < 2.

w, 0 < x1 < 2. b� 0 < xn < 2, K xn+1 = 1 +
xn

1 + xn
< 1 + 1 = 2 �

xn+1 = 1 +
xn

1 + xn
> 1 > 0, ��y.
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e¡2^êÆ8B{y²ê� {xn} üNO\.

w, x1 < x2. b� xn < xn+1, K

xn+2 − xn+1 =
xn+1

1 + xn+1

− xn
1 + xn

=
xn+1 − xn

(1 + xn+1)(1 + xn)
> 0,

Ïd xn+1 < xn+2, ��y.

ù�ê� {xn} üNk., l
Âñ. � lim
n→∞

xn = a, K

a = lim
n→∞

xn = lim
n→∞

(
1 +

xn−1

1 + xn−1

)
= 1 +

lim
n→∞

xn−1

1 + lim
n→∞

xn−1

= 1 +
a

1 + a
,

z{�

a2 − a− 2 = (a− 2)(a+ 1) = 0,

T�§��� a =
1±
√

5

2
. 5¿� xn > 0, ��K�, Ò��

lim
n→∞

xn = a =
1 +
√

5

2
.

8. � x1 = a, y1 = b (0 < a < b), xn+1 =
√
xnyn, yn+1 =

xn + yn
2

.

1. y²ê� {xn} üNO\, ê� {yn} üN~�, �÷v xn < yn(n =

1, 2, . . . );

2. y²ê� {xn} Ú {yn} ÑÂñ, ¿�k�Ó�4�.

y². 1. Äk^êÆ8B{y²

∀n ∈ N+, xn < yn.

w, x1 = a < b = y1. b� xn < yn, d²þ�Ø�ª,

xn+1 =
√
xnyn ≤

xn + yn
2

= yn+1,



�È©SKþµù�åá 18

du�Ò¤á��=� xn = yn, u´db���

xn+1 =
√
xnyn <

xn + yn
2

= yn+1.

��y.

Ïd, ∀n ∈ N+, ·�k

xn+1 =
√
xnyn > xn, yn+1 =

xn + yn
2

< yn,

=ê� {xn} üNO\, ê� {yn} üN~�.

2. d 1 �(Øk

∀n ∈ N+, a = x1 ≤ xn < yn ≤ y1 = b,

Ïdê� {xn} Ú {yn} üNk., l
Âñ.

� lim
n→∞

xn = p, lim
n→∞

yn = q, d

q = lim
n→∞

yn+1 = lim
n→∞

xn + yn
2

=
p+ q

2

=� p = q.

Ô. O�e�4�:

3. lim
x→∞

x sin
π

x
.

). - t =
π

x
, K x =

π

t
, �� x→∞ �, t→ 0. Ïd

lim
x→∞

x sin
π

x
= lim

t→0

π sin t

t
= π.

4. lim
x→π

sinx

π − x
.
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). - t = π − x, K x = π − t, �� x→ π �, t→ 0. Ïd

lim
x→π

sinx

π − x
= lim

t→0

sin(π − t)
t

= lim
t→0

sin t

t
= 1.

5. lim
x→0

1− cosx

x arctanx
.

). - t = arctanx, K x = tan t, �� x→ 0 �, t→ 0, u´

lim
x→0

x

arctanx
= lim

t→0

tan t

t
= 1.

ù`²� x→ 0 �, arctanx ∼ x. Ïd

lim
x→0

1− cosx

x arctanx
= lim

x→0

1− cosx

x2
= lim

x→0

1

2
x2

x2
=

1

2
.

6. lim
x→0+

x√
1− cosx

.

).

lim
x→0+

x√
1− cosx

=

√
lim
x→0+

x2

1− cosx
=

√√√√ lim
x→0+

x2

1

2
x2

=
√

2.

7. lim
n→∞

2n sin
1

3n
.

).

lim
n→∞

2n sin
1

3n
= lim

n→∞

(2

3

)n
·

sin
1

3n
1

3n

= 0.
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l. O�e�4�:

1. lim
n→∞

(
1 +

1

n+ 1

)n
.

).

lim
n→∞

(
1 +

1

n+ 1

)n
= lim

n→∞

(
1 +

1

n+ 1

)n+1

1 +
1

n+ 1

= lim
m→∞

(
1 +

1

m

)m
1 +

1

m

(-m = n+ 1)

= e.

2. lim
x→∞

(
1 +

2

x

)x+5

.

).

lim
x→∞

(
1 +

2

x

)x+5

= lim
x→∞

(
1 +

2

x

)x
·
(

1 +
2

x

)5

= lim
t→∞

[(
1 +

1

t

)t]2

·
(

1 +
1

t

)5

(- t =
x

2
)

= e2.

3. lim
x→0

x
√

1− x.

). - t = −x, K x = −t, �� x→ 0 �, t→ 0. Ïd

lim
x→0

x
√

1− x = lim
x→0

(1− x)
1
x = lim

t→0
(1 + t)−

1
t = lim

t→0

1

(1 + t)
1
t

=
1

e
.

4. lim
x→∞

(2x− 1

2x+ 1

)x
.
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). - t = −2x+ 1

2
, K x = −2t+ 1

2
, �� x→∞ �, t→∞. Ïd

lim
x→∞

(2x− 1

2x+ 1

)x
= lim

x→∞

(
1− 2

2x+ 1

)x
= lim

t→∞

(
1 +

1

t

)− 2t+1
2

= lim
t→∞

1(
1 +

1

t

)t
·
(

1 +
1

t

) 1
2

=
1

e
.

5. lim
x→0

(1 + tan x)2 cotx.

). - t = tanx, K cotx =
1

t
, �� x→ 0 �, t→ 0. Ïd

lim
x→0

(1 + tan x)2 cotx = lim
t→0

(1 + t)
2
t = lim

t→0
[(1 + t)

1
t ]2 = e2.

6. lim
n→∞

(
1− 1

n2

)n
.

). du

lim
n→∞

(
1− 1

n

)n
= lim

n→∞

1(
1 +

1

n− 1

)n
= lim

m→∞

1(
1 +

1

m

)m+1 (-m = n− 1)

= lim
m→∞

1(
1 +

1

m

)m
·
(

1 +
1

m

)
=

1

e
,

¤±

lim
n→∞

(
1− 1

n2

)n
= lim

n→∞

(
1 +

1

n

)n
·
(

1− 1

n

)n
= e · 1

e
= 1.
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Ê. ®� lim
x→0

(1 + ax)
1
x = 2, ¦ a ��.

). w, a 6= 0. - t = ax, K x =
t

a
, �� x→ 0 �, t→ 0. u´

lim
x→0

(1 + ax)
1
x = lim

t→0
(1 + t)

a
t = lim

t→0
[(1 + t)

1
t ]a = ea.

Ïd ea = lim
x→0

(1 + ax)
1
x = 2, )� a = ln 2.

�.

� f(x) =


sin 2x

x
, x < 0

x2

1− cosx
, x > 0,

, ¦ f(0−), f(0+) Ú lim
x→0

f(x).

). f(0−) = lim
x→0−

f(x) = lim
x→0−

sin 2x

x
= lim

x→0−

2x

x
= 2,

f(0+) = lim
x→0+

f(x) = lim
x→0+

x2

1− cosx
= lim

x→0+

x2

1

2
x2

= 2,

du f(0−) = f(0+), � lim
x→0

f(x) = f(0−) = f(0+) = 2.

��.

� f(x) =


tan ax

x
, x < 0

x2 + x, x ≥ 0,
, ®� lim

x→0
f(x) �3, ¦ a ��.

). d lim
x→0

f(x) �3�� lim
x→0−

f(x) = lim
x→0+

f(x) = lim
x→0+

(x2 + x) = 0,


e a 6= 0, K lim
x→0−

f(x) = lim
x→0−

tan ax

x
= lim

x→0−
a · tan ax

ax
= a 6= 0,

Ïd a = 0.
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5 Ã¡��'�

�. '�e��éÃ¡�:

4. tanx− sinx � x2, (x→ 0).

).

lim
x→0

tanx− sinx

x2
= lim

x→0

1− cosx

x2
· tanx =

1

2
· 0 = 0,

Ïd� x→ 0 �, tan x− sinx ´ x2 �p�Ã¡�.

�. y²: � x→ 0 �, k±e�dÃ¡�¤á.

2. tanx− sinx ∼ x3

2
.

).

lim
x→0

tanx− sinx

x3

2

= lim
x→0

1− cosx
1

2
x2

· tanx

x
= 1.

n. |^�dÃ¡���O�e�4�:

1. lim
x→0

arctanx2

x sinx
.

).

lim
x→0

arctanx2

x sinx
= lim

x→0

x2

x2
= 1.

2. lim
x→∞

x sin
1

x2
.

). - t =
1

x
, K x =

1

t
, �� x→∞ �, t→ 0. Ïd

lim
x→∞

x sin
1

x2
= lim

t→0
t · sin t2

t2
= lim

t→0
t = 0.
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3. lim
x→0+

1−
√

cosx

x(1− cos
√
x)

.

).

lim
x→0+

1−
√

cosx

x(1− cos
√
x)

= lim
x→0+

1− cosx

x(1− cos
√
x)(1 +

√
cosx)

= lim
x→0+

1

2
x2

x · 1

2
x(1 +

√
cosx)

= lim
x→0+

1

1 +
√

cosx

=
1

2
.

o. � x→ 0 �, e�o�Ã¡�¥, =��´'Ù¦n��p��Ã¡

�?

J«. � x→ 0 �, 1− cosx ∼ 1

2
x2,
√

1− x2 − 1 ∼ −1

2
x2, ��UÀ D.

Ê. y²: e α ´ β �p�Ã¡�, K α + β ∼ β.

J«.

lim
α + β

β
= lim

α

β
+ 1 = 0 + 1 = 1.

8. y²Ã¡���d'Xäkg�5!é¡5ÚD45. ¯: Ã¡��

Ó�'X´Ääkg�5!é¡5ÚD45?

J«. Ã¡��Ó�'X�äkg�5!é¡5ÚD45. �â�dÃ¡

�ÚÓ�Ã¡��½Â���y=�.
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6 ëY5�mä:

�. ¦¼ê y = x2 + 3x+ 1 � x = 1,∆x = 0.1 ��Oþ ∆y.

). ∆y = f(1.1)− f(1) = 0.51.

�. ¦e�¼ê�mä:, ¿�ÑÙa.:

1. f(x) =
x

sinx
.

J«. d lim
x→0

f(x) = 1 � x = 0 ���mä:,

d lim
x→kπ

f(x) =∞ � x = kπ (k = ±1,±2, . . . ) �Ã¡mä:.

2. f(x) =
2

1
x + 2

2
1
x − 2

.

J«. d lim
x→1

f(x) =∞ � x = 1 �Ã¡mä:,

d lim
x→0−

f(x) = −1 9 lim
x→0+

f(x) = 1 � x = 0 �a�mä:.

3. f(x) = arctan
1

x
.

J«. d lim
x→0−

f(x) = −π
2
9 lim

x→0+
f(x) =

π

2
� x = 0 �a�mä:.

n. ¦¼ê f(x) =
x2 − 1

x2 − 3x+ 2
�ëY«m.

). d f(x) =
(x− 1)(x+ 1)

(x− 1)(x− 2)
�ÙëY«m� (−∞, 1), (1, 2) Ú (2,+∞).

o.

¦¼ê f(x) =

x+ 3, x ≤ 1

2x+ 5, x > 1
�mä:ÚëY«m, ¿(½mä:�a

..
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). du lim
x→1−

f(x) = 4, lim
x→1+

f(x) = 7, � x = 1 �a�mä:.

f(x) �ëY«m� (−∞, 1) Ú (1,+∞).

Ê.

�¼ê f(x) =


x2 − 16

x− 4
, x 6= 4

a, x = 4
3 (−∞,+∞) SëY, ¦ a ��.

).

a = lim
x→4

f(x) = lim
x→4

x2 − 16

x− 4
= lim

x→4
(x+ 4) = 8.

8. |^Ð�¼ê�ëY5O�e�4�:

1. lim
x→0

e
sin x
x .

).

lim
x→0

e
sin x
x = e

lim
x→0

sin x
x = e1 = e.

2. lim
x→0

√
1 + x− 1

3
√

1 + x− 1
.

).

lim
x→0

√
1 + x− 1

3
√

1 + x− 1
= lim

x→0

(1 + x)− 1√
1 + x+ 1

(1 + x)− 1
3
√

(1 + x)2 + 3
√

1 + x+ 1

= lim
x→0

3
√

(1 + x)2 + 3
√

1 + x+ 1√
1 + x+ 1

=
3

2
.
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3. lim
x→+∞

(
√
x2 + 1−

√
x2 − 1).

).

lim
x→+∞

(
√
x2 + 1−

√
x2 − 1) = lim

x→+∞

(x2 + 1)− (x2 − 1)√
x2 + 1 +

√
x2 − 1

= lim
x→+∞

2√
x2 + 1 +

√
x2 − 1

= 0.

Ô. �äK:

� f(x) Ú g(x) 3 (−∞,+∞) Sk½Â.

1. e f(x) Ú g(x) �ëY¼ê, K f(g(x)) ��ëY¼ê.

J«. dEÜ¼ê�ëY5½ná�.

2. e f(x) �ëY¼ê, g(x) kmä:, K f(g(x)) 7kmä:.

J«. �Ä f(x) ≡ 0, g(x) = sgn x.

3. e f(x) kmä:, g(x) �ëY¼ê, K f(g(x)) 7kmä:.

J«. �Ä f(x) = sgn x, g(x) ≡ 0.

l.

?Ø¼ê f(x) =


ln(1− x)

x
, x < 0

−1, x = 0√
1 + x− 1

x
, x > 0

3: x = 0 �ëY5.

). du lim
x→0−

f(x) = lim
x→0−

ln(1− x)

x
= lim

x→0−

−x
x

= −1 = f(0),

lim
x→0+

f(x) = lim
x→0+

√
1 + x− 1

x
= lim

x→0+

1

2
x

x
=

1

2
6= lim

x→0−
f(x),

Ïd: x = 0 � f(x) �a�mä:, � f(x) 3: x = 0 �ëY.
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Ê.

1. � lim
x→∞

f(x) = 0 � lim
x→∞

f(x)g(x) �3, y²:

lim
x→∞

[1 + f(x)]g(x) = e
lim
x→∞

f(x)g(x)
.

y².

lim
x→∞

[1 + f(x)]g(x) = lim
x→∞

eg(x) ln[1+f(x)] = e
lim
x→∞

g(x) ln[1+f(x)]
= e

lim
x→∞

f(x)g(x)
.

þ¡�����Ò|^
�dÃ¡� ln(1 + t) ∼ t (t→ 0).

2. |^±þúªO�4� lim
x→∞

(
1 + sin

2

x

)x
.

). d lim
x→∞

x sin
2

x
= lim

x→∞
2 ·

sin
2

x
2

x

= 2 �

lim
x→∞

(
1 + sin

2

x

)x
= e

lim
x→∞

x sin 2
x = e2.

�. � f(x) 3: x0 ëY� f(x0) > 0, y²: �3 δ > 0, ¦��

x0 − δ < x < x0 + δ �, k f(x) > 0.

y². du lim
x→x0

f(x) = f(x0) > 0, � ε =
f(x0)

2
, K

∃δ > 0,∀x ∈ (x0 − δ, x0 + δ), |f(x)− f(x0)| < f(x0)

2
.

Ïd

∀x ∈ (x0 − δ, x0 + δ), f(x) > f(x0)− f(x0)

2
=
f(x0)

2
> 0.
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��. � f(x) Ú g(x) ´ëY¼ê, y² ϕ(x) = max{f(x), g(x)} Ú
ψ(x) = min{f(x), g(x)} �´ëY¼ê.

y². 5¿�

ϕ(x) = max{f(x), g(x)} =
f(x) + g(x) + |f(x)− g(x)|

2
,

ψ(x) = min{f(x), g(x)} =
f(x) + g(x)− |f(x)− g(x)|

2
,

Ïd ϕ(x) Ú ψ(x) �´ëY¼ê.

��.

1. 3: x0 ? f(x) ëY, g(x) ØëY, K f(x) + g(x) Ú f(x)g(x) 3: x0

´ÄëY?

). f(x) + g(x) 3: x0 �½ØëY, ÄKÒk g(x) = (f(x) + g(x))− f(x)

3: x0 ëY.

f(x)g(x) 3: x0 k�UëY, �k�UØëY.

~X, e x0 = 0, f(x) ≡ 0, g(x) = sgn x, K f(x)g(x) 3: x0 ëY.

e x0 = 0, f(x) ≡ 1, g(x) = sgn x, K f(x)g(x) 3: x0 ØëY.

2. � f(x) Ú g(x) 3: x0 ØëY, K f(x) + g(x) Ú f(x)g(x) 3: x0 ´Ä

ëY?

). f(x) + g(x) Ú f(x)g(x) 3: x0 Ñ�UëY, �k�UØëY.

~X, e x0 = 0, f(x) =

−1, x < 0,

1, x ≥ 0,
g(x) =

1, x < 0,

−1, x ≥ 0,

K f(x) + g(x) ≡ 0, f(x)g(x) ≡ −1, §�Ñ3: x0 ëY.

e x0 = 0, f(x) = g(x) =

0, x < 0,

1, x ≥ 0,

K f(x) + g(x) Ú f(x)g(x) 3: x0 ÑØëY.
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7 ëY¼ê�5�

�. Þ~`²m«m (a, b) þëY�¼ê3T«mþØ�½k���Ú�

��, Ø�½´k.¼ê.

J«. 3m«m (0, 1) þ�Ä¼ê y =
1

x
.

�. y²�§ 2x = sinx+ 2 ��k���u
3

2
���.

J«. - f(x) = 2x − sinx − 2, 5¿� f(0) = −2 < 0, 
 f
(3

2

)
= 3 −

sin
3

2
− 2 = 1− sin

3

2
> 0, d":½n=�.

n. y²�§ x = a sinx + b (a > 0, b > 0) ��k��Ø�L a + b ��

�.

J«. - f(x) = x − a sinx − b, 5¿� f(0) = −b < 0, 
 f(a + b) =

a+ b− a sin(a+ b)− b = a[1− sin(a+ b)] ≥ 0. e f(a+ b) = 0, K a+ b Ò

´¤¦���; ÄKd":½n=�.

o. ng�§ x3− 6x2 + 9x− 3 = 0 kõ��¢�? ¿�Ñ¢�¤3«m.

). - f(x) = x3 − 6x2 + 9x − 3, 5¿� f(0) = −3, f(1) = 1, f(3) =

−3, f(4) = 1, � f(x) �õk 3 �¢�. Ïdd":½n��, �§ x3 −
6x2 + 9x− 3 = 0 kn�¢�, ©O3«m (0, 1),(1, 3) Ú (3, 4) þ.

