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Abstract

This paper is concerned with the relationship between contexts, closure spaces, and com-
plete lattices. It is shown that, for a unital quantale L, both formal concept lattices and
property oriented concept lattices are functorial from the category L-Ctx of L-contexts
and infomorphisms to the category L-Sup of complete L-lattices and suprema-preserving
maps. Moreover, the formal concept lattice functor can be written as the composition of a
right adjoint functor from L-Ctx to the category L-Cls of L-closure spaces and continuous
functions and a left adjoint functor from L-Cls to L-Sup.
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1. Introduction

A formal context is a triple (X, Y,R), where X, Y are sets and R ⊆ X ×Y is a relation
from X to Y . In a formal context (X, Y,R), X is considered to be the set of objects, Y
the set of properties, and (x, y) ∈ R means that the object x has the property y. Formal
contexts provide a common framework for formal concept analysis (FCA) [7, 10] and rough
set theory (RST) [11, 26]. Given a context (X, Y,R), there exists a contravariant Galois
connection (R↑, R

↓) and a covariant Galois connection (R∃, R
∀) between the powersets of

X and Y . These two Galois connections play fundamental roles in formal concept analysis
and rough set theory respectively.

A formal concept [10] of the context (X, Y,R) is a pair (U, V ) ∈ 2X × 2Y satisfying
U = R↓(V ) and V = R↑(U); a property oriented concept [11, 26, 27] of the context (X, Y,R)
is a pair (U, V ) ∈ 2X × 2Y satisfying U = R∀(V ) and V = R∃(U). The set of all the formal
concepts of the context (X, Y,R) is denoted by B(X, Y,R), and the set of all the property
oriented concepts by P(X, Y,R). Both B(X, Y,R) and P(X, Y,R) are complete lattices.

This paper is concerned with the functorial properties of B and P (see [19] for category
theory). To this end, we must determine the morphisms between contexts and that between
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complete lattices. There are different approaches to morphisms between contexts, see e.g.
[8, 9, 10, 15, 16, 20, 25, 28].1 In particular, Mori [20] has shown that the construction of
formal concept lattices induces an equivalence between the category of contexts and Chu
correspondences and that of complete lattices and suprema-preserving maps.

In this paper, we consider infomorphisms between formal contexts. It is shown that both
the construction of formal concept lattices and that of property oriented concept lattices
are functorial from the category Ctx of contexts and infomorphisms to the category Sup of
complete lattices and suprema-preserving maps. It should be noted that an infomorphism
is not a Chu correspondence in the sense of Mori [20] in general, hence the functoriality
discussed here does not follow from the result of Mori loc. cit.

An infomorphism [9, 16] (f, g) : (X, Y,R) −→ (A,B, S) between contexts is a pair of
functions f : X −→ A and g : B −→ Y such that (x, g(b)) ∈ R if and only if (f(x), b) ∈ S
for all x ∈ X and b ∈ B. Contexts and infomorphisms constitute a category Ctx.

Though it is possible to show that B,P are both functorial from Ctx to Sup in a di-
rect way, we will establish the functoriality of B,P by help of closure spaces. The benefit
of doing so is that we will obtain decompositions of the functors B and P, these decom-
positions are helpful for further investigation on these functors and the interrelationship
between contexts, closure spaces, and complete lattices.

Let X be a set, a closure operator is an order-preserving map c : 2X −→ 2X on the
powerset of X such that A ⊆ c(A) for all A ⊆ X and c ◦ c = c. The pair (X, c) is called a
closure space, a subset A ⊆ X is closed if A = c(A). A map f : (X, c) −→ (Y, d) between
closure spaces is continuous if f(c(A)) ⊆ d(f(A)) for each subset A of X. The category of
closure spaces and continuous maps is denoted by Cls.

Given a context (X, Y,R), both R↓ ◦ R↑ and R∀ ◦ R∃ are closure operators on X. The
correspondence (X, Y,R) 7→ (X,R↓ ◦ R↑) defines a functor U : Ctx −→ Cls which has a
left adjoint.

Given a closure space (X, c), the set c(2X) of all the closed subsets of (X, c) is a complete
lattice. The correspondence (X, c) 7→ c(2X) defines a functor T : Cls −→ Sup which has
a right adjoint.

For each context (X, Y,R), T ◦ U(X, Y,R) is isomorphic to the formal concept lattice
B(X, Y,R). Hence B is functorial from Ctx to Sup, and it is the composition of a right
adjoint functor U : Ctx −→ Cls and a left adjoint functor T : Cls −→ Sup.

The property oriented concept lattice functor can also be written as a composition of
a functor V : Ctx −→ Cls and the functor T : Cls −→ Sup.

All the conclusions stated above will be proved in a much more general setting in this
paper. The theories of formal concept lattices and property oriented concept lattices have
been generalized to the fuzzy setting [6, 11, 12, 13, 17, 21, 26]. We shall prove the L-version
of the conclusions stated above for a unital quantale (L,&).

1In rough set theory, there exist different approaches to morphisms between formal contexts of the form
(X,X,R) with a subset A ⊆ X, where R is an equivalence relation on X, see Banerjee and Chakraborty
[1], Banerjee and Yao [2] for instance. We are grateful to one of the reviewers for bringing [1, 2] to our
attention.
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The contents are arranged as follows. Section 2 recalls some basic notions of quan-
tales. Section 3 introduces the categories considered in this paper: the category L-Ctx of
L-contexts and infomorphisms, the category L-Sup of complete L-lattices and suprema-
preserving maps, and the category L-Cls of L-closure spaces and continuous maps. An
adjunction between L-Cls and L-Sup is given in Section 4. Section 5 presents an adjunc-
tion between L-Ctx and L-Cls. In Section 6, it is demonstrated that both the formal
concept lattices and property oriented concept lattices of L-contexts are functorial from
L-Ctx to L-Sup, and the formal concept lattice functor is the composition of a right ad-
joint functor and a left adjoint functor. And, if (L,&) has a dualizing element, then the
property oriented concept lattice functor is the composition of the formal concept lattice
functor following a functor L-Ctx −→ L-Ctx and vice versa.