Ê. � f(x) Ú g(x) 3 [a, b] þëY, � f(a) > g(a), f(b) < g(b). y²:

3 (a, b) S��k�: c, ¦ f(c) = g(c).

y². -F (x) = f(x)−g(x),KF (a) = f(a)−g(a) > 0, F (b) = f(b)−g(b) <

0. d":½n,�3 c ∈ (a, b)¦ F (c) = f(c)−g(c) = 0,= f(c) = g(c).
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8. � f(x) 3 [a, b] þëY, a < x1 < x2 < · · · < xn < b. y²: �3

ξ ∈ [x1, xn], ¦ f(ξ) =
1

n
[f(x1) + f(x2) + · · ·+ f(xn)].

y². -m = min{f(x1), f(x2), . . . , f(xn)}, M = max{f(x1), f(x2), . . . , f(xn)},
Km ≤ 1

n
[f(x1) + f(x2) + · · ·+ f(xn)] ≤M .

d0�½n, �3 ξ ∈ [x1, xn], ¦ f(ξ) =
1

n
[f(x1) + f(x2) + · · ·+ f(xn)].

Ô. � f(x) 3 [0, 1] þëY, � 0 ≤ f(x) ≤ 1, y²��k�: c ∈ [0, 1],

¦ f(c) = c.

y². XJ f(0) = 0 ½ f(1) = 1, K·K®�y; ÄK, - g(x) = f(x)− x,

K g(0) = f(0)− 0 > 0, g(1) = f(1)− 1 < 0, d":½n���3 c ∈ (0, 1),

¦ g(c) = 0, = f(c) = c.
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8 �êVg

�. � f(x) = 5x2, ÁU½Â¦ f ′(2).

).

f ′(2) = lim
∆x→0

f(2 + ∆x)− f(2)

∆x
= lim

∆x→0

5(2 + ∆x)2 − 5 · 22

∆x

= lim
∆x→0

20∆x+ (∆x)2

∆x
= lim

∆x→0
(20 + ∆x) = 20.

�. � f(x) =
1

x
, ÁU½Â¦ f ′(a)(a 6= 0).

).

f ′(a) = lim
∆x→0

f(a+ ∆x)− f(a)

∆x
= lim

∆x→0

1

a+ ∆x
− 1

a
∆x

= lim
∆x→0

−∆x

a(a+ ∆x)∆x
= − lim

∆x→0

1

a(a+ ∆x)
= − 1

a2
.

n. y²: (cosx)′ = − sinx.

y².

(cosx)′ = lim
∆x→0

cos(x+ ∆x)− cosx

∆x

= lim
∆x→0

−
2 sin

(
x+

∆x

2

)
sin

∆x

2
∆x

= − lim
∆x→0

2 sin
(
x+

∆x

2

)
· ∆x

2
∆x

= − sinx.
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o. � f ′(x0) �3, K:

1.

lim
h→0

f(x0 − h)− f(x0)

h

= lim
∆x→0

f(x0 + ∆x)− f(x0)

−∆x
(- ∆x = −h)

= − lim
∆x→0

f(x0 + ∆x)− f(x0)

∆x
= −f ′(x0).

2.

lim
h→0

f(x0 + h)− f(x0 − h)

h

= lim
h→0

[f(x0 + h)− f(x0)]− [f(x0 − h)− f(x0)]

h

= lim
h→0

f(x0 + h)− f(x0)

h
− lim

h→0

f(x0 − h)− f(x0)

h
= f ′(x0)− (−f ′(x0))

= 2f ′(x0).

3.

lim
h→0

f(x0 + ah)− f(x0 + bh)

h

= lim
h→0

[f(x0 + ah)− f(x0)]− [f(x0 + bh)− f(x0)]

h

= lim
h→0

a · f(x0 + ah)− f(x0)

ah
− lim

h→0
b · f(x0 + bh)− f(x0)

bh
= af ′(x0)− bf ′(x0)

= (a− b)f ′(x0).

Ê. � f ′(0) �3, K:

1. lim
x→0

f(x)− f(0)

x
= lim

x→0

f(x)− f(0)

x− 0
= f ′(0).
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2. e f(0) = 0, K f ′(0) =
f(x)

x
.

8. ®� f(x) 3: x0 ��, � lim
h→0

h

f(x0 − 2h)− f(x0)
= 4, ¦ f ′(x0).

).

f ′(x0) = lim
∆x→0

f(x0 + ∆x)− f(x0)

∆x
(- h = −∆x

2
)

= lim
h→0

f(x0 − 2h)− f(x0)

−2h

= −1

2
lim
h→0

f(x0 − 2h)− f(x0)

h

= −1

2
· 1

lim
h→0

h

f(x0 − 2h)− f(x0)

= −1

8
.

Ô. ?Øe�¼ê3 x = 0 ?�ëY5���5.

1. f(x) = | sinx|.

). du

lim
x→0+

f(x) = lim
x→0+

sinx = 0, lim
x→0−

f(x) = lim
x→0−

(− sinx) = 0,

�

lim
x→0

f(x) = lim
x→0+

f(x) = lim
x→0−

f(x) = 0 = f(0),

Ïd f(x) 3 x = 0 ?ëY. qdu

f ′+(0) = lim
∆x→0+

f(∆x)− f(0)

∆x
= lim

∆x→0+

sin ∆x

∆x
= 1,

f ′−(0) = lim
∆x→0−

f(∆x)− f(0)

∆x
= lim

∆x→0−

− sin ∆x

∆x
= −1,

� f ′+(0) 6= f ′−(0), Ïd f(x) 3 x = 0 ?Ø��.
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2. f(x) =

ln(1 + x), x > 0,

sinx, x ≤ 0.

). du

lim
x→0+

f(x) = lim
x→0+

ln(1 + x) = 0, lim
x→0−

f(x) = lim
x→0−

sinx = 0,

�

lim
x→0

f(x) = lim
x→0+

f(x) = lim
x→0−

f(x) = 0 = f(0),

Ïd f(x) 3 x = 0 ?ëY. qdu

f ′+(0) = lim
∆x→0+

f(∆x)− f(0)

∆x
= lim

∆x→0+

ln(1 + ∆x)

∆x
= 1,

f ′−(0) = lim
∆x→0−

f(∆x)− f(0)

∆x
= lim

∆x→0−

sin ∆x

∆x
= 1,

� f ′(0) = f ′+(0) = f ′−(0) = 1, Ïd f(x) 3 x = 0 ?��.

l.

?Ø α �Û��, ¼ê f(x) =

x
α sin

1

x
, x > 0

0, x ≤ 0
3 x = 0 ? (1) ëY; (2)

��.

). (1) du lim
x→0−

f(x) = 0, �

lim
x→0+

f(x) = lim
x→0+

xα sin
1

x
=

0, α > 0,

Ø�3, α ≤ 0.

Ïd� α > 0�, lim
x→0

f(x) = lim
x→0+

f(x) = lim
x→0−

f(x) = 0 = f(0),=d� f(x)

3 x = 0 ?ëY.
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(2) du f ′−(0) = lim
∆x→0−

f(∆x)− f(0)

∆x
= lim

∆x→0−

0

∆x
= 0, �

f ′+(0) = lim
∆x→0+

f(∆x)− f(0)

∆x
= lim

∆x→0+

(∆x)α sin
1

∆x
∆x

= lim
x→0+

(∆x)α−1 sin
1

∆x
=

0, α > 1,

Ø�3, α ≤ 1.

Ïd� α > 1 �, f ′(0) = f ′+(0) = f ′−(0) = 0, =d� f(x) 3 x = 0 ?�

�.

Ê. � f(x) = (x− a)ϕ(x), Ù¥ ϕ(x) 3 x = a ?ëY, ¦ f ′(a).

). d ϕ(x) 3 x = a ?ëY�� lim
x→a

ϕ(x) = ϕ(a), Ïd

f ′(a) = lim
x→a

f(x)− f(a)

x− a
= lim

x→a

(x− a)ϕ(x)

x− a
= lim

x→a
ϕ(x) = ϕ(a).

�. � f(x) = (x− 1)(x− 2) . . . (x− 10), ¦ f ′(10).

).

f ′(10) = lim
∆x→0

f(10 + ∆x)− f(10)

∆x

= lim
∆x→0

(9 + ∆x)(8 + ∆x) . . . (1 + ∆x) ·∆x
∆x

= lim
∆x→0

[(9 + ∆x)(8 + ∆x) . . . (1 + ∆x)]

= 9!.

��.

®� f(x) =

sinx, x ≤ 0

x, x > 0
, ¦ f ′(x).
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). 5¿�

f ′+(0) = lim
∆x→0+

f(∆x)− f(0)

∆x
= lim

∆x→0+

∆x

∆x
= 1,

f ′−(0) = lim
∆x→0−

f(∆x)− f(0)

∆x
= lim

∆x→0+

∆x

∆x
= 1,

� f ′(0) = f ′+(0) = f ′−(0) = 1. 
� x < 0 �, f ′(x) = cosx; � x > 0 �,

f ′(x) = 1, Ïd

f ′(x) =

cosx, x ≤ 0,

1, x > 0.

��. ¦­� y = lnx 3: (e, 1) ?����§.

). ¤¦����Ç� k = y′|x=e =
1

x

∣∣∣
x=e

=
1

e
, Ïd¤¦���§�

y − 1 =
1

e
(x− e),

z{�

x− ey = 0.

�n. ¦­� y = ex ²L�:����§.

). ��:� (x0, y0), K����Ç�

k = y′|x=x0 = ex|x=x0 = ex0 ,

u´¤¦���§���

y − y0 = ex0(x− x0).

d��L�: (0, 0) k

−y0 = ex0(−x0).
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du�:3­� y = ex þ, �k

y0 = ex0 .

d±þü��§éá)� x0 = 1, y0 = e, Ïd¤¦���§�

y − e = e(x− 1),

z{�

y = ex.

�o. � f(x) �ó¼ê, f ′(0) �3, y²: f ′(0) = 0.

J«. ^1o�K1 2 �K��{, ��

f ′(0) =
1

2
lim
h→0

f(h)− f(−h)

h
=

1

2
lim
h→0

0

h
= 0.
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9 ¦�{K (1) �ê�oK$�

�. ¦e�¼ê��ê:

3. y = lnx− 2 lg x+ 5 log2 x.

).

y′ =
1

x
− 2

x ln 10
+

5

x ln 2
.

4. y = (
√
x+ 1)(

1√
x
− 1).

). 5¿� y =
1√
x
−
√
x = x−

1
2 − x 1

2 , Ïd

y′ = −1

2
x−

3
2 − 1

2
x−

1
2 .

5. y =
x lnx

1 + x2
.

).

y′ =
(x lnx)′(1 + x2)− x lnx · (1 + x2)′

(1 + x2)2

=
(
x

x
+ lnx)(1 + x2)− 2x2 lnx

(1 + x2)2

=
1 + x2 + (1− x2) lnx

(1 + x2)2
.

6. y = x2 lnx · cosx.

).

y′ = 2x lnx · cosx+ x2 · 1

x
· cosx+ x2 lnx · (− sinx)

= 2x lnx · cosx+ x cosx− x2 lnx · sinx.
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�. � f(x) = (1 + x2) arctanx, ¦ f ′(0).

). f ′(x) = 2x arctanx+
1 + x2

1 + x2
= 1 + 2x arctanx.

f ′(0) = f ′(x)|x=0 = 1.
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10 ¦�{K (2) EÜ¼ê�¼ê��ê

�. ¦e�¼ê��ê:

1. y = (3x+ 6)5.

).

y′ = 5(3x+ 6)4 · 3 = 15(3x+ 6)4.

2. y = sin3 2x.

).

y′ = 3 sin2 2x · cos 2x · 2 = 6 sin2 2x · cos 2x.

3. y =
√
a2 − x2.

).

y′ =
1

2
(a2 − x2)−

1
2 · (−2x) = − x√

a2 − x2
.

4. y = ln(x+
√
a2 + x2).

).

y′ =
1 +

1

2
(a2 + x2)−

1
2 · 2x

x+
√
a2 + x2

=

1 +
x√

a2 + x2

x+
√
a2 + x2

=
1√

a2 + x2
.

5. y = arctan(x3).

).

y′ =
1

1 + (x3)2
· 3x2 =

3x2

1 + x6
.
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6. y = e− cos2 1
x .

).

y′ = e− cos2 1
x ·
(
− 2 cos

1

x

)
·
(
− sin

1

x

)
·
(
− 1

x2

)
= − 1

x2
·
(

2 sin
1

x
· cos

1

x

)
· e− cos2 1

x

= − 1

x2
sin

2

x
· e− cos2 1

x .

�. �¼ê��, y²:

1. ó¼ê��ê´Û¼ê.

y². � f(x) �ó¼ê, K

f ′(−x) = lim
h→0

f(−x+ h)− f(−x)

h
= lim

h→0

f(x− h)− f(x)

h
= −f ′(x).

2. Û¼ê��ê´ó¼ê.

y². � f(x) �Û¼ê, K

f ′(−x) = lim
h→0

f(−x+ h)− f(−x)

h
= lim

h→0

−f(x− h) + f(x)

h
= f ′(x).

3. ±Ï¼ê��ê´±Ï¼ê.

y². � f(x) ´±Ï� T �±Ï¼ê, K

f ′(x+ T ) = lim
h→0

f(x+ T + h)− f(x+ T )

h
= lim

h→0

f(x+ h)− f(x)

h
= f ′(x).
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n. � f(x) ��, ¦e�¼ê��ê:

1. y = f(e−x
2
).

).

y′ = f ′(e−x
2

) · e−x2 · (−2x) = −2xe−x
2

f ′(e−x
2

).

2. y = f(arcsin
1

x
).

).

y′ = f ′(arcsin
1

x
) · 1√

1− 1

x2

· (− 1

x2
) = −

f ′(arcsin
1

x
)

|x|
√
x2 − 1

.

o. ¦e�¼ê��ê:

1. y =
√
x+
√
x.

).

y′ =
1

2
(x+

√
x)−

1
2 ·
(

1 +
1

2
x−

1
2

)
=

1 + 2
√
x

4
√
x(x+

√
x)
.

2. y = arcsin(1− 2x).

).

y′ =
1√

1− (1− 2x)2
· (−2) = − 1√

x− x2
.

3. y =
1 + sin 2x

1− sin 2x
.
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).

y′ =
2 cos 2x · (1− sin 2x)− (1 + sin 2x)(−2 cos 2x)

(1− sin 2x)2
=

4 cos 2x

(1− sin 2x)2
.

4. y = ln(secx+ tanx).

).

y′ =
secx tanx+ sec2 x

secx+ tanx
= secx.

Ê. � g(x) = f(b+mx) + f(b−mx), Ù¥ f ��, ¦ g′(0).

). d g′(x) = mf ′(b+mx)−mf ′(b−mx)� g′(0) = mf ′(b)−mf ′(b) = 0.

8. ¦ y = tan
(πx2

4

)
3: (1, 1) ?����§.

). ¤¦����Ç�

k = y′|x=1 = sec2
(πx2

4

)
· πx

2
|x=1 = π,

u´¤¦���§�

y − 1 = π(x− 1),

=

y = π(x− 1) + 1.

Ô. ¦ y =
1

x
�²L: (2, 0) ����§.

). ��:� (x0, y0), K����Ç�

k = y′|x=x0 = − 1

x2

∣∣∣
x=x0

= − 1

x2
0

,
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u´¤¦���§���

y − y0 = − 1

x2
0

(x− x0).

d��L: (2, 0) k

−y0 = − 1

x2
0

(2− x0).

du�:3­� y =
1

x
þ, �k

y0 =
1

x0

.

d±þü��§éá)� x0 = y0 = 1, Ïd¤¦���§�

y − 1 = −(x− 1),

z{�

x+ y − 2 = 0.
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11 p��ê

�. ¦e�¼ê����ê:

1. y = x lnx.

).

y′ = lnx+
x

x
= 1 + lnx,

y′′ =
1

x
.

2. y = (1 + x2) arctanx.

).

y′ = 2x arctanx+
1 + x2

1 + x2
= 1 + 2x arctanx,

y′′ = 2 arctanx+
2x

1 + x2
.

3. y = x[sin(lnx) + cos(ln x)].

).

y′ = sin(lnx) + cos(ln x) + x
[

cos(lnx) · 1

x
− sin(lnx) · 1

x

]
= 2 cos(ln x),

y′′ = −2 sin(lnx)

x
.

4. y = xx.

). d y = ex lnx �

y′ = ex lnx
(x
x

+ lnx
)

= ex lnx(1 + ln x),

y′′ = ex lnx(1 + ln x) · (1 + ln x) + ex lnx · 1

x
= xx(1 + ln x)2 + xx−1.
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�. ¦e�¼ê� n ��ê:

1. y = xn + a1x
n−1 + a2x

n−2 + · · ·+ an−1x+ an.

). |^�á 101 �~ 7 �(J��

y(n) = (xn)(n) + (a1x
n−1)(n) + (a2x

n−2)(n) + · · ·+ (an−1x)(n) + (an)(n) = n!.

2. y = sin(ax+ b).

). |^�á 100 �~ 5 �(J��

y(n) = an sin
(
ax+ b+ n · π

2

)
.

3. y =
1

ax+ b
.

). |^�á 101 �~ 7 �(J��

y(n) = [(ax+ b)−1](n) = (−1)(−2) . . . (−n)(ax+ b)−1−n · an =
(−1)nann!

(ax+ b)n+1
.

4. y =
1− x
1 + x

.

). 5¿� y =
2

1 + x
− 1, |^�á 101 �~ 7 �(J��

y(n) = [2(1 + x)−1](n) = 2 · (−1)(−2) . . . (−n)(1 + x)−1−n =
2 · (−1)nn!

(1 + x)n+1
.
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n. � f(x) ����, ¦e�¼ê����ê y′′:

1. y = f(sinx).

).

y′ = f ′(sinx) cosx,

y′′ = f ′′(sinx) cosx · cosx− f ′(sinx) sinx

= f ′′(sinx) cos2 x− f ′(sinx) sinx.

2. y = ef(x).

).

y′ = ef(x)f ′(x),

y′′ = ef(x)f ′(x) · f ′(x) + ef(x)f ′′(x) = ef(x)((f ′(x))2 + f ′′(x)).

o. ¦¼ê y = x3ex � 15 ��ê.

). � u = ex, v = x3, K

u(k) = ex(k = 1, 2, . . . , 15),

v′ = 3x2, v′′ = 6x, v′′′ = 6, v(k) = 0(k = 4, 5, . . . , 15).

d Leibniz úª,

y(15) = (uv)(15)

= C0
15u

(15)v + C1
15u

(14)v′ + C2
15u

(13)v′′ + C3
15u

(12)v′′′

= ex · x3 + 15 · ex · 3x2 +
15 · 14

2!
ex · 6x+

15 · 14 · 13

3!
ex · 6

= (x3 + 45x2 + 630x+ 2730)ex.
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Ê.

� f(x) 3 (−∞,+∞) SkëY����ê, � f(0) = 0. �

g(x) =


f(x)

x
, x 6= 0

a, x = 0
. (½ a ��, ¦ g(x) 3 (−∞,+∞) SëY.

).

a = g(0) = lim
x→0

g(x) = lim
x→0

f(x)

x
= lim

x→0

f(x)− f(0)

x− 0
= f ′(0).

8. Álúª
dx

dy
=

1

y′
¥�Ñe��¼ê�p��êúª:

1.
d2x

dy2
= − y′′

(y′)3
.

y².

d2x

dy2
=

d
(dx

dy

)
dy

=

d
(dx

dy

)
dx

· dx

dy
= − y′′

(y′)2
· 1

y′
= − y′′

(y′)3
.

2.
d3x

dy3
=

3(y′′)2 − y′y′′′

(y′)5
.

y².

d3x

dy3
=

d
(d2x

dy2

)
dy

=

d
(d2x

dy2

)
dx

· dx

dy

= −y
′′′(y′)3 − y′′ · 3(y′)2y′′

(y′)6
· 1

y′

=
3(y′′)2 − y′y′′′

(y′)5
.



�È©SKþµù�åá 50

12 Û¼êëê�§¦�, �'CzÇ

�. ¦e��§¤(½�Û¼ê y = y(x) ��ê
dy

dx
.

1. x3 + y3 = 6xy.

). ü>¦�©�

3x2dx+ 3y2dy = 6(xdy + ydx),

=

(3y2 − 6x)dy = (6y − 3x2)dx,

Ïd
dy

dx
=

6y − 3x2

3y2 − 6x
=

2y − x2

y2 − 2x
.

2. sin(x+ y) = y2 cosx.

). ü>¦�©�

cos(x+ y)(dx+ dy) = cos x · 2ydy − y2 sinxdx,

=

(cos(x+ y)− 2y cosx)dy = −(y2 cosx+ cos(x+ y))dx,

Ïd
dy

dx
=
y2 sinx+ cos(x+ y)

2y cosx− cos(x+ y)
.

3. ln(x2 + y2) = arctan
y

x
.
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). ü>¦�©�

2xdx+ 2ydy

x2 + y2
=

xdy − ydx

x2

1 +
(y
x

)2 =
xdy − ydx

x2 + y2
,

=

(2y − x)dy = −(2x+ y)dx,

Ïd
dy

dx
=

2x+ y

x− 2y
.

�. ¦­� y2 = 5x4 − x2 3: (1, 2) ?����§.

). é­��§ü>¦�©�

2ydy = 20x3dx− 2xdx,

u´
dy

dx

∣∣∣
(x,y)=(1,2)

=
20x3 − 2x

2y

∣∣∣
(x,y)=(1,2)

=
9

2
.

Ïd¤¦���§�

y − 2 =
9

2
(x− 1),

z{�

9x− 2y − 5 = 0.

n. y²: ­�
√
x+
√
y =
√
a þ?¿:?���3ü�I¶þ��å�

Úð� a.

y². é­��§ü>¦�©�

dx

2
√
x

+
dy

2
√
y

= 0,
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u´
dy

dx
= −
√
y
√
x
.

Ïd­�þ?¿: (x0, y0) ?����

y − y0 = −
√
y0√
x0

(x− x0),

3þª¥- x = 0, ��§3 y-¶þ��å� y0 +
√
x0y0; - y = 0, ��§

3 x-¶þ��å� x0 +
√
x0y0. Ïd§3ü�I¶þ��å�Ú�

(x0 +
√
x0y0) + (y0 +

√
x0y0) = x0 + 2

√
x0y0 + y0 = (

√
x+
√
y)2 = a.

o. �¼ê y = y(x) ÷v�§ exy + sin(x2y) = y, ¦ y′(0).

). 3�§ü>é x ¦��

y′ = exy(xy′ + y) + (2xy + x2y′) cos(x2y),

� x = 0 �, d��§)Ñ y = 1, Ïd y′(0) = 1.

Ê. ¦e�¼ê��ê:

1. y = x
√
x.

). ü>�éê�

ln y =
√
x lnx,

ü>¦�©�

dy

y
=
( 1

2
√
x

lnx+

√
x

x

)
dx =

dx

2
√
x

(2 + ln x),

Ïd

y′ =
dy

dx
=

y

2
√
x

(2 + ln x) =
x
√
x

2
√
x

(2 + ln x).
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2. y = (lnx)x.

). ü>�éê�

ln y = x ln(lnx),

ü>¦�©�

dy

y
=
(
x ·

1

x
lnx

+ ln(lnx)
)

dx =
[ 1

lnx
+ ln(lnx)

]
dx,

Ïd

y′ =
dy

dx
= y
[ 1

lnx
+ ln(lnx)

]
= (lnx)x

[ 1

lnx
+ ln(lnx)

]
.

3. y =

√
1 + x

1− x
.

). ü>�éê�

ln y =
1

2
[ln(1 + x)− ln(1− x)],

ü>¦�©�
dy

y
=

1

2

( 1

1 + x
+

1

1− x

)
dx,

Ïd

y′ =
dy

dx
=
y

2

( 1

1 + x
+

1

1− x

)
=

y

1− x2
.

4. y = 3

√
x(x2 + 1)

(x− 1)2
.

). � x > 1 �, ü>�éê�

ln y =
1

3
[lnx+ ln(x2 + 1)− 2 ln(x− 1)],

ü>¦�©�
dy

y
=

1

3

(1

x
+

2x

x2 + 1
− 2

x− 1

)
dx,
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Ïd

y′ =
dy

dx
=
y

3

(1

x
+

2x

x2 + 1
− 2

x− 1

)
. (1)

� 0 < x < 1 �, y = 3

√
x(x2 + 1)

(1− x)2
;

� x < 0 �, y = − 3

√
(−x)(x2 + 1)

(1− x)2
;

ù�Ón�� y′ �L�ª� (1) ª�Ó.

8. � xy = yx, ¦
dy

dx
.

). ü>�éê�

y lnx = x ln y

ü>¦�©�

lnxdy +
ydx

x
= ln ydx+

xdy

y
,

= (x
y
− lnx

)
dy =

(y
x
− ln y

)
dx,

Ïd

dy

dx
=

y

x
− ln y

x

y
− lnx

=
y2 − xy ln y

x2 − xy lnx
.

Ô. ¦e�Û¼ê����ê
dy

dx
Ú���ê

d2y

dx2
.

1. x4 + y4 = 16.

). ü>¦�©�

4x3dx+ 4y3dy = 0,

Ïd
dy

dx
= −x

3

y3
,
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3þª¥2é x ¦��

d2y

dx2
= −3x2y3 − 3x3y2y′

y6
= −

3x2y3 − 3x3y2 ·
(
− x3

y3

)
y6

= −3x2y2(x4 + y4)

y9
= −48x2

y7
.

2. ey = xy + 3.

). ü>¦�©�

eydy = xdy + ydx,

Ïd
dy

dx
=

y

ey − x
,

3þª¥2é x ¦��

d2y

dx2
=

y′(ey − x)− y(eyy′ − 1)

(ey − x)2

=

y

ey − x
· (ey − x)− y

(
ey · y

ey − x
− 1
)

(ey − x)2

=
2y(ey − x)− y2ey

(ey − x)3
.

l. ®� y − xey = 1, ¦
d2y

dx2

∣∣∣
x=0

.

). 3�§ü>é x ¦��

y′ − ey − xeyy′ = 0,

u´

y′ =
ey

1− xey
=

ey

2− y
.
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3þª¥2é x ¦��

y′′ =
ey(2− y) + ey

(2− y)2
· y′ = ey(2− y) + ey

(2− y)2
· ey

2− y
.

� x = 0 �, d��§)Ñ y = 1, �\þª� y′′(0) = 2e2.

Ê. ¦e�ëê�§¤(½�¼ê y = y(x) ��ê
dy

dx
:

1.

x = t3 + 3t+ 1,

y = 3t5 + 5t3 + 1.

).

dy

dx
=

dy

dt
dx

dt

=
15t4 + 15t2

3t2 + 3
= 5t2.

2.

x = e−t sin t,

y = et cos t.

).

dy

dx
=

dy

dt
dx

dt

=
et(cos t− sin t)

e−t(cos t− sin t)
= e2t.

3.


x = arcsin

t√
1 + t2

,

y = arccos
1√

1 + t2
.

){�. Äk,( 1√
1 + t2

)′
= −1

2
(1 + t2)−

3
2 · 2t = −t(1 + t2)−

3
2 ,
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Ïd

dy

dx
=

dy

dt
dx

dt

=

−

( 1√
1 + t2

)′
√

1− 1

1 + t2( t√
1 + t2

)′
√

1− t2

1 + t2

= − 1

|t|
·

( 1√
1 + t2

)′
1√

1 + t2
+ t
( 1√

1 + t2

)′

= − 1

|t|
· −t(1 + t2)−

3
2

1√
1 + t2

− t2(1 + t2)−
3
2

=
t

|t|
=

1, t > 0,

−1, t < 0.

){�. d y = arccos
1√

1 + t2
� cos y =

1√
1 + t2

,

¿�d
1√

1 + t2
> 0 �� y ∈

[
0,
π

2

)
. u´

sin y =
√

1− cos2 y =

√
1− 1

1 + t2
=

|t|√
1 + t2

,

l


y = arcsin
|t|√

1 + t2
=


arcsin

t√
1 + t2

= x, t > 0,

− arcsin
t√

1 + t2
= −x, t < 0.

Ïd

dy

dx
=

1, t > 0,

−1, t < 0.

�. ¦ x =
3at

1 + t2
, y =

3at2

1 + t2
3 t = 2 ?���Ú{��§.

). 5¿�

y = tx,
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3þªü>¦�©�

dy = tdx+ xdt,

u´

dy

dx
= x

dt

dx
+ t =

x

dx

dt

+ t

=
x(1 + t2)2

3a(1 + t2)− 3at · 2t
+ t =

3at(1 + t2)

3a(1− t2)
+ t =

t(1 + t2)

(1− t2)
+ t,

¤¦����Ç�

k =
dy

dx

∣∣∣
t=2

=
2(1 + 4)

1− 4
+ 2 = −4

3
,

� t = 2 �, x =
6a

5
, y =

12a

5
, �¤¦���§�

y − 12a

5
= −4

3

(
x− 6a

5

)
,

z{�

4x+ 3y − 12a = 0.

¤¦{���Ç�

k′ = −1

k
=

3

4
,

�¤¦{��§�

y − 12a

5
=

3

4

(
x− 6a

5

)
,

z{�

3x− 4y + 6a = 0.
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��. � x = at3, y = bt2, ¦
dy

dx
,

d2y

dx2
.

).

dy

dx
=

dy

dt
dx

dt

=
2bt

3at2
=

2b

3at
.

d2y

dx2
=

d
(dy

dx

)
dt

· dt

dx
=

d
( 2b

3at

)
dt

· 1

dx

dt

= − 2b

3at2
· 1

3at2
= − 2b

9a2t4
.

��.

�

x = ln(1 + t)

y = arctan t
, ¦

d2y

dx2

∣∣∣
t=0

.

).

dy

dx
=

dy

dt
dx

dt

=

1

1 + t2

1

1 + t

=
1 + t

1 + t2
,

d2y

dx2
=

d
(dy

dx

)
dt

· dt

dx
=

d
( 1 + t

1 + t2

)
dt

· 1

dx

dt

=
1 + t2 − 2t(1 + t)

(1 + t2)2
· 1

1

1 + t

=
(1 + t)(1− 2t− t2)

(1 + t2)2
,

u´
d2y

dx2

∣∣∣
t=0

= 1.
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�n.

�

x = ln(1 + t2)

y = t− arctan t
, ¦

d3y

dx3
.

).

dy

dx
=

dy

dt
dx

dt

=
1− 1

1 + t2

2t

1 + t2

=
t2

2t
=
t

2
,

d2y

dx2
=

d
(dy

dx

)
dt

· dt

dx
=

d
( t

2

)
dt
· 1

dx

dt

=
1

2
· 1

2t

1 + t2

=
1 + t2

4t
,

d3y

dx3
=

d
(d2y

dx2

)
dt

· dt
dx

=
d
(1 + t2

4t

)
dt

· 1

dx

dt

=
2t · 4t− 4(1 + t2)

16t2
· 1

2t

1 + t2

=
t4 − 1

8t3
.

�o.

� y = y(x) ´d�§

x = 3t2 + 2t+ 3

ey sin t− y + 1 = 0
¤(½�Û¼ê, ¦

dy

dx

∣∣∣
t=0

Ú
d2y

dx2

∣∣∣
t=0

.

). é ey sin t− y + 1 = 0 ü>¦�©�

ey sin tdy + ey cos tdt− dy = 0,

�
dy

dt
=

ey cos t

1− ey sin t
=
ey cos t

2− y
,
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u´

dy

dx
=

dy

dt
dx

dt

=

ey cos t

2− y
6t+ 2

=
ey cos t

2(3t+ 1)(2− y)
.

� t = 0 �, y = 1, Ïd
dy

dx

∣∣∣
t=0

=
e

2
.

qdu

d2y

dx2
=

d
(dy

dx

)
dt

· dt

dx

=

(
ey cos t

dy

dt
− ey sin t

)
(3t+ 1)(2− y)− ey cos t

[
3(2− y)− (3t+ 1)

dy

dt

]
2(3t+ 1)2(2− y)2(6t+ 2)

,



dy

dt

∣∣∣
t=0

=
ey cos t

2− y

∣∣∣
t=0

= e,

Ïd
d2y

dx2

∣∣∣
t=0

=
e2 − e(3− e)

4
= −e(2e− 3)

4
.

�Ê. ��¥/È¥�NÈ± 1 cm3/min ��Ý~�, ¦�»� 10 cm

�, È¥�»~���Ý.

). � t min �È¥�NÈ� y, �»� x, K

y =
πx3

6
.

3þªü>é t ¦��
dy

dt
=
πx2

2
· dx

dt
.
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d®�^�, �3�� t0, ¦
dy

dt

∣∣∣
t=t0

= −1 cm3/min, x|t=t0 = 10 cm.

�\þª��»� 10 cm �, È¥�»~���Ý�

dx

dt

∣∣∣
t=t0

= −1 · 2

π · 102
= − 1

50π
cm/min.

�8. òY5\� 8 m, þº�»� 8 m ���I/Nì¥, 5Y�Ý�

4 m3/min, �Y�� 5 m �, ÙL¡þ,��Ý�õ�? L¡þ,

�\�Ýq�õ�?

). � t min �Y� h, Kd�Y�L¡�»�
h

2
, u´®5\Y�NÈ�

1

3
π
(h

2

)2

h = 4t,

z{�

h3 =
48t

π
.

3þªü>¦�©�

3h2dh =
48dt

π
,

u´
dh

dt
=

16

πh2
.

�Y�� 5 m �, ÙL¡þ,��Ý�

dh

dt

∣∣∣
h=5

=
16

π · 52
=

16

25π
m/min.

qdu

d2h

dt2
=

d
(dh

dt

)
dh

· dh

dt
= − 32

πh3
· 16

πh2
= − 512

π2h5
,

��Y�� 5 m �, ÙL¡þ,�\�Ý�

d2h

dt2

∣∣∣
h=5

= − 512

π2 · 55
= − 512

3125π2
m/min2.
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13 ¼ê��©

�. W�K:

1.
1

1 + 4x2
dx =

1

2

1

1 + (2x)2
d(2x) =

1

2
d(arctan 2x) = d

(1

2
arctan 2x

)
.

2.
1√

1 + 2x
dx =

1

2

1√
1 + 2x

d(2x) = d(
√

1 + 2x).

3.
f ′(arctanx)

1 + x2
dx = f ′(arctanx)d(arctanx) = d[f(arctanx)].

4. d2arctan3 x = 2arctan3 x ln 2d(arctan3 x).

�. O��©:

1. d(x2 lnx+ arcsin 2x) =
(

2x lnx+ x+
2√

1− 4x2

)
dx.

2. d(arctan e
√
x) =

e
√
x · 1

2
√
x

1 + (e
√
x)2

dx =
e
√
x

2
√
x(1 + e2

√
x)

dx.

3. d
( 2x

x2 + 1

)
=

2x ln 2 · (x2 + 1)− 2x · 2x
(x2 + 1)2

dx =
2x(x2 + 1) ln 2− x · 2x+1

(x2 + 1)2
dx.

4. u = u(x), v = v(x) ���¼ê, ¦ y = arctan
u

v
��©.

).

dy = d
(

arctan
u

v

)
=

d(
u

v

)
1 +

(u
v

)2 =

vdu− udv

v2

1 +
(u
v

)2 =
vdu− udv

u2 + v2
.
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n. ¦Û¼ê½ëê�§û½¼ê��ê:

1. y = y(x) d�§ x2y + ey = lnx û½, ¦
dy

dx
.

). ü>¦�©�

2xydx+ x2dy + eydy =
dx

x
,

u´

(2xy − 1)dx = −x(x2 + ey)dy,

Ïd
dy

dx
=

1− 2x2y

x(x2 + ey)
.

2. y = y(x) dëê�§

x = e2t − 2et + 3

y = 3e4t − 4e3t + 7
(½, ¦

dy

dx
,

d2y

dx2
.

).

dy

dx
=

dy

dt
dx

dt

=
12e4t − 12e3t

2e2t − 2et
= 6e2t.

d2y

dx2
=

d
(dy

dx

)
dt

· dt

dx
=

d(6e2t)

dt
· 1

dx

dt

= 12e2t · 1

2e2t − 2et
=

6et

et − 1
.

o. ¦ arctan 1.05 �Cq�.