2. Quantales

A quantale [22] is a pair (L,&), where L is a complete lattice, & is an associative binary
operation on L such that a&(

∨
bi) =

∨
(a&bi) and (

∨
bi)&a =

∨
(bi&a) for all a, bi ∈ L.

The top and the bottom element of L is denoted by 1 and 0 respectively. A quantale (L,&)
is said to be unital if there exists an element I ∈ L such that I&a = a = a&I for all a ∈ L.
Finally, (L,&) is commutative if a&b = b&a for all a, b ∈ L.

Definition 2.1. [22] Let (L,&) be a quantale. Define ↙,↘: L× L −→ L by

c↙ b =
∨
{a ∈ L : a&b ≤ c} and b↘ c =

∨
{a ∈ L : b&a ≤ c}.

If (L,&) is commutative, then c ↙ b = b ↘ c for all b, c ∈ L and will be denoted by
b→ c.

Proposition 2.2. [22] Let (L,&) be a quantale. The following properties hold for all
a, b, c, at, bt ∈ L:

(1) a ≤ c↙ b ⇐⇒ a&b ≤ c ⇐⇒ b ≤ a↘ c.

(2) (
∧
bt)↙ a =

∧
(bt ↙ a); a↘ (

∧
bt) =

∧
(a↘ bt).

(3) b↙ (
∨
at) =

∧
(b↙ at); (

∨
at)↘ b =

∧
(at ↘ b).

(4) (a↘ b)&(b↘ c) ≤ a↘ c; (c↙ b)&(b↙ a) ≤ c↙ a.

(5) (c↙ b)↙ a = c↙ (a&b); a↘ (b↘ c) = (b&a)↘ c.

(6) a↘ (c↙ b) = (a↘ c)↙ b.

(7) a&(a↘ b) ≤ b; (b↙ a)&a ≤ b.

An element d in a quantale (L,&) is cyclic [22] if d ↙ a = a ↘ d for all a ∈ L. In
this case, we write a→ d for d↙ a = a↘ d. It is easy to check that a quantale (L,&) is
commutative if and only if every element of L is cyclic. An element d in (L,&) is dualizing
[22] if d↙ (a↘ d) = a = (d↙ a)↘ d for all a ∈ L.

Definition 2.3. [22] A Girard quantale is a quantale with a cyclic dualizing element.

3



A Girard quantale is necessarily unital since d→ d is easily verified to be a unit element,
where d is a cyclic dualizing element.

Proposition 2.4. If d is a dualizing element in a quantale (L,&), then the following
properties hold for all a, b, at ∈ L:

(I8)
∨

(d↙ at) = d↙ (
∧
at);

∨
(at ↘ d) = (

∧
at)↘ d.

(I9) b↙ a = (d↙ b)↘ (d↙ a); a↘ b = (a↘ d)↙ (b↘ d).

(I10) b&a = d↙
(
a↘ (b↘ d)

)
; a&b =

(
(d↙ b)↙ a

)
↘ d.

(I11) a↘ b =
(
(d↙ b)&a

)
↘ d; b↙ a = d↙

(
a&(b↘ d)

)
.

(I12) (d↙ a)↘ b = a↙ (b↘ d).

Given a quantale (L,&), the conjugate of (L,&) is the quantale (L, •) with a • b = b&a
for all a, b ∈ L. Throughout this paper, L always denotes a unital quantale and Lc the
conjugate of L if not otherwise specified. It is clear that Lc = L when L is commutative.

For any set X, the set LX of maps X −→ L with the pointwise order is also a complete
lattice. Furthermore, LX is a quantale with the binary operation & and ↙,↘ defined
pointwisely. Elements of LX are called L-subsets (or, fuzzy subsets) of X. For two sets X
and Y , an L-relation (or, a fuzzy relation) from X to Y is a function R : X×Y −→ L. Each
L-relation R : X×Y −→ L has a dual L-relation Rop from Y to X with Rop(y, x) = R(x, y)
for all x ∈ X and y ∈ Y .

Given a subset Y of X and an L-subset λ : Y −→ L of Y , we identify λ with the
L-subset µ of X given by µ(x) = λ(x) if x ∈ Y and µ(x) = 0 otherwise.

3. L-contexts, complete L-lattices, and L-closure spaces

For convenience of the readers, we recall here some basic notions of L-contexts, L-
orders, complete L-lattices and L-closure spaces. Most of these notions have been defined
in the literature, and some of them will be generalized slightly if needed.

3.1. L-contexts

An L-context (or, a fuzzy context) is a triple (X, Y,R), where R is an L-relation from
X to Y . There are different approaches to morphisms between L-contexts, and the reader
is referred to [8, 9, 10, 15, 16, 20, 25, 28] for a discussion in the case that L = 2 = {0, 1}. In
this paper, we are concerned with only one kind of morphisms between L-contexts, namely,
that of infomorphisms.

An infomorphism (f, g) : (X, Y,R) −→ (A,B, S) between L-contexts is a pair of func-
tions f : X −→ A and g : B −→ Y such that R(x, g(b)) = S(f(x), b) for all x ∈ X, b ∈ B.
The category of L-contexts and infomorphisms is denoted by L-Ctx.

Remark 3.1. The category L-Ctx is clearly the ∗-autonomous completion Set⊥ of Set
with ⊥= L (or equivalently, L-Ctx is the category of Chu spaces) in the sense of Barr [3].
Hence, L-Ctx is a complete and cocomplete category.
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3.2. Complete L-lattices

Definition 3.2. An L-order (or, a fuzzy order) on a set X is an L-relation P : X×X −→ L
such that

(1) I ≤ P (x, x) for each x ∈ X (reflexivity);

(2) P (x, y)&P (y, z) ≤ P (x, z) for all x, y, z ∈ X (transitivity);

(3) if P (x, y) ≥ I and P (y, x) ≥ I then x = y (anti-symmetry).