). �Ä f(x) = arctan x, |^

f(x) ≈ f(1) + f ′(1)(x− 1) =
π

4
+

1

2
(x− 1)

�

arctan 1.05 ≈ f(1.05) =
π

4
+

1

2
· 0.05 ≈ 0.81.
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Ê. |^�©�Cqúªy²: (1 + x)α ≈ 1 + αx.

y². �Ä f(x) = (1 + x)α, K

(1 + x)α ≈ f(0) + f ′(0)x = 1 + αx.
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14 �©¥�½n

�. y²
a

1
n+1

(n+ 1)2
<
a

1
n − a

1
n+1

ln a
<
a

1
n

n2
, Ù¥ a > 1, n ≥ 1.

y². 3 [n, n+ 1] þé f(x) = a
1
x A^ Lagrange ¥�½n�

∃ξ ∈ (n, n+ 1), f ′(ξ) =
a

1
n+1 − a 1

n

(n+ 1)− n
= a

1
n+1 − a

1
n ,

ùp

f ′(ξ) = −a
1
ξ ln a

ξ2
,

u´
a

1
ξ ln a

ξ2
= a

1
n − a

1
n+1 ,

Ïd
a

1
n+1

(n+ 1)2
<
a

1
ξ

ξ2
=
a

1
n − a

1
n+1

ln a
=
a

1
ξ

ξ2
<
a

1
n

n2
.

�. é f(x) = x3 3 [−2, 3] þ¦Ñ÷v Lagrange ¥�½n� ξ.

). d Lagrange ¥�½n,

f ′(ξ) =
f(3)− f(−2)

3− (−2)
=

27 + 8

5
= 7,

u´d

f ′(ξ) = 3ξ2 = 7

)Ñ

ξ = ±
√

7

3
.
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n. f(x) 3
[
0,
π

2

]
þ��, K

(
0,
π

2

)
S���3�: ξ, ¦ f ′(ξ) sin 2ξ +

2f(ξ) cos 2ξ = 0.

y². 3
[
0,
π

2

]
þé g(x) = f(x) sin 2x A^ Lagrange ¥�½n�

∃ξ ∈
(

0,
π

2

)
, g′(ξ) =

g
(π

2

)
− g(0)

2π − 0
= 0.

5¿�

g′(ξ) = f ′(ξ) sin 2ξ + 2f(ξ) cos 2ξ,

Ïd

f ′(ξ) sin 2ξ + 2f(ξ) cos 2ξ = 0.

o. f(x) ��, 1 < f(x) < 4, f ′(x) 6= 2x, K�§ f(x) = x2 3 (1, 2) Sk

�=k��.

y². - g(x) = f(x)− x2, K g(1) = f(1)− 1 > 0, g(2) = f(2)− 4 < 0, d

":½n���§ f(x) = x2 3 (1, 2) Sk�.

b� f(x) = x2 3 (1, 2) Skü�ØÓ�� ξ1 Ú ξ2, K g(ξ1) = g(ξ2) =

0. Ø�� ξ1 < ξ2, d Rolle ½n, ��k�: ξ ∈ (ξ1, ξ2) ¦� g′(ξ) =

f ′(ξ)− 2ξ = 0, gñ. ��§ f(x) = x2 3 (1, 2) Sk�=k��.

Ê. f(x) ���¼ê, f(0) = 1, f ′(x) = 2f(x), y²: f(x) = e2x.

y². du(f(x)

e2x

)′
=
f ′(x)e2x − 2f(x)e2x

e4x
=
f ′(x)− 2f(x)

e2x
= 0,

Ïd
f(x)

e2x
≡ C, C �~ê.

qd f(0) = 1 � C = 1, � f(x) = e2x.
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8. f(x) ����, F (x) = (x− a)2f(x), f(b) = 0, y²: �3 ξ ∈ (a, b),

¦ F ′′(ξ) = 0.

y². �â Rolle ½n, du F (a) = F (b) = 0, �3 η ∈ (a, b) ¦ F ′(η) = 0.

qdu F ′(a) = F ′(η) = 0, �3 ξ ∈ (a, η) ⊂ (a, b) ¦ F ′′(ξ) = 0.

N\K:

1. f(x) 3 [a, b] þëY, (a, b) þ��, � |f ′(x)| 6= 1, y²: �3 ξ ∈ (a, b)

9 η ∈ (a, b), ¦
f ′(ξ)

f ′(η)
=
eb − ea

b− a
e−η.

y². 3 [a, b] þé f(x) A^ Lagrange ¥�½n�

∃ξ ∈ (a, b), f(b)− f(a) = f ′(ξ)(b− a).

23 [a, b] þé f(x) Ú g(x) = ex A^ Cauchy ¥�½n�

∃η ∈ (a, b),
f ′(η)

eη
=
f(b)− f(a)

eb − ea
=
f ′(ξ)(b− a)

eb − ea
,

Ïd
f ′(ξ)

f ′(η)
=
eb − ea

b− a
e−η.

2. f(x)3 [a, b]þ��,y²: �3 ξ1, ξ2 ∈ (a, b),¦ (b+a)f ′(ξ1) = 2ξ1f
′(ξ2).

y². 3 [a, b] þé f(x) A^ Lagrange ¥�½n�

∃ξ2 ∈ (a, b), f(b)− f(a) = f ′(ξ2)(b− a).

23 [a, b] þé f(x) Ú g(x) = x2 A^ Cauchy ¥�½n�

∃ξ1 ∈ (a, b),
f ′(ξ1)

2ξ1

=
f(b)− f(a)

b2 − a2
=
f ′(ξ2)(b− a)

b2 − a2
=
f ′(ξ2)

b+ a
,

Ïd

(b+ a)f ′(ξ1) = 2ξ1f
′(ξ2).
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15 L’Hospital {K

�. ¦e��4�:

1. lim
x→0

x− ln(1 + x)

ex − x− 1
.

).

lim
x→0

x− ln(1 + x)

ex − x− 1
= lim

x→0

1− 1

1 + x
ex − 1

= lim
x→0

1

(1 + x)2

ex
= 1.

2. lim
x→0

x2e
1
x2 .

).

lim
x→0

x2e
1
x2 = lim

x→0

e
1
x2

x−2
= lim

x→0

−2x−3e
1
x2

−2x−3
= lim

x→0
e

1
x2 = +∞.

3. lim
x→0

( 1

lnx
+

1

1− x

)
.

).

lim
x→1

( 1

lnx
+

1

1− x

)
= lim

x→1

1− x+ lnx

(1− x) lnx
= lim

x→1

1

x
− 1

1− x
x
− lnx

= lim
x→1

− 1

x2

− 1

x2
− 1

x

=
1

2
.

4. lim
x→+∞

(π
2
− arctanx

) 1
ln x

.
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). du

lim
x→+∞

ln
(π

2
− arctanx

)
lnx

= lim
x→+∞

1
π

2
− arctanx

·
(
− 1

1 + x2

)
1

x

= lim
x→+∞

x

1 + x2

arctanx− π

2

= lim
x→+∞

(1 + x2)− x · 2x
(1 + x2)2

1

1 + x2

= lim
x→+∞

1− x2

1 + x2

= −1,

Ïd

lim
x→+∞

(π
2
− arctanx

) 1
ln x

= e
lim

x→+∞

ln(π2−arctan x)

ln x =
1

e
.

5. lim
x→0

[(1 + x)
1
x

e

] 1
x

.

). du

lim
x→0

ln(1 + x)

x
− 1

x
= lim

x→0

ln(1 + x)− x
x2

= lim
x→0

1

1 + x
− 1

2x

= lim
x→0

− 1

(1 + x)2

2
= −1

2
,

Ïd

lim
x→0

[(1 + x)
1
x

e

] 1
x

= lim
x→0

e
lim
x→0

ln(1+x)
x −1

x = e−
1
2 .
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6. lim
x→0

(ax1 + ax2 + · · ·+ axn
n

) 1
x

(ai > 0, i = 1, 2, . . . , n).

). du

lim
x→0

ln(ax1 + ax2 + · · ·+ axn)− lnn

x
= lim

x→0

ax1 ln a1 + ax2 ln a2 + · · ·+ axn ln an
ax1 + ax2 + · · ·+ axn

=
ln a1 + ln a2 + · · ·+ ln an

n
= ln n

√
a1a2 . . . an,

Ïd

lim
x→0

(ax1 + ax2 + · · ·+ axn
n

) 1
x

= e
lim
x→0

ln(ax1+ax2+···+axn)−lnn

x

= eln n
√
a1a2...an

= n
√
a1a2 . . . an.

�.

f(x) =


ex − 1

x
, x 6= 0

1, x = 0
, ¦ f ′(0), f ′′(0).

).

f ′(0) = lim
x→0

f(x)− f(0)

x
= lim

x→0

ex − 1

x
− 1

x

= lim
x→0

ex − x− 1

x2
= lim

x→0

ex − 1

2x
= lim

x→0

ex

2
=

1

2
.

� x 6= 0 �,

f ′(x) =
xex − (ex − 1)

x2
=

(x− 1)ex + 1

x2
,
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Ïd

f ′′(0) = lim
x→0

f ′(x)− f ′(0)

x
= lim

x→0

(x− 1)ex + 1

x2
− 1

2
x

= lim
x→0

(x− 1)ex + 1− x2

2
x3

= lim
x→0

xex − x
3x2

= lim
x→0

ex − 1

3x
= lim

x→0

ex

3
=

1

3
.

n. ®� lim
x→1

2 lnx− ax+ 2

1 + cos(πx)
= b, ¦ a, b.

). du lim
x→1

[1 + cos(πx)] = 0, �¦ lim
x→1

2 lnx− ax+ 2

1 + cos(πx)
�3, �Uk

lim
x→1

(2 lnx− ax+ 2) = (2 lnx− ax+ 2)|x=1 = −a+ 2 = 0,

l
 a = 2, d�

b = lim
x→1

2 lnx− 2x+ 2

1 + cos(πx)
= lim

x→1

2

x
− 2

−π sin(πx)
= lim

x→1

− 2

x2

−π2 cos(πx)
= − 2

π2
.

o. ¦ a, b, ¦ x→ 0 � f(x) = sin 2x+ ax+ bx3 �¦�Up��Ã¡�,

¿¦§��.

). � lim
x→0

sin 2x+ ax+ bx3

xn
= c 6= 0. �¦

lim
x→0

sin 2x+ ax+ bx3

xn
= lim

x→0

2 cos 2x+ a+ 3bx2

nxn−1

�3, d lim
x→0

nxn−1 = 0 ��

lim
x→0

(2 cos 2x+ a+ 3bx2) = (2 cos 2x+ a+ 3bx2)|x=0 = 2 + a = 0,
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l
 a = −2. Ón, �¦

lim
x→0

sin 2x+ ax+ bx3

xn
= lim

x→0

2 cos 2x+ a+ 3bx2

nxn−1

= lim
x→0

−4 sin 2x+ 6bx

n(n− 1)xn−2

= lim
x→0

−8 cos 2x+ 6b

n(n− 1)(n− 2)xn−3

�3, K

lim
x→0

(−8 cos 2x+ 6b) = (−8 cos 2x+ 6b)|x=0 = −8 + 6b = 0,

l
 b =
4

3
. u´

lim
x→0

sin 2x+ ax+ bx3

xn
= lim

x→0

−8 cos 2x+ 8

n(n− 1)(n− 2)xn−3

= lim
x→0

16 sin 2x

n(n− 1)(n− 2)(n− 3)xn−4

= lim
x→0

32 cos 2x

n(n− 1)(n− 2)(n− 3)(n− 5)xn−5
= c 6= 0

¿�X n = 5, d�

lim
x→0

sin 2x+ ax+ bx3

xn
= lim

x→0

32 cos 2x

5!
=

4

15
.

Ïd a = −2, b =
4

3
¦ x→ 0 � f(x) �'u x � 5 �Ã¡�.

N\K: f(x) 3 x0 = 0 ?����, lim
x→0

f(x) + 2

x2
= 3, ¦ f(0), f ′(0),

f ′′(0).

). du lim
x→0

x2 = 0, �¦ lim
x→0

f(x) + 2

x2
�3, �Uk

lim
x→0

[f(x) + 2] = [f(x) + 2]|x=0 = f(0) + 2 = 0,
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Ïd f(0) = −2. u´

f ′(0) = lim
x→0

f(x)− f(0)

x
= lim

x→0
x · f(x) + 2

x2
= 0 · 3 = 0,

f ′′(0) = lim
x→0

f ′(x)− f ′(0)

x
= lim

x→0

f ′(x)

x
= lim

x→0

f(x) + 2
1

2
x2

= 6.
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16 Taylor úª

�. f(x) = x arctanx 3 x0 = 1 ?Ðm��� Taylor úª.

). du

f ′(x) =
x

1 + x2
+ arctanx,

f ′′(x) =
1

1 + x2
+

1 + x2 − x · 2x
(1 + x2)2

=
2

(1 + x2)2
,

f ′′′(x) = − 8x

(1 + x2)3
,

� f(1) =
π

4
, f ′(1) =

1

2
+
π

4
, f ′′(1) =

1

4
. Ïd f(x) 3 x0 = 1 ?� Lagrange

{�� Taylor úª�

f(x) = f(x0) + f ′(x0)(x− x0) +
f ′′(x0)

2!
(x− x0)2 +

f ′′′(ξ)

3!
(x− x0)3

=
π

4
+
(1

2
+
π

4

)
(x− 1) +

1

4
(x− 1)2 − 4ξ

3(1 + ξ2)3
(x− 1)3,

ùp ξ 3 x0 Ú x �m.

�. f(x) = x4 − 5x3 + 5x2 + x+ 2 Ðm x− 1 �õ�ª.

). du

f ′(x) = 4x3 − 15x2 + 10x+ 1,

f ′′(x) = 12x2 − 30x+ 10,

f ′′′(x) = 24x− 30,

f (4)(x) = 24,

Ïd

f(x) = f(1) + f ′(1)(x− 1) +
f ′′(1)

2!
(x− 1)2 +

f ′′′(1)

3!
(x− 1)3 +

f (4)(1)

4!
(x− 1)4

= 4− 4(x− 1)2 − (x− 1)3 + (x− 1)4.
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n. ¦ x→ 0 �, Ã¡�þ ex − 1− x+ x sinx ��.

). dMaclaurin úª,

ex = 1 + x+
x2

2!
+ o(x2),

sinx = x+ o(x),

�

ex − 1− x+ x sinx =
[
1 + x+

x2

2!
+ o(x2)

]
− 1− x+ x[x+ o(x)]

=
[
1 + x+

x2

2!
+ o(x2)

]
− 1− x+ [x2 + o(x2)]

=
3

2
x2 + o(x2),

Ïd

lim
x→0

ex − 1− x+ x sinx

x2
= lim

x→0

3

2
x2 + o(x2)

x2
=

3

2
6= 0,

= x→ 0 �, Ã¡�þ ex − 1− x+ x sinx � 2 �.

o. ¦ lim
x→0

sinx2 + 2 cosx− 2

x4
.

).

lim
x→0

sinx2 + 2 cosx− 2

x4
= lim

x→0

x2 + o(x4) + 2
[
1− x2

2!
+
x4

4!
+ o(x4)

]
− 2

x4

= lim
x→0

x4

12
+ o(x4)

x4

=
1

12
.
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Ê. ®� 0 < x <
1

2
, y²: ex ≈ 1 + x+

x2

2
+
x3

6
�ýéØ�Ø�L 0.01,

¿¦
√
e �Ø�Ø�L 0.01 �Cq�.

). d� Lagrange {��Maclaurin úª,

ex = 1 + x+
x2

2!
+
x3

3!
+
eθx

4!
x4 (0 < θ < 1),

�� 0 < x <
1

2
�,

∣∣∣ex − (1 + x+
x2

2
+
x3

6

)∣∣∣ =
∣∣∣eθx

24
x4
∣∣∣ < ∣∣∣e 1

2

4!

(1

2

)4∣∣∣ < 3

4!

(1

2

)4

=
1

128
< 0.01,

= ex ≈ 1 + x+
x2

2
+
x3

6
�ýéØ�Ø�L 0.01, ¿�

√
e = e

1
2 ≈ 1 +

1

2
+

(1

2

)2

2
+

(1

2

)3

6
= 1 +

31

48
≈ 1.65.

N\K: f(x) 3«m [a, b] k���ê, � f ′(a) = f ′(b) = 0. Áy²: (a, b)

S��k�: ξ, ¦� |f ′′(ξ)| ≥ 4

(b− a)2
|f(b)− f(a)|.

y². f(x) 3 x = a Ú x = b ?� Lagrange {��� Taylor úª©O�

f(x) = f(a)+f ′(a)(x−a)+
f ′′(ξ1)

2
(x−a)2 = f(a)+

f ′′(ξ1)

2
(x−a)2, a < ξ1 < x,

f(x) = f(b)+f ′(b)(x−b)+
f ′′(ξ2)

2
(x−b)2 = f(b)+

f ′′(ξ2)

2
(x−b)2, x < ξ2 < b,

Ïd

f
(a+ b

2

)
= f(a) +

f ′′(ξ1)

2

(a+ b

2
− a
)2

= f(a) +
(b− a)2

8
f ′′(ξ1), (1)

Ón��

f
(a+ b

2

)
= f(b) +

(b− a)2

8
f ′′(ξ2), (2)
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Ù¥ a < ξ1 <
a+ b

2
< ξ2 < b.

d (1) ª~� (2) ª�

f(b)− f(a) =
(b− a)2

8
(f ′′(ξ1)− f ′′(ξ2)),

�

ξ =

ξ1, e |f ′′(ξ1)| ≥ |f ′′(ξ2)|,

ξ2, e |f ′′(ξ1)| < |f ′′(ξ2)|,

K

2|f(ξ)| ≥ |f ′′(ξ1)|+ |f ′′(ξ2)| ≥ |f ′′(ξ1)− f ′′(ξ2)| = 8

(b− a)2
|f(b)− f(a)|,

Ïd

|f(ξ)| ≥ 4

(b− a)2
|f(b)− f(a)|.
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17 ¼ê�üN5, 4�Ú��

�. ¦e�¼ê�4�:ÚüN«m:

1. f(x) = 3
√
x− 1(x− 3)2.

).

f ′(x) =
1

3
(x− 1)−

2
3 (x− 3)2 + 2 3

√
x− 1(x− 3)

=
(x− 3)2 + 6(x− 1)(x− 2)

3(x− 1)
2
3

=
7x2 − 30x+ 27

3(x− 1)
2
3

=
(x− 3)(7x− 9)

3(x− 1)
2
3

,

d f ′(x) = 0 �� f(x) �7:� x1 =
9

7
Ú x2 = 3, 
 x3 = 1 � f(x) �Ø

��:.

3 (−∞, 1)S, f ′(x) > 0;3
(

1,
9

7

)
S, f ′(x) > 0;3

(9

7
, 3
)
S, f ′(x) <

0; 3 (3,+∞) S, f ′(x) > 0. Ïd7: x1 =
9

7
�4��:, 7: x2 = 3

�4��:, 
Ø��: x3 = 1 Ø´4�:; f(x) 3«m
(
− ∞, 9

7

]
Ú

[3,+∞) þüNO\, 3«m
[9

7
, 3
]
þüN~�.