The pair (X,P ) is called an L-ordered set.

In an L-ordered set (X,P ), the value P (x, y) can be interpreted as the degree to which
x is less than or equal to y. We abbreviate the pair (X,P ) to X and write X(x, y) instead
of P (x, y) if there is no confusion. It is noteworthy to point out that L-ordered sets can
be treated as categories enriched over the unital quantale L [14, 23, 24].

Given an L-ordered set X, define a binary relation ≤ on X by x ≤ y ⇐⇒ X(x, y) ≥ I.
Then ≤ is reflexive, transitive and anti-symmetric, hence ≤ is a partial order on X. The
pair (X,≤) is called the underlying ordered set of X, and will be denoted by X0.

A function f : A −→ B between L-ordered sets is L-order preserving if A(a, b) ≤
B(f(a), f(b)) for all a, b ∈ A. f : A −→ B is L-isometric if A(a, b) = B(f(a), f(b)) for all
a, b ∈ A.

Let L-Ord denote the category of L-ordered sets and L-order preserving functions. It
is clear that an L-isometry must be an injective function and surjective L-isometries are
exactly the isomorphisms in L-Ord.

Example 3.3. Some basic examples of L-ordered sets are listed below.

(1) (The canonical L-order on L) Let L(a, b) = a ↘ b, then L is an L-ordered set.
Similarly, Lc is an Lc-ordered set with Lc(a, b) = b↙ a.

(2) If (L,&) = ([0,∞]op,+), then an L-ordered set is exactly a generalized quasi-metric
space [18].

(3) If A is an L-ordered set, let Aop(a, b) = A(b, a) for all a, b ∈ A, then Aop is an
Lc-ordered set, called the dual of A. In particular, Lop is an Lc-ordered set with
Lop(a, b) = b↙ a and Lop

c is an L-ordered set with Lop
c (a, b) = a↙ b.

(4) Let A be an L-ordered set and B a subset of A. Then B is an L-ordered set with
the L-order inherited from A.

(5) (Discrete L-ordered set) Given a set X, let X(x, y) = I if x = y; X(x, y) = 0 if
x 6= y. Then X becomes an L-ordered set. Such L-ordered sets are called discrete
L-ordered sets.

(6) (L-powerset) Let X be a set. For all L-subsets µ, λ ∈ LX , let

LX(µ, λ) =
∧
x∈X

µ(x)↘ λ(x)

and
LXc (µ, λ) =

∧
x∈X

λ(x)↙ µ(x).
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Then LX is an L-ordered set and LXc is an Lc-ordered set. Hence, (LXc )op is an
L-ordered set and (LX)op is an Lc-ordered set.

Definition 3.4. Let A be an L-ordered set. Define y : A −→ LA and y′ : A −→ (LAc )op

by
y(x) = A(−, x) and y′(x) = A(x,−).

y is called the Yoneda embedding and y′ the co-Yoneda embedding.

Lemma 3.5. (Yoneda lemma, [14]) Let A be an L-ordered set.

(1) Let µ : A −→ Lop
c be L-order preserving, then for all x ∈ X, LA(y(x), µ) = µ(x).

(2) Let λ : A −→ L be L-order preserving, then for all x ∈ X, LAc (y′(x), λ) = λ(x).

(3) Both y : A −→ LA and y′ : A −→ (LAc )op are L-isometries.

Definition 3.6. Let A be an L-ordered set and µ ∈ LA. The L-subset ub(µ) of upper
bounds of µ is given by

ub(µ)(y) =
∧
x∈A

(
µ(x)↘ A(x, y)

)
. (1)

Dually, the L-subset lb(µ) of lower bounds of µ is given by

lb(µ)(y) =
∧
x∈A

(
A(y, x)↙ µ(x)

)
. (2)

If ub(µ) is represented by some a ∈ A, i.e.,

ub(µ)(y) = A(a, y), (3)

we say that a is a supremum of µ, and denote it by supµ. Dually, if lb(µ) is represented
by some b ∈ A, i.e.,

lb(µ)(y) = A(y, b), (4)

we say that b is an infimum of µ, and denote it by inf µ.

Definition 3.7. An L-ordered set A is a complete L-lattice if every L-subset µ of A has
both a supremum and an infimum.

In order to give a simple characterization of complete L-lattices, we introduce the
following.

Definition 3.8. [14, 24] Let A be an L-ordered set.

(1) A is tensored if for all a ∈ L, x ∈ A, there is an element a⊗ x ∈ A such that for all
y ∈ A,

A(a⊗ x, y) = a↘ A(x, y) (5)

(2) A is cotensored if for all a ∈ L, x ∈ A, there is an element a�x ∈ A such that for
all y ∈ A,

A(y, a�x) = A(y, x)↙ a (6)
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Example 3.9.

(1) For all x ∈ X, I ⊗ x = I�x = x.

(2) If A is tensored, then A0 has a bottom element ⊥A and for all x ∈ X, 0⊗ x = ⊥A.

(3) If A is cotensored, then A0 has a top element >A and for all x ∈ X, 0�x = >A.

Theorem 3.10. [24] An L-ordered set A is a complete L-lattice if and only if

(1) A is tensored,

(2) A is cotensored,

(3) the underlying ordered set A0 of A is a complete lattice.

In this case, for each L-subset µ ∈ LA,

supµ =
∨
x∈A

(
µ(x)⊗ x

)
; inf µ =

∧
x∈A

(
µ(x)�x

)
,

where
∨

and
∧

denote respectively the join and meet in the complete lattice A0.

Example 3.11. For every set X, the L-powerset LX and (LXc )op are both complete L-
lattices. For a ∈ L, µ ∈ LX ,

a⊗ µ = µ&a; a�µ = µ↙ a. (7)

Hence, given an L-subset U : LX −→ L,

supU =
∨
µ∈LX

(
µ&U(µ)

)
, inf U =

∧
µ∈LX

(
µ↙ U(µ)

)
. (8)

For a ∈ L, µ ∈ (LXc )op,
a⊗ µ = a↘ µ; a�µ = a&µ. (9)

Definition 3.12. [23] A pair of L-order preserving functions f : A −→ B and g : B −→ A
is called an L-adjunction (denoted by f a g : A ⇀ B) if B(f(x), y) = A(x, g(y)) for all
x ∈ A, y ∈ B. In this case, f is called a left adjoint of g and g a right adjoint of f .

Example 3.13. (1) For any sets X, Y and function f : X −→ Y , f→ a f← : LX ⇀ LY ,
where f→ : LX −→ LY and f← : LY −→ LX are given by f→(µ)(y) =

∨
f(x)=y µ(x)

and f←(λ)(x) = λ(f(x)).

(2) For each L-ordered set A, ub a lb : LA ⇀ (LAc )op.

(3) Let A be a complete L-lattice, then sup a y : LA ⇀ A and y′ a inf : A ⇀ (LAc )op.

(4) Let A be an L-ordered set and x ∈ A, then (−) ⊗ x a A(x,−) : L ⇀ A if A is
tensored, and A(−, x) a (−)�x : A ⇀ Lop

c if A is cotensored.

The following propositions are proved in [17] when L is a complete residuated lattice,
i.e., a commutative unital quantale in which the unit I is equal to the top element 1. The
proofs are similar when L is a general unital quantale.
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Proposition 3.14. [17] Let A,B be complete L-lattices and f : A −→ B a function. Then
the following are equivalent:

(1) f : A −→ B is L-order preserving;

(2) f : A0 −→ B0 is order preserving and a ⊗B f(x) ≤ f(a ⊗A x) for all a ∈ L and
x ∈ A;

(3) f : A0 −→ B0 is order preserving and f(a� Ax) ≤ a� Bf(x) for all a ∈ L and
x ∈ A.

Proposition 3.15. [24] Let A,B be complete L-lattices and f : A −→ B a function. Then

(1) f : A −→ B is a left adjoint if and only if f : A0 −→ B0 preserves joins and f
preserves tensors in the sense that f(a⊗A x) = a⊗B f(x) for all a ∈ L and x ∈ A.

(2) f : A −→ B is a right adjoint if and only if f : A0 −→ B0 preserves meets and
f preserves cotensors in the sense that f(a� Ax) = a� Bf(x) for all a ∈ L and
x ∈ A.

Let A be a complete L-lattice and x ∈ A. Since A(x,−) : A −→ L is a right adjoint
and A(−, x) : A −→ Lop

c is a left adjoint, it holds that for each subset {yj : j ∈ J} ⊆ A,

A
(
x,
∧
j∈J

yj

)
=
∧
j∈J

A(x, yj); A
(∨
j∈J

yj, x
)

=
∧
j∈J

A(yj, x), (10)

where
∨

and
∧

denote the join and the meet in A0 respectively.

Corollary 3.16. Let A,B be complete L-lattices and f : A −→ B a function.

(1) f : A −→ B is a left adjoint if and only if f preserves supremum in the sense that
f(supA µ) = supB f

→(µ) for all µ ∈ LA.

(2) f : A −→ B is a right adjoint if and only if f preserves infimum in the sense that
f(infA µ) = infB f

→(µ) for all µ ∈ LA.

The category of complete L-lattices and suprema-preserving maps (i.e., left adjoints)
is denoted by L-Sup.

3.3. L-closure spaces

The notions of L-closure operators and L-closure systems in [5, 17] can be extended in
a straightforward way to the setting that L is a unital quantale.

Definition 3.17. Let A be an L-ordered set. An L-order preserving function c : A −→ A
is called an L-closure operator if

(C1) for all x ∈ A, A(x, c(x)) ≥ I, i.e. x ≤ c(x) in the underlying ordered set A0 of A;

(C2) c ◦ c = c.

Example 3.18. Let A,B be L-ordered sets and f a g : A ⇀ B be an L-adjunction. Then
g ◦ f : A −→ A is an L-closure operator.
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Definition 3.19. Let A be a complete L-lattice with cotensor� . A subset C ⊆ A is an
L-closure system of A if

(i) for every subset {xt}t∈T ⊆ C, the meet
∧
t∈T xt of {xt}t∈T in A0 belongs to C;

(ii) for all x ∈ C and a ∈ L, the cotensor a�x belongs to C.

L-closure operators and L-closure systems are connected by the following proposition,
and the proof is similar to the case that L is a complete residuated lattice [17].

Proposition 3.20. Let A be a complete L-lattice, C a subset of A. The following are
equivalent:

(1) C is an L-closure system of A.

(2) The inclusion function i : C −→ A is a right adjoint.

(3) There is an L-closure operator c : A −→ A such that C = c(A).

The above proposition establishes a bijection between L-closure operators and L-closure
systems. Precisely, for an L-closure operator c : A −→ A, the fixed points c(A) is an L-
closure system of A. Conversely, given an L-closure system C ⊆ A, c = i◦h is an L-closure
operator on A, where h is the left adjoint of the inclusion i : C −→ A. In particular, for
an L-closure operator c : A −→ A, we have an L-adjunction c a i : A ⇀ c(A), where i is
the inclusion.

Let A be a complete L-lattice with cotensor � . Then the fixed points c(A) of an L-
closure operator c : A −→ A is closed under the formation of cotensors and meets in A0,
and c(A) is itself a complete L-lattice. For an L-subset µ : c(A) −→ L, the infimum of µ
in c(A) is the same as the infimum of µ in A (i.e., infc(A)µ =

∧
x∈c(A) µ(x) � x) and the

supremum of µ in c(A) is given by supc(A) µ = c(supA µ).

Definition 3.21. An L-closure space is a pair (X, c), where X is a set and c : LX −→ LX

is an L-closure operator. A continuous function f : (X, c) −→ (Y, d) between L-closure
spaces is a function f : X −→ Y such that f→ ◦ c(µ) ≤ d ◦ f→(µ) for all µ ∈ LX .