2. f(x) = (x− 1)3x2 + 4.

).

f ′(x) = 3(x−1)2x2+2x(x−1)3 = (x−1)2[3x2+2x(x−1)] = x(5x−2)(x−1)2,

d f ′(x) = 0 �� f(x) �7:� x1 = 0, x2 =
2

5
, x3 = 1.

3 (−∞, 0)S, f ′(x) > 0;3
(

0,
2

5

)
S, f ′(x) < 0;3

(2

5
, 1
)
S, f ′(x) >

0; 3 (1,+∞) S, f ′(x) > 0. Ïd7: x1 = 0 �4��:, 7: x2 =
2

5
�
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4��:, 7: x3 = 1 Ø´4�:; f(x) 3«m (−∞, 0] Ú
[2

5
,+∞

)
þü

NO\, 3«m
[
0,

2

5

]
þüN~�.

�. y²e�Ø�ª:

1.
1− x
1 + x

< e−2x (0 < x < 1).

y². - f(x) = e2x(1− x)− x− 1, K

f ′(x) = 2e2x(1− x)− e2x − 1 = e2x(1− 2x)− 1,

f ′′(x) = 2e2x(1− 2x)− 2e2x = −4xe2x,

3 (0, 1) S f ′′(x) < 0, � f ′(x) 3 [0, 1] þüN~�, l
� 0 < x < 1 �,

f ′(x) < f ′(0) = 1− 1 = 0,

ù`² f(x) 3 [0, 1] þüN~�, l
� 0 < x < 1 �,

e2x(1− x)− x− 1 = f(x) < f(0) = 1− 1− 1 = −1 < 0.

Ïd� 0 < x < 1 �,

e2x(1− x) < 1 + x,

ü>Ó�Ø± e2x(1 + x) =�

1− x
1 + x

< e−2x.

2. sinx+ cosx > 1 + x− x2 (x > 0).

y². - f(x) = sinx+ cosx+ x2 − x− 1, K

f ′(x) = cos x− sinx+ 2x− 1,
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f ′′(x) = − sinx− cosx+ 2 = 2−
√

2 sin
(
x+

π

4

)
,

du f ′′(x) ≥ 2−
√

2 > 0, � f ′(x) 3 (−∞,+∞) þüNO\, l
� x > 0

�,

f ′(x) > f ′(0) = 1− 1 = 0,

ù`² f(x) 3 [0,+∞) þüNO\, l
� x > 0 �,

sinx+ cosx+ x2 − x− 1 = f(x) > f(0) = 0.

Ïd� x > 0 �,

sinx+ cosx > 1 + x− x2.

3. y²: f(x) 3 [0, c] kî�üN4~��¼ê f ′(x), f(0) = 0, K 0 < a <

b < a+ b < c k f(a+ b) < f(a) + f(b).

y². - g(x) = f(a+ x)− f(x), K� 0 < x < b �,

g′(x) = f ′(a+ x)− f ′(x) < 0,

u´ g(x) 3 [0, b] þüN~�. Ïd

f(a+ b)− f(b) = g(b) < g(0) = f(a)− f(0) = f(a),

= f(a+ b) < f(a) + f(b).

n. ?Ø�§ lnx = ax(a > 0)kA�¢�.

). - f(x) = ln x− ax, Ù½Â�� (0,+∞), � f ′(x) =
1

x
− a.

d f ′(x) = 0 �� f(x) �7:� x =
1

a
. d f ′′(x) = − 1

x2
��

f ′′
(1

a

)
= −a2 < 0, � f(x) 3 x =

1

a
?��4��

f
(1

a

)
= ln

1

a
− 1 = −1− ln a.
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qdu

lim
x→0+

f(x) = lim
x→+∞

f(x) = −∞,

Ïd� f
(1

a

)
= −1− ln a < 0, = a >

1

e
�, �§vk¢�;

� f
(1

a

)
= −1− ln a = 0, = a =

1

e
�, �§k��¢� x =

1

a
;

� f
(1

a

)
= −1− ln a > 0, = 0 < a <

1

e
�, �§kü�¢�.

o. x > 0 ��§ ax+
1

x2
= 1 k�=k���, ¦ a �����.

). - f(x) = ax+
1

x2
− 1.

e a = 0, K� x > 0 ��§ f(x) = 0 k�=k��� x = 1.

e a < 0, K� x > 0 � f ′(x) = a− 2

x3
< 0, = f(x) 3 (0,+∞) þüN

~�. 
 lim
x→0+

f(x) = +∞, f(1) = a < 0, Ïd�§ f(x) = 0 k�=k��

�.

e a > 0, Kd f ′(x) = a− 2

x3
= 0 �� f(x) �7:� x0 = 3

√
2

a
, qd

f ′′(x) =
6

x4
�� f ′′

(
3

√
2

a

)
> 0, � x0 = 3

√
2

a
� f(x) �4��:. du

lim
x→0+

f(x) = lim
x→+∞

f(x) = +∞,

Ïd, � f
(

3

√
2

a

)
> 0 ��§ f(x) = 0 vk�,

� f
(

3

√
2

a

)
< 0 ��§ f(x) = 0 kü��,

� f
(

3

√
2

a

)
= 0, =��§ f(x) = 0 k�=k���, d�d f

(
3

√
2

a

)
=

a 3

√
2

a
+

3

√
a2

4
− 1 = 0 )� a =

2

3
√

3
.

nþ¤ã, � a ≤ 0 ½ö a =
2

3
√

3
�, �§ ax+

1

x2
= 1 3 x > 0 þk

�=k���.
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Ê. ¦ y =
x− 1

x+ 4
3 [0, 4] þ����Ú���.

). � x ∈ (0, 4) �,

y′ =
(x+ 4)− (x− 1)

(x+ 4)2
=

5

(x+ 4)2
> 0,

Ïd y =
x− 1

x+ 4
3 [0, 4] þüNO\, ����� y(0) = −1

4
, ����

y(4) =
3

8
.

8. ®� 0 ≤ x ≤ 1, p > 1, y²: 21−p ≤ xp + (1− x)p ≤ 1.

y². - f(x) = xp + (1− x)p, K f ′(x) = pxp−1 − p(1− x)p−1.

d f ′(x) = 0 ��7:� x0 =
1

2
. du f

(1

2

)
= 21−p, f(0) = f(1) = 1,

� f(x) 3 [0, 1] þ����� 21−p, ���� 1, Ïd� 0 ≤ x ≤ 1 �k

21−p ≤ xp + (1− x)p ≤ 1.
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18 ¼ê�üN5, 4�

�. (½e�¼ê­��]à«mÚ$::

1. y =
1

1 + x2
.

).

y′ = − 2x

(1 + x2)2
,

y′′ = −2(1 + x2)2 − 2x · 4x(1 + x2)

(1 + x2)4
=

2(3x2 − 1)

(1 + x2)3
.

d y′′ = 0 �� x1 = −
√

3

3
, x2 =

√
3

3
.

� x < −
√

3

3
� y′′ > 0,�−

√
3

3
< x <

√
3

3
� y′′ < 0,� x >

√
3

3
� y′′ > 0,

Ïd
(
−
√

3

3
,
3

4

)
Ú
(√3

3
,
3

4

)
Ñ´T­��$:,�T­�3

(
−∞,−

√
3

3

]
þ´]�, 3

[
−
√

3

3
,

√
3

3

]
þ´à�, 3

[√3

3
,+∞

)
þ´]�.

2. y = xe−x.

).

y′ = e−x − xe−x = (1− x)e−x,

y′′ = −e−x − (1− x)e−x = (x− 2)e−x.

d y′′ = 0 �� x0 = 2, � x < 2 � y′′ < 0, � x > 2 � y′′ > 0, Ïd
(

2,
2

e2

)
´T­��$:, �T­�3 (−∞, 2] þ´à�, 3 [2,+∞) þ´]�.

�. ¦e�¼ê­��ìC�:

1. y =
e

1
x

x− 1
.

). d

lim
x→∞

e
1
x

x− 1
= 0
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�� y = 0 �T­��Y²ìC�.

d

lim
x→0+

e
1
x

x− 1
= −∞, lim

x→1

e
1
x

x− 1
=∞

�� x = 1 Ú x = 0 �T­��R�ìC�.

2. y =
x3

(x− 1)(2− x)
.

). d

lim
x→1

x3

(x− 1)(2− x)
= lim

x→2

x3

(x− 1)(2− x)
=∞

�� x = 1 Ú x = 2 �T­��R�ìC�.

d

lim
x→∞

x3

x(x− 1)(2− x)
= −1,

lim
x→∞

x3

(x− 1)(2− x)
+ x = lim

x→∞

x(3x− 2)

(x− 1)(2− x)
= −3

�� y = −x− 3 �T­���ìC�.

n. �Ñ¼ê y =
x3 − 2

2(x− 1)2
�ã/.

). �ùÂ.

o. ¦ x
2
3 + y

2
3 = a

2
3 þ?¿:?�­Ç.

). �ùÂ.

N\K: � f(x) 3 [0, 1] þëY, 3 (0, 1) S��, � f(0) = 0, f(1) = 1.

y²: é?¿�½��ê a Ú b, 3 (0, 1) S�3ØÓ� ξ Ú η, ¦
a

f ′(ξ)
+

b

f ′(η)
= a+ b.

y²�. (1)Äky²Darboux½n: � f(x)3 (a, b)þ��, x1, x2 ∈ (a, b).

XJ f ′(x1) · f ′(x2) < 0, K3 x1 Ú x2 �m���3�: ξ, ¦� f ′(ξ) = 0.
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Ø�� x1 < x2 � f ′(x1) > 0, f ′(x2) < 0. u´

f ′(x1) = lim
x→x1

f(x)− f(x1)

x− x1

> 0.

d4���Ò5,

∃δ > 0,∀x ∈ Ů(x1, δ),
f(x)− f(x1)

x− x1

> 0.

� x3 ∈ (x1, x1 + δ), Kd x3 − x1 > 0 �� f(x3)− f(x1) > 0.

Ón, �� x4 ∈ (x1, x2) ¦� f(x4) − f(x2) > 0. Ïd x1, x2 ÑØ´

f(x) ����:. u´ f(x) 34«m [x1, x2] þ����: ξ ∈ (x1, x2), d

Fermat ½n=� f ′(ξ) = 0. ½n�y.

(2) Ùgy²�ê�0�½n: � f(x) 3 (a, b) þ��, x1, x2 ∈ (a, b).

éu f ′(x1) Ú f ′(x2) �m�?¿¢ê C, 3 x1 Ú x2 �m���3�: ξ,

¦� f ′(ξ) = C.

�I- F (x) = f(x)−Cx,K F ′(x1)F ′(x2) = (f ′(x1)−C)(f ′(x2)−C) <

0. d Darboux ½n, 3 x1 Ú x2 �m���3�: ξ, ¦� F ′(ξ) = 0, =

f ′(ξ) = C.

(3) é?¿�½��ê a Ú b ±9?¿÷v 0 < c < 1 < d ��ê c Ú

d, e¡y²�3 A ∈ (c, 1), B ∈ (1, d) ¦�

Aa+Bb = a+ b.

Ø�� a < b � 1− c > d− 1, Ù¦�/�aqy². d�

c < 1− b

a
(d− 1) < 1.

� A ∈
(

1− b

a
(d− 1), 1

)
⊂ (c, 1), - B =

a+ b− Aa
b

, K

1 < B < d � Aa+Bb = a+ b.

(4) e¡y²�·K. e f(x) = x, K f ′(x) ≡ 1, u´

∀ξ, η ∈ (0, 1),
a

f ′(ξ)
+

b

f ′(η)
= a+ b.
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e ∃x0 ∈ (0, 1), f(x0) 6= x0, Ø�� f(x0) < x0, Kd Lagrange ¥�½n,

∃x1 ∈ (0, x0) ⊂ (0, 1), f ′(x1) =
f(x0)− f(0)

x0 − 0
=
f(x0)

x0

< 1,

∃x2 ∈ (x0, 1) ⊂ (0, 1), f ′(x2) =
f(1)− f(x0)

1− x0

=
1− f(x0)

1− x0

> 1.

�â�ê�0�½n, ·�Ø�� 0 < f ′(x1) < 1, x1 ∈ (0, 1). u´

0 <
1

f ′(x2)
< 1 <

1

f ′(x1)
.

é?¿�½��ê a Ú b, � A,B > 0 ¦�

0 <
1

f ′(x2)
< A < 1 < B <

1

f ′(x1)

�

Aa+Bb = a+ b,

ù�

f ′(x1) <
1

B
<

1

A
< f ′(x2).

q�â�ê�0�½n,

∃ξ, η ∈ (0, 1), f ′(ξ) =
1

A
, f ′(η) =

1

B
,

Ïd
a

f ′(ξ)
+

b

f ′(η)
= Aa+Bb = a+ b.

y²�. 5¿�

f(0) = 0 <
a

a+ b
< 1 = f(1),

dëY¼ê�0�½n, �3 t ∈ (0, 1) ¦� f(t) =
a

a+ b
.

©O3 [0, t] Ú [t, 1] þé f(x) A^ Lagrange ¥�½n��

∃ξ ∈ (0, t), f ′(ξ) =
f(t)− f(0)

t
=

a

(a+ b)t
,
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∃η ∈ (t, 1), f ′(η) =
f(1)− f(t)

1− t
=

b

(a+ b)(1− t)
.

w, ξ 6= η, �

a

f ′(ξ)
+

b

f ′(η)
= (a+ b)t+ (a+ b)(1− t) = a+ b.
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19 ü�uÿ

�. W�:

1. y = f(x) �7:´4�:�QØ7��Ø¿©^�.

J«. 7:´�ê� 0 �:, Ø�½´4�:; 4�:�½Â�ëY5½�

�5Ã'.

2. f(x) = x3 3 [1, 2] þ÷v Lagrange ¥�½n^�� ξ =

√
7

3
.

J«. �SKþ”�©¥�½n”�1��K.

3. x =
π

9
� f(x) = a cos 3x+ 4 sin 3x �4�:, K§�4��:.

J«. d x =
π

9
� f ′(x) = 12 cos 3x − 3a sin 3x = 0 )Ñ a =

4√
3

; 2d

x =
π

9
� f ′′(x) = −9a cos 3x− 36 sin 3x < 0 ��§´4��:.

4.
f ′(arctan 2x)

1 + 4x2
dx = d

[1

2
f(arctan 2x)

]
.

�. ÀJ:

1. f(x) = x2 + 2 lnx þ�à­�¤éA�«m� (0, 1).

J«. 5¿ f(x) �½Â�� (0,+∞), O��� f ′(x) = 2x +
2

x
, f ′′(x) =

2− 2

x2
, u´� x ∈ (0, 1) � f ′′(x) < 0.

2. y = y(x) d�§

x = 4− t3 − 3t

y = 2t3 − 3t2 + 7
û½, K y = y(x) 3 (−∞, 0] Ú

[4,+∞) þü~.

J«. d
dy

dx
=

6t2 − 6t

−3t2 − 3
= −2t(t− 1)

t2 + 1
��� t(t−1) > 0,= t > 1½ t < 0

�
dy

dx
< 0. du

dx

dt
= −3(t2 + 1) < 0, = x(t) ü~. Ïd t > 1 ¿�X
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x < x(1) = 0, t < 0¿�X x > x(0) = 4,= y = y(x)3 (−∞, 0]Ú [4,+∞)

þü~.

3. f(x) =
x3

(x− 1)(x− 2)
k 3 ^ìC�.

J«. d lim
x→1

f(x) = lim
x→2

= ∞ �� x = 1 Ú x = 2 �R�ìC�. d

lim
x→∞

f(x)

x
= 1, lim

x→∞
[f(x)− x] = 3 �� y = x+ 3 ��ìC�.

4. y = f(x) ÷v xf ′′(x) + 3x[f ′(x)]2 = 1 − e−x, e f ′(x0) = 0 (x0 6= 0), K

f(x0) ´ f(x) �4��.

J«. d xf ′′(x) + 3x[f ′(x)]2 = 1− e−x �� x0f
′′(x0) = 1− e−x0 ;

d x0 6= 0 �� f ′′(x0) =
1− e−x0

x0

.

e x0 > 0, K e−x0 < 1, u´ f ′′(x0) > 0; e x0 < 0, K e−x0 > 1, ù��

k f ′′(x0) > 0. Ïd f(x0) ´ f(x) �4��.

5. 3 (−∞,+∞) S�§ |x| 14 + |x| 12 − cosx = 0 k�=kü�¢�.

J«. 5¿� F (x) = |x| 14 + |x| 12 − cosx´ó¼ê,� F (0) 6= 0,��I�Ä

f(x) = x
1
4 + x

1
2 − cosx (x ≥ 0).

� x ∈ (0, 1) �,

f ′(x) =
1

4
x−

3
4 +

1

2
x−

1
2 + sinx > 0,

� f(x) 3 [0, 1] þüNO\, d f(0) = −1 < 0, f(1) = 2 − cos 1 > 0 ��

f(x) 3 (0, 1) Sk�=k��¢�.

qdu� x > 1 �,

f(x) = x
1
4 + x

1
2 − cosx > 1 + 1− 1 = 1 > 0,

Ïd f(x) 3 (0,+∞) Sk�=k��¢�, l
 F (x) 3 (−∞,+∞) Sk

�=kü�¢�.
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n. O�e��K:

1. lim
x→1

x− xx

1− x+ lnx
.

).

lim
x→1

x− xx

1− x+ lnx
= lim

x→1

x− ex lnx

1− x+ lnx

= lim
x→1

1− ex lnx(1 + ln x)
1

x
− 1

= lim
x→1

−ex lnx(1 + ln x)2 − ex lnx · 1

x

− 1

x2

= 2.

2. lim
x→∞

(
sin

1

x
+ cos

1

x

)x
.

). du

lim
x→∞

x ln
(

sin
1

x
+ cos

1

x

)
= lim

t→0

ln(sin t+ cos t)

t

(
- t =

1

x

)
= lim

t→0

cos t− sin t

sin t+ cos t
1

= lim
t→0

cos t− sin t

sin t+ cos t
= 1,

Ïd

lim
x→∞

(
sin

1

x
+ cos

1

x

)x
= e

lim
x→∞

x ln(sin 1
x

+cos 1
x

)
= e.
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o.

� f(x) =


e−

x2

2 − cosx

x
, x 6= 0

a, x = 0

.

1. ¦ a �Û��, f(x) 3 x = 0 ?ëY.

). e f(x) 3 x = 0 ?ëY, K

a = lim
x→0

e−
x2

2 − cosx

x
= lim

x→0
(−xe−

x2

2 + sinx) = 0.

2. ¦ f ′(x).