The category of L-closure spaces and continuous functions is denoted by L-Cls.

4. An adjunction between complete L-lattices and L-closure spaces

Let (X, c) be an L-closure space. An L-subset µ ∈ LX is said to be closed if c(µ) = µ.
Since LX is a complete L-lattice, it follows that all the closed L-subsets of (X, c) form a
complete L-lattice c(LX).

Lemma 4.1. A function f : (X, c) −→ (Y, d) between L-closure spaces is continuous if
and only if f←(λ) ∈ c(LX) whenever λ ∈ d(LY ).

Proof. Suppose that f is continuous and λ ∈ d(LY ), then

f→ ◦ c ◦ f←(λ) ≤ d ◦ f→ ◦ f←(λ) ≤ d(λ) = λ.
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Consequently c ◦ f←(λ) ≤ f←(λ) and f←(λ) ∈ c(LX).
Conversely, suppose that f←(λ) ∈ c(LX) for all λ ∈ d(LY ). Then for each µ ∈ LX ,

f← ◦ d ◦ f→(µ) ∈ c(LX). Since µ ≤ f← ◦ f→(µ) ≤ f← ◦ d ◦ f→(µ), it follows that
c(µ) ≤ f← ◦ d ◦ f→(µ), hence f→ ◦ c(µ) ≤ d ◦ f→(µ).

If L is a completely distributive lattice (as required in [29]), then it is easy to see that
the L-closure spaces considered in this paper are a special kind of L-closure spaces in [29].
In this case, the above lemma can also be obtained from Theorem 5.1 in [29] as pointed
out by a reviewer.

Given a continuous function f : (X, c) −→ (Y, d) between L-closure spaces, define a
pair of functions

f∗ : c(LX) −→ d(LY ), f ∗ : d(LY ) −→ c(LX)

by
f∗(µ) = d ◦ f→(µ), f ∗(λ) = f←(λ)

for all µ ∈ c(LX) and λ ∈ d(LY ).

Proposition 4.2. If f : (X, c) −→ (Y, d) is a continuous function between L-closure
spaces, then f∗ a f ∗ : c(LX) ⇀ d(LY ).

Proof. Since f→ a f← : LX ⇀ LY , it remains to show that LY
(
d◦f→(µ), λ

)
= LY

(
f→(µ), λ

)
for all µ ∈ c(LX) and λ ∈ d(LY ). Indeed, LY

(
f→(µ), λ

)
≤ LY

(
d ◦ f→(µ), λ

)
because d is

L-order preserving, and the reverse inequality follows from (10) and the fact that d is an
L-closure operator.

The above proposition gives rise to a functor

T : L-Cls −→ L-Sup

which maps a continuous function f : (X, c) −→ (Y, d) to f∗ : c(LX) −→ d(LY ).
Let A be a complete L-lattice. Then cA = y ◦ sup : LA −→ A −→ LA is an L-closure

operator, hence (A, cA) is an L-closure space.

Proposition 4.3. Let A,B be complete L-lattices and f : A −→ B be a left adjoint. Then
f : (A, cA) −→ (B, cB) is a continuous function.

Proof. Since f preserves supremum (Corollary 3.16), it holds that

f→ ◦ cA(µ)(b) =
∨

f(a)=b

cA(µ)(a)

=
∨

f(a)=b

A(a, supµ)

≤
∨

f(a)=b

B
(
f(a), f(supµ)

)
= B

(
b, sup f→(µ)

)
= cB ◦ f→(µ)(b)

for all µ ∈ LA and b ∈ B, hence f : (A, cA) −→ (B, cB) is continuous.
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The above proposition gives a functor D : L-Sup −→ L-Cls.

Proposition 4.4. The functor T ◦ D is naturally isomorphic to the identity functor on
L-Sup. In particular, A is isomorphic to T ◦D(A) for each complete L-lattice A.

Proof. For each a ∈ A, since y(a) = y ◦ sup ◦y(a) = cA ◦ y(a), we get that y(a) is a closed
L-subset of (A, cA). Then it follows from the Yoneda lemma that the correspondence
a 7→ y(a) is an L-isometry νA : A −→ T ◦ D(A)(= cA(LA)). It is clear that νA is
surjective, hence an isomorphism. We leave it to the reader to check that {νA} is a natural
isomorphism from the identity functor on L-Sup to T ◦D.

Theorem 4.5. T : L-Cls −→ L-Sup is a left adjoint of D : L-Sup −→ L-Cls.

Proof. Given an L-closure space (X, c), let A be the complete L-lattice c(LX) of all the
closed L-subsets of X. Then D ◦ T (X, c) = (A, cA). Define η(X,c) : X −→ A by η(X,c)(x) =
c(Ix), where Ix ∈ LX is given by Ix(x) = I and Ix(y) = 0 whenever y 6= x.

In the following we show that η = {η(X,c)} is a natural transformation from the identity
functor to D ◦ T and it is the unit of the desired adjunction.

Step 1. η(X,c) : (X, c) −→ (A, cA) is continuous, i.e. η→(X,c) ◦ c(µ) ≤ cA ◦ η→(X,c)(µ) for all

µ ∈ LX .
Firstly, we show that c(µ) = supA ◦η→(X,c)(µ) for all µ ∈ LX . Consider the diagram

LA AsupA
//

LL
X

LA

c→

��

LL
X

LX
sup // LX

A

c

��

LX LL
Xk→ //LX

LA

η→
(X,c)

""

where k : X −→ LX is given by k(x) = Ix for all x ∈ X, and sup is the supremum
operation in the complete L-lattice LX . The commutativity of the left triangle follows
from η(X,c) = c ◦ k. Since c : LX −→ A is a left adjoint, it preserves supremum, thus the
right square commutes. The whole diagram is then commutative. For each µ ∈ LX , we
have that

sup ◦k→(µ) =
∨
λ∈LX

λ&k→(µ)(λ) =
∨
x∈X

Ix&µ(x) = µ.

Consequently, c(µ) = supA ◦η→(X,c)(µ) for all µ ∈ LX .

Secondly, we show that η→(X,c)(µ) ≤ yA(µ) for each closed L-subset µ in (X, c). For each

λ ∈ A, we have that η→(X,c)(µ)(λ) =
∨
η(X,c)(x)=λ

µ(x) by definition. If λ = η(X,c)(x) = c(Ix),

then
µ(x) = LX(Ix, µ) ≤ A(λ, µ) = yA(µ)(λ)

since c is L-order preserving. Consequently, η→(X,c)(µ) ≤ yA(µ).
Therefore,

η→(X,c) ◦ c(µ) ≤ yA ◦ supA ◦ η→(X,c)(µ) = cA ◦ η→(X,c)(µ),
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as desired.
Step 2. η = {η(X,c)} is a natural transformation. Let f : (X, c) −→ (Y, d) be a

continuous function, we must show that for all x ∈ X,

d(If(x)) = η(Y,d) ◦ f(x) = (D ◦ T )(f) ◦ η(X,c)(x) = d ◦ f→(c(Ix)).

On one hand, If(x) = f→(Ix) ≤ f→(c(Ix)) leads to d(If(x)) ≤ d ◦ f→(c(Ix)). On the other
hand, since f is continuous, f→(c(Ix)) ≤ d ◦ f→(Ix) = d(If(x)), hence d ◦ f→(c(Ix)) ≤
d(If(x)).

Step 3. η(X,c) : (X, c) −→ (A, cA) is universal in the sense that for any complete
L-lattice B and continuous function f : (X, c) −→ (B, cB), there exists a unique suprema-
preserving map f : A −→ B that makes the following diagram commute:

(X, c) (A, cA)
η(X,c) //(X, c)

(B, cB)

f

""

(A, cA)

(B, cB)

f

��

Existence. For all µ ∈ A, let f(µ) = supB ◦f→(µ) =
∨
x∈X µ(x) ⊗B f(x). In other

words, f : A −→ B is the following composition of L-order preserving functions

A ↪→ LX
f→ // LB

supB //B.

We assert that f satisfies the requirement.
Firstly, we show that f : A −→ B is a left adjoint. Indeed, f has a right adjoint

g : B −→ A given by g(b) = f ∗(yB(b)). g is well-defined since yB(b) is a closed L-subset
in (B, cB) for each b ∈ B by Proposition 4.4. For all µ ∈ A and b ∈ B,

B
(
f(µ), b

)
=

∧
y∈B

(
f→(µ)(y)↘ B(y, b)

)
(by (3))

=
∧
y∈B

( ∨
f(x)=y

µ(x)↘ B(y, b)
)

=
∧
y∈B

∧
f(x)=y

(
µ(x)↘ B(y, b)

)
=

∧
x∈X

(
µ(x)↘ B(f(x), b)

)
=

∧
x∈X

(
µ(x)↘ yB(b)(f(x))

)
= LX

(
µ, f ∗ ◦ yB(b)

)
= A

(
µ, g(b)

)
.
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Hence f a g : A ⇀ B and f is a left adjoint.
Secondly, we show that f ◦ η(X,c)(x) = f(x) for all x ∈ X. Since f : (X, c) −→ (B, cB)

is continuous, it follows that

f→ ◦ c(Ix) ≤ cB ◦ f→(Ix) = yB ◦ supBIf(x) = yB(f(x))

for all x ∈ X. Hence,

c(Ix)(y) ≤ f← ◦ yB(f(x))(y) = B(f(y), f(x))

for all x, y ∈ X. Then

c(Ix)(y)&B(f(x), b) ≤ B(f(y), f(x))&B(f(x), b) ≤ B(f(y), b)

for all x, y ∈ X and b ∈ B. Therefore,

B(f(x), b) =
∧
y∈X

(
c(Ix)(y)↘ B(f(y), b)

)
= LX

(
c(Ix), f

← ◦ yB(b)
)

= LB
(
f→ ◦ c(Ix),yB(b)

)
= B

(
supB ◦ f→ ◦ c(Ix), b

)
(by (3))

= B
(
f ◦ η(X,c)(x), b

)
for all x ∈ X and b ∈ B, and consequently f ◦ η(X,c) = f .

Uniqueness. Suppose h : A −→ B is a left adjoint that makes the diagram commute.
For each µ ∈ A, since

µ = c(µ) = c
( ∨
x∈X

Ix&µ(x)
)

=
∨
x∈X

µ(x)⊗A c(Ix),

it follows that

h(µ) = h
( ∨
x∈X

µ(x)⊗A c(Ix)
)

=
∨
x∈X

µ(x)⊗B
(
h ◦ η(X,c)(x)

)
=

∨
x∈X

µ(x)⊗B f(x)

= f(µ).

Therefore, h = f .
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5. An adjunction between L-contexts and L-closure spaces

Let (X, Y,R) be an L-context, define a pair of operators

R↑ : LX −→ LY and R↓ : LY −→ LX

by

R↑(µ)(y) =
∧
x∈X

(
µ(x)↘ R(x, y)

)
and R↓(λ)(x) =

∧
y∈Y

(
R(x, y)↙ λ(y)

)
.

Then it is easy to see that

(LYc )op
(
R↑(µ), λ

)
= LX

(
µ,R↓(λ)

)
for all µ ∈ LX and λ ∈ LY . Hence

R↑ a R↓ : LX ⇀ (LYc )op

is an L-adjunction2. Therefore, R↓ ◦R↑ : LX −→ LX is an L-closure operator.

Proposition 5.1. Let (f, g) : (X, Y,R) −→ (A,B, S) be an infomorphism between L-
contexts. Then f : (X,R↓ ◦R↑) −→ (A, S↓ ◦ S↑) is continuous.