). � x 6= 0 �,

f ′(x) =
x(−xe−x

2

2 + sinx)− (e−
x2

2 − cosx)

x2
=
x sinx+ cosx− (x2 + 1)e−

x2

2

x2
.

d f(0) = a = 0 �

f ′(0) = lim
x→0

f(x)

x
= lim

x→0

e−
x2

2 − cosx

x2
= lim

x→0

−xe−x
2

2 + sinx

2x

= lim
x→0

(x2 − 1)e−
x2

2 + cosx

2
=
−1 + 1

2
= 0.

Ïd

f ′(x) =


x sinx+ cosx− (x2 + 1)e−

x2

2

x2
, x 6= 0,

0, x = 0.

3. f ′(x) 3 x = 0 ?´ÄëY?
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). d

lim
x→0

f ′(x) = lim
x→0

x sinx+ cosx− (x2 + 1)e−
x2

2

x2

= lim
x→0

x cosx+ sinx− sinx+ x(x2 + 1)e−
x2

2 − 2xe−
x2

2

2x

= lim
x→0

cosx+ (x2 − 1)e−
x2

2

2

=
1− 1

2
= 0 = f ′(0)

�� f ′(x) 3 x = 0 ?ëY.

Ê. f(x) = ex,
f(x)− f(0)

x− 0
= f ′(θx) ¥ θ � f(x) 3 [0, x] þ÷v La-

grange ¥�½n� θ, ¦ lim
x→0+

θ.

). d
ex − 1

x
=
f(x)− f(0)

x− 0
= f ′(θx) = eθx �

θ =
ln
ex − 1

x
x

=
ln(ex − 1)− lnx

x
,

u´

lim
x→0+

θ = lim
x→0+

ln(ex − 1)− lnx

x
= lim

x→0+

( ex

ex − 1
− 1

x

)
= lim

x→0+

xex − ex + 1

x(ex − 1)
= lim

x→0+

xex + ex − ex

xex + ex − 1

= lim
x→0+

xex

xex + ex − 1
= lim

x→0+

xex + ex

xex + 2ex
=

1

2
.
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8. f(x) 3 [0, 1] þ����, f(0) = 0, � f ′(x) 6= 0,
f ′′(x)

f ′(x)
6= 2

1− x
. Á

y²: �§
f(x)

f ′(x)
= 1− x 3 (0, 1) Sk�=k���.

y². - g(x) = (x−1)f(x),K g(x)3 [0, 1]þ����,� g(0) = g(1) = 0.

d Rolle ½n,

∃ξ ∈ (0, 1), g′(ξ) = f(ξ) + (ξ − 1)f ′(ξ) = 0,

ù`²�§
f(x)

f ′(x)
= 1− x 3 (0, 1) S��k���.

b��§
f(x)

f ′(x)
= 1 − x 3 (0, 1) Skü�� α, β, Ø�� α < β, K

g′(α) = g′(β) = 0. d Rolle ½n,

∃η ∈ (α, β) ⊂ (0, 1), g′′(η) = 2f ′(η) + (η − 1)f ′′(η) = 0,

ù�3 [0, 1] þ
f ′′(x)

f ′(x)
6= 2

1− x
gñ, ��5�y.

Ô. � f(0) = 0, f ′(0) = 1 � f ′(x) 3 [0,+∞) SüO. Áy²: g(x) =
f(x)

x
3 (0,+∞) SüNO\, � f(x) > x.

y². é?¿ x ∈ (0,+∞), d Lagrange ¥�½n,

g′(x) =
xf ′(x)− f(x)

x2
=
f ′(x)− f(x)− f(0)

x− 0
x

=
f ′(x)− f ′(ξ)

x
, ξ ∈ (0, x)

u´d f ′(x) 3 [0,+∞) SüNO\Ò�� g′(x) > 0, � g(x) 3 (0,+∞)

SüNO\.

� h(x) = f(x)−x,K� x > 0�, h′(x) = f ′(x)−1 = f ′(x)−f ′(0) > 0,

� h(x)3 [0,+∞)SüNO\. Ïd� x > 0�, f(x)−x = h(x) > h(0) =

f(0)− 0 = 0, = f(x) > x.
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l. ý�
x2

a2
+
y2

b2
= 1 �S���F/��^.>3ý���¶þ. ¯:

dF/�,	ü�º: uý�þÛ?�, §Uk���¡È?

). �dF/�,	ü�º:� (a cos t, b sin t) Ú (−a cos t, b sin t), Ø��

t ∈
(

0,
π

2

)
, KF/�¡È

s(t) =
1

2
(2a cos t+ 2a) · b sin t = ab(cos t+ 1) sin t.

d

s′(t) = ab[(cos t+ 1) cos t− sin2 t] = ab(cos t+ cos2 t− sin2 t)

= ab(cos t+ cos 2t) = ab cos
3t

2
cos

t

2
= 0

)� t =
π

3
, qd

s′′(t) = ab(− sin t− 2 sin 2t)

�� s′′
(π

3

)
< 0, Ïd� t =

π

3
, =F/�,	ü�º:�

(a
2
,
b
√

3

2

)
Ú(

− a

2
,
b
√

3

2

)
�F/k��¡È

s
(π

3

)
= ab

(1

2
+ 1
)
·
√

3

2
=

3
√

3ab

4
.

Ón��, �F/�,	ü�º:�
(a

2
,−b
√

3

2

)
Ú
(
− a

2
,−b
√

3

2

)
�

F/�k��¡È.
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20 2011-2012c1�ÆÏÏ¥�Á

�. W�K

1. lim
x→0

(1 + x ln 2)
1
x = 2.

(54��3OKü�­�4�61Ê�K)

J«. d lim
x→0

ln(1 + x ln 2)

x
= lim

x→0

x ln 2

x
= ln 2 �

lim
x→0

(1 + x ln 2)
1
x = e

lim
x→0

ln(1+x ln 2)
x = eln 2 = 2.

2. �¼ê f(x) 3 x = 2 ��ê f ′(2) = 2, K lim
h→0

f(h+ 2)− f(2− h)

h
= 4.

(5�êVg61o�K 2 �K)

J«.

lim
h→0

f(2 + h)− f(2− h)

h
= lim

h→0

[f(2 + h)− f(2)]− [f(2− h)− f(2)]

h

= lim
h→0

f(2 + h)− f(2)

h
− lim

h→0

f(2− h)− f(2)

h
= f ′(2)− (−f ′(2)) = 2f ′(2).

3. ®�¼ê f(x) =

(cosx)−x
2
, x 6= 0

lnm, x = 0
(m > 0) 3 x = 0 ëY, Km = e.

J«. d

lim
x→0

(cosx)−x
2

= e
lim
x→0

(−x2) ln(cosx)
= e

lim
x→0

(−x2)· lim
x→0

ln(cosx)
= e0 = 1

� lnm = 1, l
m = e.

4. � f(x) = x(x− 1)(x− 2) . . . (x− 2011), K f ′(0) = −2011!.

(5�êVg61��K)
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J«.

f ′(0) = lim
∆x→0

f(0 + ∆x)− f(0)

∆x

= lim
x→0

f(x)

x

= lim
x→0

x(x− 1)(x− 2) . . . (x− 2011)

x
= lim

x→0
[(x− 1)(x− 2) . . . (x− 2011)]

= (−1)(−2) . . . (−2011)

= −2011!.

5. ¼ê y =

√
x+

√
x+
√
x

√
x+ 1

�Y²ìC�� y = 1.

J«. d

lim
x→∞

√
x+

√
x+
√
x

√
x+ 1

= lim
x→∞

√√√√1 +

√
1

x
+

√
1

x3√
1 +

1

x

= 1

=�Y²ìC�� y = 1.

�. ÀJK

1. e�·K¥, �(�´=��?

J«. (A) f(x) = x sinx Ø´±Ï¼ê. b� f(x + T ) = f(x), K

T sinT = f(T ) = f(0) = 0, u´ T = kπ, k ∈ Z. l
 (x+ kπ) sin(x+

kπ) = x sinx, ù`² ∀x ∈ R, x+ kπ = ±x, ù´Ø�U�.

(B) Dirichlet ¼ê´±Ï¼ê, �vk���±Ï. (�á1�Ù1�!~

10)
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(C) ±Ï¼ê��êE�±Ï¼ê. (5¦�{K (1)�ê�oK$�61

��K 3 �K6)

(D) Û¼ê��ê�ó¼ê. (5¦�{K (1)�ê�oK$�61��K

2 �K6)

2. � x→ 0 �, x sin
√
x ´ x �

3

2
�Ã¡�þ.

J«. � x→ 0 �, x sin
√
x ∼ x ·

√
x = x

3
2 .

3. �¼ê f(x) =
[x] sin

1

x
1 + sin x

, K x = 0 ´ f(x) ���mä:.

J«. � −1 ≤ x < 0 �, [x] = −1. Ïd� x→ 0− �, f(x) =
− sin

1

x
1 + sin x

3

−1 Ú 1 �mCÄÃ¡õg.

4. e�Øä¥�(�kA�?

J«. (1) � x→∞ ��Ä f(x) ≡ 0 Ú g(x) = x =�k.¼ê�Ã¡�

�¦ÈØ�½´Ã¡�. (5Ã¡��Ã¡�61o�K 4 �K6)

(2) � f(x) 6= 0 3 R þëY, g(x) 3 R þk½Â�kmä:, K
g(x)

f(x)
7

kmä:. ù´Ï�, XJ
g(x)

f(x)
3 R þëY, K g(x) = f(x) · g(x)

f(x)
�3 R þëY, gñ.

(3) e¼ê3,: x = a ?Ø��, K¼ê3T:?Ø��, �Ek�U

�3�� (=�ê�U�Ã¡�, �A���Ò´ x = a). ~X, �Ä

þ��± y =
√

1− x2, 3 x = 1 ?�ê�Ã¡�, �3 x = 1 ?k�

� x = 1.
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(4) e f(x) 3 x = 1 �,���Sk½Â� lim
h→0

f(1 + h)− f(1− h)

2h
=

A (A�k�ê), K f(x) 3 x = 1 ?�UØ��. ~X, �Ä f(x) =

|x− 1|, K

lim
h→0

f(1 + h)− f(1− h)

2h
= lim

h→0

|h| − |h|
2h

= 0,

�w, f(x) 3 x = 1 ?Ø��.

5. Äk,

lim
x→0+

1−
√

cosx

x(1− cos
√
x)

= lim
x→0+

1− cosx

x(1− cos
√
x)(1 +

√
cosx)

= lim
x→0+

1

2
x2

x · 1

2
x(1 +

√
cosx)

= lim
x→0+

1

1 +
√

cosx

=
1

2
.

(þ¡´5Ã¡��'�61n�K 3 �K6)

Ùg, d

lim
x→0

tanx− sinx

x3

2

= lim
x→0

1− cosx
1

2
x2

· tanx

x
= 1

��� x→ 0 �, tan x− sinx ∼ x3

2
.

(þ¡´5Ã¡��'�61��K 2 �K6)

q|^ x→ 0 ���dÃ¡� (1 + x)a − 1 ∼ ax Ú x ∼ arcsinx ��

3
√

1 + arcsin2 x− 1 ∼ 1

3
arcsin2 x ∼ 1

3
x2,
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�

lim
x→0+

√
1 + sin x−

√
1 + tan x

3x(
3
√

1 + arcsin2 x− 1)
= lim

x→0+

√
1 + sin x−

√
1 + tan x

x3

= lim
x→0+

(1 + sin x)− (1 + tanx)

x3(
√

1 + sin x+
√

1 + tan x)

= lim
x→0+

sinx− tanx

x3(
√

1 + sin x+
√

1 + tan x)

= lim
x→0+

−x
3

2
x3(
√

1 + sin x+
√

1 + tan x)

= −1

4
,

Ïd

lim
x→0+

(
√

1 + sin x−
√

1 + tan x)(1−
√

cosx)

3(x2 3
√

1 + arcsin2 x− x2)(1− cos
√
x)

= −1

4
· 1

2
= −1

8
.

n. O�K

1. ¦ lim
n→∞

n
n
√
n!

.

). (1) Äky²XJ lim
n→∞

an = a, K lim
n→∞

a1 + a2 + · · ·+ an
n

= a.

� a = 0 �, ∀ε > 0, d lim
n→∞

an = 0 ��

∃N1 ∈ N+,∀n > N1, |an| <
ε

2
.

y3 a1 + a2 + · · ·+ aN1 ®²�½, u´�±� N > N1, ¦�

∀n > N,
∣∣∣a1 + a2 + · · ·+ aN1

n

∣∣∣ < ε

2
.
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ù�, ∀n > N , ·�k∣∣∣a1 + a2 + · · ·+ an
n

∣∣∣
=

∣∣∣a1 + a2 + · · ·+ aN1

n
+
aN1+1 + aN2+2 + · · ·+ an

n

∣∣∣
≤

∣∣∣a1 + a2 + · · ·+ aN1

n

∣∣∣+
∣∣∣aN1+1 + aN2+2 + · · ·+ an

n

∣∣∣
<

ε

2
+
ε

2
= ε.

u´�â4��½ÂÒ��

lim
n→∞

a1 + a2 + · · ·+ an
n

= 0.

� a 6= 0 �, du lim
n→∞

(an − a) = 0, u´Ón��

lim
n→∞

(a1 + a2 + · · ·+ an
n

− a
)

= lim
n→∞

(a1 − a) + (a2 − a) + · · ·+ (an − a)

n
= 0,

d=

lim
n→∞

a1 + a2 + · · ·+ an
n

= a.

(2) Ùgy²e an > 0, � lim
n→∞

an = a, K lim
n→∞

n
√
a1a2 . . . an = a.

� a > 0 �, d²þ�Ø�ª, ∀n ∈ N+,

n
1

a1

+
1

a2

+ · · ·+ 1

an

≤ n

n n

√
1

a1a2 . . . an
= n
√
a1a2 . . . an

≤ a1 + a2 + · · ·+ an
n

.

d (1) �

lim
n→∞

a1 + a2 + · · ·+ an
n

= a
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�

lim
n→∞

1

a1

+
1

a2

+ · · ·+ 1

an
n

= lim
n→∞

1

an
=

1

a
,

l
 lim
n→∞

n
1

a1

+
1

a2

+ · · ·+ 1

an

= a, 2d4��Y%5Ò��

lim
n→∞

= n
√
a1a2 . . . an = a.

� a = 0 �, w,k

a = 0 < n
√
a1a2 . . . an ≤

a1 + a2 + · · ·+ an
n

,

Ó��d4��Y%5��T(Ø.

(3) - an =
(

1 +
1

n

)n
, K lim

n→∞
an = e � n

√
a1a2 . . . an =

n+ 1
n
√
n!

.

Ïdd (2) �

lim
n→∞

n
n
√
n!

= lim
n→∞

n

n+ 1
lim
n→∞

n
√
a1a2 . . . an = 1 · e = e.

2. ¦ lim
n→∞

(
1 +

a

2n

)n
· tann

(π
4

+
1

n

)
.

(Óa.�K�54��3OK, ü�­�4�61l�K)

). d

lim
n→∞

n ln
(

1 +
a

2n

)
= lim

n→∞
n · a

2n
=
a

2

��

lim
n→∞

(
1 +

a

2n

)n
= e

lim
n→∞

n ln(1+ a
2n

)
= e

a
2 .

qd

lim
n→∞

tan
1

n

1− tan
1

n

= 0
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��

lim
n→∞

n ln

(
1 + tan

1

n

1− tan
1

n

)
= lim

n→∞
n ln

(
1 +

2 tan
1

n

1− tan
1

n

)
= lim

n→∞
n ·

2 tan
1

n

1− tan
1

n

= lim
n→∞

n ·
2 · 1

n

1− tan
1

n

= lim
n→∞

2

1− tan
1

n

= 2,

�

lim
n→∞

tann
(π

4
+

1

n

)
= lim

n→∞

(
1 + tan

1

n

1− tan
1

n

)n

= e
lim
n→∞

n ln
(

1+tan 1
n

1−tan 1
n

)
= e2,

Ïd

lim
n→∞

(
1 +

a

2n

)n
· tann

(π
4

+
1

n

)
= e

a
2

+2.

3. � y = (1 + x) ·
√

2 + x2 · 3
√

3 + x3, ¦ dy.

).

y′ =
√

2 + x2 · 3
√

3 + x3 + (1 + x) · 2x

2
√

2 + x2
· 3
√

3 + x3 + (1 + x) ·
√

2 + x2 · 3x2

3 3
√

(3 + x3)2

=
√

2 + x2 · 3
√

3 + x3 + (1 + x) · x√
2 + x2

· 3
√

3 + x3 + (1 + x) ·
√

2 + x2 · x2

3
√

(3 + x3)2
,

�

dy =
(√

2 + x2· 3
√

3 + x3+(1+x)· x√
2 + x2

· 3
√

3 + x3+(1+x)·
√

2 + x2· x2

3
√

(3 + x3)2

)
dx.

4. �

x = t− sin t

y = 1− cos t
, 0 ≤ t ≤ 2π, ¦

dy

dx
,

d2y

dx2

∣∣∣
t=π

.

(�á1�Ù1o!~ 9)
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). Äk,

dy

dx
=

dy

dt
dx

dt

=
sin t

1− cos t
= cot

t

2
(0 < t < 2π).

u´

d2y

dx2
=

d

dt

(
cot

t

2

)
· dt

dx
=

d

dt

(
cot

t

2

)
· 1

dx

dt

= − 1

2 sin2 t

2

· 1

1− cos t
= − 1

(1− cos t)2

Ïd
d2y

dx2

∣∣∣
t=π

= − 1

(1− cos t)2

∣∣∣
t=π

= −1

4
.

o. )�K

1. (½ a, b ��, ¦� lim
x→∞

(x2 + 1

x+ 1
− ax− b

)
= 0.

(54�$�{K61n�K)

). d

lim
x→∞

(x2 + 1

x+ 1
− ax− b

)
= lim

x→∞

(1− a)x2 − (a+ b)x− (b− 1)

x+ 1
= 0

�� 1− a = 0,

−(a+ b) = 0.

Ïd a = 1, b = −1.
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2. (½ a, b ��, ¦ f(x) =


1

x
(1− cos ax), x < 0

0, x = 0
1

x
ln(b+ x2), x > 0

3 (−∞,+∞) S??

��.

(?Ø x = 0 ?���5��{�5�êVg61Ô!l�K�Ó)

). �¦ f(x) �½Â�� (−∞,+∞), K7k b > 0. d� f(x) 3 x 6= 0 ?

�Ð�¼ê, ��½��. e¡�I�Ä x = 0 ?���5.