Proof. Consider the following diagram:

LA LB
S↑

//

LX

LA

f→

��

LX LY
R↑ // LY

LB

g←

��
LB LA

S↓
//

LY

LB

LY LXR↓ // LX

LA

f→

��

(11)

We must show that f→ ◦ R↓ ◦ R↑(µ) ≤ S↓ ◦ S↑ ◦ f→(µ) for all µ ∈ LX . The conclusion is
contained in the following two lemmas.

Lemma 5.2. The left square of (11) commutes if and only if (f, g) : (X, Y,R) −→ (A,B, S)
is an infomorphism.

Proof. Necessity is easy since for all x ∈ X, b ∈ B,

R(x, g(b)) = R↑(Ix)(g(b)) = g←
(
R↑(Ix)

)
(b) = S↑

(
f→(Ix)

)
(b) = S↑(If(x))(b) = S(f(x), b).

2When L is a complete residuated lattice, the pair (R↑, R
↓) is introduced by Bělohlávek first and is

called a fuzzy Galois connection [4, 6].
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As for sufficiency, it holds that

g← ◦R↑(µ)(b) = R↑(µ)(g(b))

=
∧
x∈X

(
µ(x)↘ R(x, g(b))

)
=

∧
x∈X

(
µ(x)↘ S(f(x), b)

)
=

∧
a∈A

( ∨
f(x)=a

µ(x)↘ S(a, b)
)

=
∧
a∈A

(
f→(µ)(a)↘ S(a, b)

)
= S↑ ◦ f→(µ)(b)

for all µ ∈ LX and b ∈ B, hence the conclusion follows.

Lemma 5.3. Consider the right square of (11). Then f→ ◦ R↓ ≤ S↓ ◦ g← if and only if
R(x, g(b)) ≤ S(f(x), b) for all x ∈ X, b ∈ B.

Proof. Necessity is easy since for all x ∈ X, b ∈ B,

R(x, g(b)) = R↓(Ig(b))(x) ≤ f→ ◦R↓(Ig(b))(f(x)) ≤ S↓ ◦ g←(Ig(b))(f(x)) ≤ S(f(x), b).

As for sufficiency, for all λ ∈ LY and a ∈ A, we have that

f→ ◦R↓(λ)(a) =
∨

f(x)=a

R↓(λ)(x)

=
∨

f(x)=a

∧
y∈Y

(
R(x, y)↙ λ(y)

)
≤

∨
f(x)=a

∧
b∈B

(
R(x, g(b))↙ λ(g(b))

)
≤

∨
f(x)=a

∧
b∈B

(
S(f(x), b)↙ λ(g(b))

)
=

∧
b∈B

(
S(a, b)↙ λ(g(b))

)
=

∧
b∈B

(
S(a, b)↙ g←(λ)(b)

)
= S↓ ◦ g←(λ)(a),

thus, the conclusion follows.

By virtue of Proposition 5.1 we obtain a functor U : L-Ctx −→ L-Cls that sends an
infomorphism

(f, g) : (X, Y,R) −→ (A,B, S)

15



to the continuous function

f : (X,R↓ ◦R↑) −→ (A, S↓ ◦ S↑).

Given a continuous function f : (X, c) −→ (Y, d) between L-closure spaces, let c(LX)
and d(LY ) denote respectively the sets of all closed L-subsets of X and Y . Consider the
function f ∗ : d(LY ) −→ c(LX) that sends each closed L-subset λ of Y to f ∗(λ) = f←(λ).
Then we have the following

Proposition 5.4. (f, f ∗) : (X, c(LX), R) −→ (Y, d(LY ), S) is an infomorphism, where
R(x, µ) = µ(x) for all x ∈ X and µ ∈ c(LX), S(y, λ) = λ(y) for all y ∈ Y and λ ∈ d(LY ).

Proof. For all x ∈ X and λ ∈ d(LY ), we have that

R(x, f ∗(λ)) = f ∗(λ)(x) = f←(λ)(x) = λ(f(x)) = S(f(x), λ),

the conclusion thus follows.

From the above proposition we obtain a functor

F : L-Cls −→ L-Ctx

that sends a continuous function f : (X, c) −→ (Y, d) to the infomorphism

(f, f ∗) : (X, c(LX), R) −→ (Y, d(LY ), S).

Lemma 5.5. For each L-closure space (X, c), U ◦ F (X, c) = (X, c).

Proof. By definition of the functor F , F (X, c) is the L-context (X, c(LX), R), where
R(x, µ) = µ(x) for all x ∈ X and µ ∈ c(LX). We must show that c = R↓ ◦ R↑. S-
ince R↓ ◦R↑ is an L-closure operator, it remains to show that for any µ ∈ LX , c(µ) = µ if
and only if R↓ ◦R↑(µ) = µ.

If c(µ) = µ, then

R↓ ◦R↑(µ)(x) =
∧

φ∈c(LX)

(
R(x, φ)↙

( ∧
z∈X

µ(z)↘ R(z, φ)
))

=
∧

φ∈c(LX)

(
φ(x)↙

( ∧
z∈X

µ(z)↘ φ(z)
))

≤ µ(x)↙
( ∧
z∈X

µ(z)↘ µ(z)
)

≤ µ(x)

for all x ∈ X, hence µ ≥ R↓ ◦ R↑(µ). The converse inequality µ ≤ R↓ ◦ R↑(µ) is trivial
since R↓ ◦R↑ is an L-closure operator. Therefore, µ = R↓ ◦R↑(µ).
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Suppose that R↓ ◦R↑(µ) = µ. Then

µ = R↓(R↑(µ)) =
∧

φ∈c(LX)

(
φ↙ R↑(µ)(φ)

)
.

Since c(LX) is closed with respect to meets and cotensors in LX , we obtain that∧
φ∈c(LX)

(
φ↙ R↑(µ)(φ)

)
∈ c(LX),

hence µ ∈ c(LX) and c(µ) = µ.

Theorem 5.6. F : L-Cls −→ L-Ctx is a left adjoint of U : L-Ctx −→ L-Cls.