Äk, �¦ f(x) 3 x = 0 ?ëY, K f(0−) = f(0+) = f(0) = 0. 


f(0−) = lim
x→0−

f(x) = lim
x→0−

1

x
(1− cos ax)

= lim
x→0−

1

2
(ax)2

x
=

1

2
lim
x→0−

a2x = 0,

f(0+) = lim
x→0+

f(x) = lim
x→0+

1

x
ln(b+ x2)

= lim
x→0+

1

x

[
ln b+ ln

(
1 +

x2

b

)]
=

 lim
x→0+

1

x
· x2 = lim

x→0+
= 0, b = 1,

∞, b 6= 1,

� b = 1.

Ùg, �¦ f(x) 3 x = 0 ?ë��, K f ′−(0) = f ′+(0). 


f ′−(0) = lim
x→0−

f(x)− f(0)

x− 0
= lim

x→0−

1− cos ax

x2
= lim

x→0−

1

2
(ax)2

x2
=

1

2
a2,

f ′+(0) = lim
x→0+

f(x)− f(0)

x− 0
= lim

x→0+

ln(1 + x2)

x2
= lim

x→0+

x2

x2
= 1,

�
1

2
a2 = 1, Ïd a = ±

√
2.
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3. M�g�� 18 cm, þº�»� 12 cm ���I/¦Ì¥¦\��»�

10 cm ��Î/Ù¥. m©�¦Ì¥�÷
M�. ®��M�3¦Ì¥��

12 cm �, ÙL¡eü��Ç� 1 cm/min. ¯d��Î/Ù¥M�L¡þ

,��Ç�õ�?

). � t min �¦Ì¥�Y�� H cm, Y¡�»� r cm, �Î/Ù¥�Y

�� h cm, K
1

3
π · 62 · 18− 1

3
πr2H = π · 52 · h.

du
r

6
=
H

18
, = r =

H

3
, �

1

3
π · 62 · 18− 1

3
π
(H

3

)2

H = π · 52 · h,

=

216π − πH3

27
= 25πh.

3þªüàé t ¦��

−1

9
πH2 dH

dt
= 25π

dh

dt
.

� H = 12 �,
dH

dt
= −1, d�

dh

dt
=

1

25π

(
− 1

9
πH2 dH

dt

)
=

16

25
(cm/min).

Ê. y²K

1. y²�§ x3 + px+ q = 0 (p > 0) k�=k��¢�.

y². - f(x) = x3 +px+q,d f ′(x) = 3x2 +p > 0�� f(x)3 (−∞,+∞)

Sî�üNO\. q5¿�

lim
x→−∞

f(x) = −∞, lim
x→+∞

f(x) = +∞,

�â":½n���§ x3 + px+ q = 0 k�=k��¢�.
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2. � x1 = 1, xn+1 =
1

1 + xn
(n = 1, 2, 3, . . . ), y²ê� {xn} Âñ, ¿¦4

� lim
n→∞

xn.

(54��3OK, ü�­�4�61Ê!8�K)

y². 5¿� x1 = 1 > 0, b� xn > 0, K xn+1 =
1

1 + xn
> 0, dêÆ8B

{� ∀n ∈ N+, xn > 0.

q5¿�� xn >

√
5− 1

2
�,

xn+1 =
1

1 + xn
<

1

1 +

√
5− 1

2

=

√
5− 1

2
,


� xn <

√
5− 1

2
�,

xn+1 =
1

1 + xn
>

1

1 +

√
5− 1

2

=

√
5− 1

2
,

u´d x1 = 1 >

√
5− 1

2
��

x2 <

√
5− 1

2
, x3 >

√
5− 1

2
, x4 <

√
5− 1

2
, . . . ,

=

∀n ∈ N+, x2n−1 >

√
5− 1

2
, x2n <

√
5− 1

2
, (1)

qd

xn+2 =
1

xn+1

=
1

1 +
1

1 + xn

=
1 + xn
2 + xn

��

xn+2 − xn =
1 + xn
2 + xn

− xn =
1− xn − x2

n

2 + xn
=

(√5 + 1

2
+ xn

)(√5− 1

2
− xn

)
2 + xn

,
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u´ xn+2 < xn ��=� xn >

√
5− 1

2
, xn+2 > xn ��=� xn <

√
5− 1

2
.

�d (1) ª�� {xn} �fê� {x2n−1} üN~�, 
 {x2n} üNO\, ¿�

÷v

∀n ∈ N+, x2 < x4 < · · · < x2n <

√
5− 1

2
< x2n+1 < x2n−1 < · · · < x1.

ù� {x2n−1} üN~��ke., {x2n} üNO\�kþ., düNk.ê

�Âñ½n, §�©OÂñ. �

lim
n→∞

x2n−1 = a, lim
n→∞

x2n = b,

Kd x2n =
1

1 + x2n−1

±9 x2n+1 =
1

1 + x2n

��

a =
1

1 + b
, b =

1

1 + a
,

u´

a =
1

1 + b
=

1

1 +
1

1 + a

=
1 + a

2 + a
,

=

a2 + a− 1 = 0,

)� a =
−1±

√
5

2
. du xn > 0, ��K�, �� a =

√
5− 1

2
, u´

b =
1

1 + a
=

1

1 +

√
5− 1

2

=

√
5− 1

2
= a.

ù`²

lim
n→∞

x2n−1 = lim
n→∞

x2n =

√
5− 1

2
,

Ïdê� {xn} Âñ, Ù4��

lim
n→∞

xn =

√
5− 1

2
.
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21 Ø½È©�VgÚ5�

�. W�K:

1. ®�

∫
x3f(x)dx = x+

1

x
+ C, K

∫
f(x)dx = − 1

2x2
+

1

4x4
+ C.

J«. d x3f(x) =
(
x+

1

x
+ C

)′
= 1− 1

x2
�� f(x) =

1

x3
− 1

x5
, Ïd∫

f(x)dx =

∫ ( 1

x3
− 1

x5

)
dx = − 1

2x2
+

1

4x4
+ C.

2. f(x) ÷v f ′(x)(1 + x2) = x2, K f(x) = x− arctanx+ C.

J«.

f(x) =

∫
f ′(x)dx =

∫
x2

1 + x2
dx =

∫ (
1− 1

1 + x2

)
dx = x− arctanx+ C.

�. O�e�Ø½È©:

1.

∫ (
1− 1

x2

)√
x
√
xdx.

). ∫ (
1− 1

x2

)√
x
√
xdx =

∫ (
x

3
4 − x−

5
4

)
dx =

4

7
x

7
4 + 4x−

1
4 + C.

2.

∫
1 + 2x2

1 + x2
dx.

). ∫
1 + 2x2

1 + x2
dx =

∫ (
2− 1

1 + x2

)
dx = 2x− arctanx+ C.
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3.

∫
x4(1 + x2)3dx.

).∫
x4(1+x2)3dx =

∫
(x4 +3x6 +3x8 +x10)dx =

1

5
x5 +

3

7
x7 +

1

3
x9 +

1

11
x11 +C.

4.

∫
(ex − 1)22xdx.

). ∫
(ex − 1)22xdx =

∫
(e2x − 2ex + 1)2xdx

=

∫
[(2e2)x − 2(2e)x + 2x]dx

=
(2e2)x

ln(2e2)
− 2(2e)x

ln(2e)
+

2x

ln 2
+ C

=
2xe2x

2 + ln 2
− 2x+1ex

1 + ln 2
+

2x

ln 2
+ C.

5.

∫
cos 2x

cosx− sinx
dx.

). ∫
cos 2x

cosx− sinx
dx =

∫
cos2 x− sin2 x

cosx− sinx
dx

=

∫
(cosx+ sinx)dx

= sinx− cosx+ C.
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n. y²:

∫
1√

1 + x2
dx = ln(x+

√
1 + x2) + C.

y².

[ln(x+
√

1 + x2)]′ =

1 +
2x

2
√

1 + x2

x+
√

1 + x2
=

1√
1 + x2

.

o. ��:l���IX xOy ��:Ñu, t ����Ç� 8 + 2t − t2

2
,

$Ä��� x ¶¤ 30◦, ¦ t = 2 ��:� £.

). ��:3�� t ��Ý� v,  £� s, K

v(t) = 8 + 2t− t2

2
,

s(t) =

∫
v(t)dt =

∫ (
8 + 2t− t2

2

)
dt = 8t+ t2 − t3

6
+ C.

d s(0) = 0 � C = 0, Ïd

s(t) = 8t+ t2 − t3

6
,

t = 2 ��:� £�

s(2) = 8 · 2 + 22 − 23

6
=

56

3
,

Ù��� x ¶¤ 30◦.
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22 ��È©{

�. W�K:

1. ®�

∫
f(x)dx = F (x) + C, K

∫
x2f(x3)dx =

1

3
F (x3) + C.

J«. ∫
x2f(x3)dx =

1

3

∫
f(x3)d(x3) =

1

3
F (x3) + C.

2. F (x) � f(x) ����¼ê, K

∫
f(x)

1 + 4F 2(x)
dx =

1

2
arctan[2F (x)] + C.

J«. ∫
f(x)

1 + 4F 2(x)
dx =

1

2

∫
d[2F (x)]

1 + [2F (x)]2
=

1

2
arctan[2F (x)] + C.

3. F (x) � f(x) ����¼ê, f(x) =
F (x)

1 + x2
, K f(x) =

Cearctanx

1 + x2
.

J«. � F (x) 6= 0 �,∫
f(x)

F (x)
dx =

∫
d[F (x)]

F (x)
= ln |F (x)|+ C1,∫

dx

1 + x2
= arctanx+ C2,

u´d
f(x)

F (x)
=

1

1 + x2
��

ln |F (x)| = arctanx+ C0,

|F (x)| = earctanx+C0 = eC0earctanx,

� F (x) > 0 �� C = eC0 , � F (x) < 0 �� C = −eC0 , Ò��

F (x) = Cearctanx.

5¿� F (x) = 0 �÷vK�, �þ¡� C �±´?¿~ê. d�

f(x) = F ′(x) =
Cearctanx

1 + x2
.
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�. O�e�Ø½È©:

1.

∫
6x− 5√

3x2 − 5x+ 7
dx.

). ∫
6x− 5√

3x2 − 5x+ 7
dx =

∫
d(3x2 − 5x+ 7)√

3x2 − 5x+ 7
= 2
√

3x2 − 5x+ 7 + C.

2.

∫
cotx

ln sinx
dx.

). ∫
cotx

ln sinx
dx =

∫
d(ln sinx)

ln sinx
= ln | ln sinx|+ C.

3.

∫
x3

9 + x2
dx.

). ∫
x3

9 + x2
dx =

∫ (
x− 9x

9 + x2

)
dx

=

∫
xdx− 9

2

∫
d(9 + x2)

9 + x2

=
x2

2
− 9

2
ln(9 + x2) + C.

4.

∫
cos2(3x+ 4)dx.

). ∫
cos2(3x+ 4)dx =

∫
1 + cos(6x+ 8)

2
dx

=
1

2

∫
dx+

1

12

∫
cos(6x+ 8)d(6x+ 8)

=
x

2
+

sin(6x+ 8)

12
+ C.
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5.

∫
1√

1− x2(arccosx)2
dx.

). ∫
1√

1− x2(arccosx)2
dx = −

∫
d(arccosx)

(arccosx)2
=

1

arccosx
+ C.

6.

∫
ex + 7

4ex − 1
dx.

). ∫
ex + 7

4ex − 1
dx =

∫ (1

4
+

29

4
· 1

4ex − 1

)
dx

=
1

4

∫
dx+

29

4

∫
e−x

4− e−x
dx

=
x

4
+

29

4

∫
d(4− e−x)

4− e−x

=
x

4
+

29

4
ln |4− e−x|+ C.

7.

∫
1 + sin

√
x√

x
dx.

).∫
1 + sin

√
x√

x
dx =

∫
dx√
x

+ 2

∫
sin
√
xd(
√
x) = 2

√
x− 2 cos

√
x+ C.

8.

∫
(x3 + x)

√
1 + x2dx.

). ∫
(x3 + x)

√
1 + x2dx =

1

2

∫
(1 + x2)

3
2 d(1 + x2) =

1

5
(1 + x2)

5
2 + C.
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9.

∫
1

sin 2x
dx.

){�. ∫
1

sin 2x
dx =

1

2

∫
csc 2xd(2x) =

1

2
ln | csc 2x− cot 2x|+ C.

){�. ∫
1

sin 2x
dx =

1

2

∫
1

sinx cosx
dx =

1

2

∫
sec2 x

tanx
dx

=
1

2

∫
d(tanx)

tanx
=

1

2
ln | tanx|+ C.

n. O�e�Ø½È©:

1.

∫
x2(1− x)20dx.

). - x = t+ 1, K dx = dt, Ïd∫
x2(1− x)20dx =

∫
t20(t+ 1)2dt

=

∫
(t20 + 2t21 + t22)dt

=
1

21
t21 +

1

11
t22 +

1

23
t23 + C

=
1

21
(x− 1)21 +

1

11
(x− 1)22 +

1

23
(x− 1)23 + C.

2.

∫ √
x

1 + 3
√
x

dx.
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). - x = t6 (t > 0), K t = 6
√
x, dx = 6t5dt, Ïd∫ √

x

1 + 3
√
x

dx =

∫
t3

1 + t2
· 6t5dt

= 6

∫
t8 + t6 − t6 − t4 + t4 + t2 − t2 − 1 + 1

1 + t2
dt

= 6

∫ (
t6 − t4 + t2 − 1 +

1

1 + t2

)
dt

= 6
(1

7
t7 − 1

5
t5 +

1

3
t3 − t+ arctan t

)
+ C

= 6
(1

7
x

7
6 − 1

5
x

5
6 +

1

3

√
x− 6
√
x+ arctan 6

√
x
)

+ C.

3.

∫ √
1 + exdx.

). - t =
√

1 + ex, K t > 1, �

x = ln(t2 − 1), dx =
2t

t2 − 1
dt.

Ïd ∫ √
1 + exdx =

∫
2t2

t2 − 1
dt

=

∫ (
2 +

2

t2 − 1

)
dt

= 2t+ ln
∣∣∣t− 1

t+ 1

∣∣∣+ C

= 2t+ 2 ln(t− 1)− ln(t2 − 1) + C

= 2
√

1 + ex + 2 ln(
√

1 + ex − 1)− x+ C.

4.

∫
1

(1− x2)
3
2

dx.
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). - x = sin t, −π
2
< t <

π

2
, K

tan t =
sin t√

1− sin2 t
=

x√
1− x2

, dx = cos tdt.

Ïd∫
1

(1− x2)
3
2

dx =

∫
cos t

cos3 t
dt =

∫
sec2 tdt = tan t+ C =

x√
1− x2

+ C.

5.

∫
1

(4 + x2)2
dx.

). - x = 2 tan t, −π
2
< t <

π

2
, K

t = arctan
x

2
, sin 2t =

2 tan t

1 + tan2 t
=

4x

4 + x2
, dx = 2 sec2 tdt.

Ïd ∫
1

(4 + x2)2
dx =

∫
2 sec2 t

(4 sec2 t)2
dt

=
1

8

∫
cos2 tdt

=
1

16

∫
(1 + cos 2t)dt

=
1

16

[ ∫
dt+

1

2

∫
cos 2td(2t)

]
=

1

16

(
t+

sin 2t

2

)
+ C

=
1

16

(
arctan

x

2
+

2x

4 + x2

)
+ C.
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23 ©ÜÈ©{

�. O�e�Ø½È©:

1.

∫
x2 arcsinxdx.

).∫
x2 arcsinxdx =

1

3
x3 arcsinx− 1

3

∫
x3

√
1− x2

dx

=
1

3
x3 arcsinx+

1

3

∫
x(1− x2)− x√

1− x2
dx

=
1

3
x3 arcsinx+

1

3

∫ (
x
√

1− x2 − x√
1− x2

dx
)

=
1

3
x3 arcsinx− 1

6

∫ (√
1− x2 − 1√

1− x2

)
d(1− x2)

=
1

3
x3 arcsinx− 1

9
(1− x2)

3
2 +

1

3

√
1− x2 + C

=
1

3
x3 arcsinx+

1

9
(x2 + 2)

√
1− x2 + C.

2.

∫
x

e3x
dx.

). ∫
x

e3x
dx =

∫
xe−3xdx

= −1

3
xe−3x +

1

3

∫
e−3xdx

= −1

3
xe−3x − 1

9

∫
e−3xd(−3x)

= −1

3
xe−3x − 1

9
e−3x + C

= −3x+ 1

9e3x
+ C.
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3.

∫
lnx

(1− x)2
dx.

). ∫
lnx

(1− x)2
dx =

lnx

1− x
−
∫

dx

x(1− x)

=
lnx

1− x
+
(∫ dx

x− 1
−
∫

dx

x

)
=

lnx

1− x
+ ln |x− 1| − ln |x|+ C

=
lnx

1− x
+ ln

∣∣∣1− 1

x

∣∣∣+ C.

4.

∫
x arcsin2 x√

1− x2
dx.

).∫
x arcsin2 x√

1− x2
dx = −

√
1− x2 arcsin2 x+

∫ √
1− x2 · 2 arcsinx · dx√

1− x2

= −
√

1− x2 arcsin2 x+ 2

∫
arcsinxdx

= −
√

1− x2 arcsin2 x+ 2
(
x arcsinx−

∫
x√

1− x2
dx
)

= −
√

1− x2 arcsin2 x+ 2x arcsinx+

∫
d(1− x2)√

1− x2

= −
√

1− x2 arcsin2 x+ 2x arcsinx+ 2
√

1− x2 + C.

5.

∫
x

1 + cos x
dx.



�È©SKþµù�åá 120

). ∫
x

1 + cos x
dx =

∫
x

2 cos2
x

2

dx

=

∫
x sec2 x

2
d
(x

2

)
= x tan

x

2
−
∫

tan
x

2
dx

= x tan
x

2
− 2

∫
tan

x

2
d
(x

2

)
= x tan

x

2
+ 2 ln

∣∣∣ cos
x

2

∣∣∣+ C.

6.

∫
e3x sin2 xdx.

). Äk, d∫
e3x cos 2xdx =

1

3
e3x cos 2x+

2

3

∫
e3x sin 2xdx

=
1

3
e3x cos 2x+

2

3

(1

3
e3x sin 2x− 2

3

∫
e3x cos 2xdx

)
=

1

3
e3x cos 2x+

2

9
e3x sin 2x− 4

9

∫
e3x cos 2xdx

�� ∫
e3x cos 2xdx =

9

13

(1

3
e3x cos 2x+

2

9
e3x sin 2x

)
+ C

= e3x
( 3

13
cos 2x+

2

13
sin 2x

)
+ C.

Ïd ∫
e3x sin2 xdx =

∫
e3x · 1− cos 2x

2
dx

=
1

6

∫
e3xd(3x)− 1

2

∫
e3x cos 2xdx

= e3x
(1

6
− 3

26
cos 2x− 1

13
sin 2x

)
+ C.
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�. ¦ In =

∫
1

xn
√
x+ 1

dx �4íúª.

).

I0 =

∫
dx√
x+ 1

= 2
√
x+ 1 + C,

In+1 =

∫
(x+ 1)− x
xn+1
√
x+ 1

dx

=

∫ √
x+ 1

xn+1
dx−

∫
1

xn
√
x+ 1

dx

=
(
−
√
x+ 1

nxn
+

1

2n

∫
1

xn
√
x+ 1

dx
)
− In

= −
√
x+ 1

nxn
−
(

1− 1

2n

)
In.

N\K: ¦Ø½È©:

1.

∫
arcsinx

x2
· 1 + x2

√
1− x2

dx.

). � x > 0 �,

∫
dx

x2
√

1− x2
=

∫
dx

x3

√
1

x2
− 1

= −1

2

∫ d
( 1

x2
− 1
)

√
1

x2
− 1

= −
√

1

x2
− 1 + C = −

√
1− x2

x
+ C,
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� x < 0 �aq���Ó(Ø. u´∫
arcsinx

x2
√

1− x2
dx =

∫
arcsinx · d

(
−
√

1− x2

x

)
= −

√
1− x2 arcsinx

x
+

∫ √
1− x2

x
· d(arcsinx)

= −
√

1− x2 arcsinx

x
+

∫
1

x
dx

= −
√

1− x2 arcsinx

x
+ ln |x|+ C.

Ïd ∫
arcsinx

x2
· 1 + x2

√
1− x2

dx

=

∫
arcsinx

x2
√

1− x2
dx+

∫
arcsinx√

1− x2
dx

= −
√

1− x2 arcsinx

x
+ ln |x|+

∫
arcsinxd(arcsinx)

= −
√

1− x2 arcsinx

x
+ ln |x|+ 1

2
arcsin2 x+ C.

2.

∫
xex√
ex − 2

dx.

). -
√
ex − 2 = t, K t > 0, �

x = ln(t2 + 2), dx =
2t

t2 + 2
dt.

u´ ∫ √
ex − 2dx =

∫
2t2

t2 + 2
dt

=

∫ (
2− 4

t2 + 2

)
dt

= 2t− 2
√

2 arctan
t√
2

+ C

= 2
√
ex − 2− 2

√
2 arctan

√
ex

2
− 1 + C.
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Ïd ∫
xex√
ex − 2

dx =

∫
xd(2
√
ex − 2)

= 2x
√
ex − 2− 2

∫ √
ex − 2dx

= 2(x− 2)
√
ex − 2 + 4

√
2 arctan

√
ex

2
− 1 + C.
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24 kn¼ê�È©

�. O�e�Ø½È©:

1.

∫
1

x5(x6 + 1)
dx.

). - u = x2, K∫
1

x5(x6 + 1)
dx =

1

2

∫
d(x2)

x6(x6 + 1)

=
1

2

∫
du

u3(u3 + 1)

=
1

2

∫ ( 1

u3
− 1

u3 + 1

)
du

= − 1

4u2
− 1

2

∫
du

(u+ 1)(u2 − u+ 1)
.

�
1

(u+ 1)(u2 − u+ 1)
=

A

u+ 1
+

Bu+ C

u2 − u+ 1
, Ï©�'�©f�

1 = A(u2 − u+ 1) + (Bu+ C)(u+ 1),

- u = −1 � A =
1

3
; '� u2 �Xê� A + B = 0, u´ B = −1

3
; '�~

ê�� A+ C = 1, u´ C =
2

3
. �∫

du

(u+ 1)(u2 − u+ 1)

=

∫ [ 1

3(u+ 1)
− u− 2

3(u2 − u+ 1)

]
du

=
1

3
ln |u+ 1| − 1

6

∫
2u− 1

u2 − u+ 1
du+

1

2

∫
du

u2 − u+ 1

=
1

3
ln |u+ 1| − 1

6

∫
d(u2 − u+ 1)

u2 − u+ 1
+

1

2

∫ d
(
u− 1

2

)
(
u− 1

2

)2

+
(√3

2

)2

=
1

3
ln |u+ 1| − 1

6
ln |u2 − u+ 1|+ 1√

3
arctan

2u− 1√
3

+ C.
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Ïd ∫
1

x5(x6 + 1)
dx

= − 1

4u2
− 1

2

∫
du

(u+ 1)(u2 − u+ 1)

= − 1

4u2
− 1

6
ln |u+ 1|+ 1

12
ln |u2 − u+ 1| − 1

2
√

3
arctan

2u− 1√
3

+ C

= − 1

4x4
− 1

6
ln(x2 + 1) +

1

12
ln(x4 − x2 + 1)− 1

2
√

3
arctan

2x2 − 1√
3

+ C.

2.

∫
3x+ 5

x2 + 4x+ 7
dx.

). ∫
3x+ 5

x2 + 4x+ 7
dx =

3

2

∫
2x+ 4

x2 + 4x+ 7
dx−

∫
dx

x2 + 4x+ 7

=
3

2

∫
d(x2 + 4x+ 7)

x2 + 4x+ 7
−
∫

d(x+ 2)

(x+ 2)2 + (
√

3)2

=
3

2
ln(x2 + 4x+ 7)− 1√

3
arctan

x+ 2√
3

+ C.

3.

∫
x2

(x+ 1)10
dx.

). - u = x+ 1, K∫
x2

(x+ 1)10
dx =

∫
(u− 1)2

u10
du

=

∫ ( 1

u8
− 2

u9
+

1

u10

)
du

= − 1

7u7
+

1

4u8
− 1

9u9
+ C

= − 1

7(x+ 1)7
+

1

4(x+ 1)8
− 1

9(x+ 1)9
+ C.
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4.

∫
cos3 x

1 + sin2 x
dx.

). - u = sinx, K du = cosxdx. Ïd∫
cos3 x

1 + sin2 x
dx =

∫
(1− sin2 x)d(sinx)

1 + sin2 x

=

∫
1− u2

1 + u2
du

=

∫ ( 2

1 + u2
− 1
)

du

= 2 arctanu− u+ C

= 2 arctan(sinx)− sinx+ C.

5.

∫
1

3 + cos x
dx.

). ∫
1

3 + cos x
dx =

∫
1

3 +
(

2 cos2
x

2
− 1
)dx =

∫ sec2 x

2

2 sec2
x

2
+ 2

dx

=

∫ 1

2
sec2 x

2

tan2 x

2
+ 2

dx =

∫ d
(

tan
x

2

)
tan2 x

2
+ (
√

2)2

=
1√
2

arctan
tan

x

2√
2

+ C.

6.

∫
1

x

√
1− x
1 + x

dx.

). - t =

√
1− x
1 + x

, K t > 0, �

x =
1− t2

1 + t2
, dx = − 4t

(1 + t2)2
dt.



�È©SKþµù�åá 127

Ïd∫
1

x

√
1− x
1 + x

dx =

∫
t(1 + t2)

1− t2
·
(
− 4t

(1 + t2)2
dt
)

=

∫
4t2

(t2 − 1)(t2 + 1)
dt

= 2

∫ ( 1

t2 − 1
+

1

t2 + 1

)
dt

= ln
∣∣∣t− 1

t+ 1

∣∣∣+ 2 arctan t+ C

= ln
∣∣∣√1− x−

√
1 + x√

1− x+
√

1 + x

∣∣∣+ 2 arctan

√
1− x
1 + x

+ C

= ln
∣∣∣1−√1− x2

x

∣∣∣+ 2 arctan

√
1− x
1 + x

+ C.
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25 ü�uÿ

�. W�:

1. lnx �
1

x
��¼ê.

2. F (x) � f(x) ��¼ê,

∫
f(2x+ 1)F 2(2x+ 1)dx =

F 3(2x+ 1)

6
+ C.

J«. ∫
f(2x+ 1)F 2(2x+ 1)dx =

1

2

∫
F 2(2x+ 1)d[F (2x+ 1)].

3.
sinx

x
� f(x) ��¼ê,

∫
xf(x) = sin x−

∫
sinx

x
dx.

J«. ∫
xf(x) = x · sinx

x
−
∫

sinx

x
dx.

4. y = y(x) dëê�§

x = t2 − t+ 1

y = t− 1

t
+ 3

û½,

∫
ydx =

2

3
t3 +

5

2
t2 +

ln |t| − 5t+ C.

J«.∫
ydx =

∫ (
t− 1

t
+ 3
)

d(t2 − t+ 1) =

∫ (
2t2 + 5t+

1

t
− 5
)

dt.

5. f ′(x) = x2
√

1 + x3, f(0) = 1, K f(x) =
2

9
(1 + x3)

3
2 +

7

9
.
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J«.

f(x) =

∫
f ′(x)dx =

∫
x2
√

1 + x3dx

=
1

3

∫ √
1 + x3d(1 + x3)

=
2

9
(1 + x3)

3
2 + C,

d f(0) = 1 )� C =
7

9
.

�. O�e��È©:

1.

∫
ln(1 + ex)

ex
dx.

). ∫
ln(1 + ex) · e−xdx = −e−x ln(1 + ex) +

∫
e−x · ex

1 + ex
dx

= −e−x ln(1 + ex) +

∫
e−x

1 + e−x
dx

= −e−x ln(1 + ex)−
∫

d(1 + e−x)

1 + e−x

= −e−x ln(1 + ex)− ln(1 + e−x) + C.

2.

∫
1− xn

x(1 + xn)
dx (n 6= 0).

). ∫
1− xn

x(1 + xn)
dx =

∫ (1

x
− 2xn−1

1 + xn

)
dx

=

∫
dx

x
− 2

n

∫
d(1 + xn)

1 + xn

= ln |x| − 2

n
ln |1 + xn|+ C.
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3.

∫
1

(2x2 + 1)
√

1 + x2
dx.

). - x = tan t, −π
2
< t <

π

2
, K

sin t =
tan t√

1 + tan2 t
=

x√
1 + x2

, dx = sec2 tdt.

Ïd ∫
1

(2x2 + 1)
√

1 + x2
dx =

∫
sec2 t

(2 tan2 t+ 1) sec t
dt

=

∫
cos t

2 sin2 t+ cos2 t
dt

=

∫
d(sin t)

1 + sin2 t
dt

= arctan(sin t) + C

= arctan
x√

1 + x2
+ C.

4.

∫
sinx

1 + sin x+ cosx
dx.
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).

∫
sinx

1 + sin x+ cosx
dx =

∫ 2 sin
x

2
cos

x

2

2 sin
x

2
cos

x

2
+ 2 cos2

x

2

dx

=

∫ sin
x

2

sin
x

2
+ cos

x

2

dx

=

∫ 1

2

(
sin

x

2
+ cos

x

2

)
−
(1

2
cos

x

2
− 1

2
sin

x

2

)
sin

x

2
+ cos

x

2

dx

=
1

2

∫
dx−

∫ d
(

sin
x

2
+ cos

x

2

)
sin

x

2
+ cos

x

2

=
x

2
− ln

∣∣∣ sin x
2

+ cos
x

2

∣∣∣+ C

=
x

2
− 1

2
ln
(

sin
x

2
+ cos

x

2

)2

+ C

=
x

2
− 1

2
ln(1 + sin x) + C.

5.

∫
x2 − 2

x3
exdx.

). ∫
x2 − 2

x3
exdx =

∫
ex

x
dx− 2

∫
ex

x3
dx

=
ex

x
+

∫
ex

x2
dx− 2

∫
ex

x3
dx

=
ex

x
+
(ex
x2

+ 2

∫
ex

x3
dx
)
− 2

∫
ex

x3
dx

=
ex

x

(
1 +

1

x

)
+ C.
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n. F (x) � f(x) ��¼ê, F (1) =

√
2

4
π, x > 0 �, f(x)F (x) =

arctan
√
x√

x(1 + x)
, ¦ f(x).

). - x = t2, t > 0, K t =
√
x, dx = 2tdt. u´∫

arctan
√
x√

x(1 + x)
dx =

∫
arctan t

t(1 + t2)
· 2tdt

=

∫
2 arctan td(arctan t)

= arctan2 t+ C

= arctan2
√
x+ C.

�

1

2
F 2(x) =

∫
F (x)f(x)dx =

∫
arctan

√
x√

x(1 + x)
dx = arctan2

√
x+ C.

d F (1) =

√
2

4
π � C = 0, Ïd

F (x) =
√

2 arctan
√
x,

f(x) = F ′(x) =

√
2

1 + x
· 1

2
√
x

=
1√

2x(1 + x)
.
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o. Û¼ê y = y(x) d�§ y2(x− y) = x2 û½, ¦

∫
1

y2
dx.

). d®�, y2 =
x2

x− y
, u´

∫
1

y2
dx =

x

y2
+ 2

∫
x

y3
dy

=
x

y2
+ 2

∫
x− y
xy

dy

=
x

y2
+ 2
(∫ dy

y
−
∫

dy

x

)
=

x

y2
+ 2 ln |y| − 2

∫
dy

x

=
x

y2
+ 2 ln |y| − 2

(y
x

+

∫
y

x2
dx
)

=
x

y2
+ 2 ln |y| − 2

[y
x

+

∫ (1

x
− x− y

x2

)
dx
]

=
x

y2
+ 2 ln |y| − 2

(y
x

+ ln |x| −
∫

1

y2
dx
)
.

Ïd ∫
1

y2
dx = 2 ln |x| − 2 ln |y|+ 2y

x
− x

y2
+ C

= 2 ln
∣∣∣x
y

∣∣∣+
2y3 − y2(x− y)

xy2
+ C

= 2 ln
∣∣∣x
y

∣∣∣+
3y

x
+ C.
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Ê. ¦ In =

∫
lnn xdx �4íúª.

).

I0 =

∫
dx = x+ C,

In+1 =

∫
lnn xdx

= x lnn+1 x− (n+ 1)

∫
x lnn x

x
dx

= x lnn+1 x− (n+ 1)

∫
lnn xdx

= x lnn+1 x− (n+ 1)In.

8. ®�­� y = y(x) þ: (x, y) ?����Ç�
1

x
√
x2 − 1

, �­�L

: (−2, 0), (2, π), ¦­���§.

). � x > 0 �, ­���§�

y(x) =

∫
1

x
√
x2 − 1

dx

=

∫
1

x2

√
1−

(1

x

)2
dx

= −
∫ d

(1

x

)
√

1−
(1

x

)2

= − arcsin
1

x
+ C1.

d y(2) = π � C1 =
7π

6
.
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� x < 0 �, ­���§�

y(x) =

∫
1

x
√
x2 − 1

dx

= −
∫

1

x2

√
1−

(1

x

)2
dx

=

∫ d
(1

x

)
√

1−
(1

x

)2

= arcsin
1

x
+ C2.

d y(−2) = 0 � C2 =
π

6
.

Ïd­���§�

y(x) =


− arcsin

1

x
+

7π

6
, x > 0,

arcsin
1

x
+
π

6
, x < 0.

Ô. ^ü«�{¦Ø½È©

∫
sinx

sinx+ 3 cosx
dx.

){�. - t = tanx, K dx = d(arctan t) =
dt

1 + t2
, �∫

sinx

sinx+ 3 cosx
dx =

∫
tanx

tanx+ 3
dx =

∫
t

(t+ 3)(t2 + 1)
dt.

�
t

(t+ 3)(t2 + 1)
=

A

t+ 3
+
Bt+ C

t2 + 1
, Ï©�'�©f�

t = A(t2 + 1) + (Bt+ C)(t+ 3).
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- t = −3 � A = − 3

10
; '� t2 �Xê� A+ B = 0, u´ B =

3

10
; '�~

ê�� A+ 3C = 0, u´ C =
1

10
. Ïd∫

sinx

sinx+ 3 cosx
dx =

∫
t

(t+ 3)(t2 + 1)
dt

= − 3

10

∫
dt

t+ 3
+

1

10

∫
3t+ 1

t2 + 1
dt

= − 3

10

∫
d(t+ 3)

t+ 3
+

3

20

∫
d(t2 + 1)

t2 + 1
+

1

10

∫
dt

t2 + 1

= − 3

10
ln |t+ 3|+ 3

20
ln(t2 + 1) +

1

10
arctan t+ C

= − 3

10
ln | tanx+ 3|+ 3

20
ln(tan2 x+ 1) +

x

10
+ C

= − 3

10
ln | tanx+ 3|+ 3

10
ln | secx|+ x

10
+ C

=
3

10
ln
∣∣∣ secx

tanx+ 3

∣∣∣+
x

10
+ C

=
3

10
ln
∣∣∣ 1

sinx+ 3 cosx

∣∣∣+
x

10
+ C

=
x

10
− 3

10
ln | sinx+ 3 cosx|+ C.

){�. - sinx = A(sinx+ 3 cosx) +B(cosx− 3 sinx), '�Xê�A− 3B = 1,

3A+B = 0.

)� A =
1

10
, B = − 3

10
. Ïd

∫
sinx

sinx+ 3 cosx
dx =

∫ 1

10
(sinx+ 3 cosx)− 3

10
(cosx− 3 sinx)

sinx+ 3 cosx
dx

=
1

10

∫
dx− 3

10

∫
d(sinx+ 3 cosx)

sinx+ 3 cosx

=
x

10
− 3

10
ln | sinx+ 3 cosx|+ C.
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){n. - I =

∫
sinx

sinx+ 3 cosx
dx, J =

∫
cosx

sinx+ 3 cosx
dx, K


I + 3J =

∫
dx = x+ C1,

J − 3I =

∫
cosx− 3 sinx

sinx+ 3 cosx
dx = ln | sinx+ 3 cosx|+ C2.

Ïd

I =
1

10
[(I + 3J)− 3(J − 3I)] =

x

10
− 3

10
ln | sinx+ 3 cosx|+ C.

l. y²: y =
x2

2
sgn (x) ´ |x| ��¼ê.

y². � x > 0 ½ x < 0 �w, y′ = |x|. � x = 0 �,

y′+(0) = lim
x→0+

x2

2
sgn (x)

x
= lim

x→0+

x2

2
x

= lim
x→0+

x

2
= 0,

y′−(0) = lim
x→0−

x2

2
sgn (x)

x
= lim

x→0−

−x
2

2
x

= lim
x→0−

(
− x

2

)
= 0,

Ïd y′(0) = y′+(0) = y′−(0) = 0 = |0|, l
 y =
x2

2
sgn (x) 3 (−∞,+∞) þ

´ |x| ��¼ê.
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