Proof. For each L-closure space (X, c), idX : (X, c) −→ U ◦ F (X, c) is clearly continuous
and {idX} is a natural transformation from the identity functor to U ◦ F by the above
lemma. Then it remains to show that for each L-context (A,B,R) and continuous function
f : (X, c) −→ (A,R↓ ◦R↑), there is a unique infomorphism

(h, g) : F (X, c) −→ (A,B,R)

such that the diagram

(X, c) U ◦ F (X, c)
idX //(X, c)

U(A,B,R)

f

$$

U ◦ F (X, c)

U(A,B,R)

U(h,g)

��

is commutative. By definition, F (X, c) = (X, c(LX), S) and U(h, g) = h, where S(x, µ) =
µ(x). Thus, we only need to show that there is a unique function g : B −→ c(LX) such
that

(f, g) : (X, c(LX), S) −→ (A,B,R)

is an infomorphism.
Let g(b) = f←(R↓(Ib)) for each b ∈ B. Since R↓ ◦ R↑ ◦ R↓(Ib) = R↓(Ib), it follows that

R↓(Ib) is a closed L-subset in (A,R↓ ◦ R↑), hence f←(R↓(Ib)) ∈ c(LX) by the continuity
of f : (X, c) −→ (A,R↓ ◦ R↑). This shows that g : B −→ c(LX) is well-defined. Now we
check that (f, g) : (X, c(LX), S) −→ (A,B,R) is an infomorphism. This is easy since

S(x, g(b)) = g(b)(x) = R↓(Ib)(f(x)) = R(f(x), b)

for all x ∈ X and b ∈ B. This proves the existence of g.
To see the uniqueness, suppose that g′ : B −→ c(LX) is a function such that

(f, g′) : (X, c(LX), S) −→ (A,B,R)

is an infomorphism. Then for all b ∈ B and x ∈ X,

g′(b)(x) = S(x, g′(b)) = R(f(x), b) = R↓(Ib)(f(x)) = g(b)(x),

hence g′ = g.
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As an immediate corollary of Theorem 5.6 and Lemma 5.5 we obtain that the category
L-Cls is a coreflective subcategory of L-Ctx.

6. The concept lattice functors

6.1. The formal concept lattice functor

Given an L-context (X, Y,R), a formal concept of (X, Y,R) is a pair (µ, λ) ∈ LX × LY
such that λ = R↑(µ) and µ = R↓(λ)3. µ is called the extent and λ is called the intent. The
set of all formal concepts of (X, Y,R) is denoted by B(X, Y,R).

For (µ1, λ1), (µ2, λ2) ∈ B(X, Y,R), let

B(X, Y,R)
(
(µ1, λ1), (µ2, λ2)

)
= LX(µ1, µ2) = (LYc )op(λ1, λ2). (12)

Then B(X, Y,R) becomes an L-ordered set. The projection

π1 : B(X, Y,R) −→ LX , (µ, λ) 7→ µ

is clearly an L-isometry. Since the image of π1 is exactly the set of fixed points of the
L-closure operator R↓ ◦ R↑ : LX −→ LX , we obtain that B(X, Y,R) is isomorphic to the
L-closure system R↓ ◦ R↑(LX) of the complete L-lattice LX , hence B(X, Y,R) is itself a
complete L-lattice, called the formal concept lattice of (X, Y,R).

Similarly, the projection

π2 : B(X, Y,R) −→ (LYc )op, (µ, λ) 7→ λ

is also an L-isometry and the image of π2 is exactly the set of fixed points of the function
R↑ ◦ R↓ : LY −→ LY . Hence B(X, Y,R) is also isomorphic to R↑ ◦ R↓(LY ) endowed with
L-order inherited from (LYc )op (which will be denoted by R↑ ◦ R↓(LYc )op in the sequel).
Equation (12) shows that both

R↑ : R↓ ◦R↑(LX) −→ R↑ ◦R↓(LYc )op

and
R↓ : R↑ ◦R↓(LYc )op −→ R↓ ◦R↑(LX)

are isomorphisms and are inverse to each other.
If we identify B(X, Y,R) with R↓ ◦R↑(LX), then the formal concept lattice B(X, Y,R)

is the set of the closed L-subsets of the L-closure space (X,R↓ ◦ R↑), i.e., B(X, Y,R) =
T ◦ U(X, Y,R). Since both T and U are functorial, the correspondence

(X, Y,R) 7→ B(X, Y,R)

3It should be noted that this definition of formal concepts of L-contexts is different from that in [12, 21]
in the non-commutative case.
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defines a functor
B : L-Ctx −→ L-Sup,

which is called the formal concept lattice functor (or, the concept lattice functor based on
formal concept analysis). Note that the functor B is the composition of a right adjoint
functor U and a left adjoint functor T .

L-Ctx L-SupB //L-Ctx

L-Cls

\\

F

L-Ctx

L-Cls

U

��

L-Sup

L-Cls

D

��

L-Sup

L-Cls

BB

T

The formal concept lattice functor B : L-Ctx −→ L-Sup sends an infomorphism

(f, g) : (X, Y,R) −→ (A,B, S)

to the left adjoint
f∗ : R↓ ◦R↑(LX) −→ S↓ ◦ S↑(LA)

between complete L-lattices.
Since F is a right inverse of U (Lemma 5.5) and A ∼= T ◦ D(A) for each complete

L-lattice A (Proposition 4.4), the fundamental theorem [7] of formal concept lattices can
be immediately extended to the non-commutative fuzzy setting as follows.

Theorem 6.1. ([6] for the commutative case) B(X, Y,R) is a complete L-lattice for each
L-context (X, Y,R) and each complete L-lattice is isomorphic to B(X, Y,R) for some L-
context (X, Y,R).

Definition 6.2. A category C is called self dual if there exists a contravariant functor
(−)⊥ on C such that (−)⊥ ◦ (−)⊥ = id, the identity functor on C. For each morphism
f : A −→ B, f⊥ : B⊥ −→ A⊥ is called the dual of f .

L-Ctx is a self dual category. The dual of an infomorphism (f, g) : (X, Y,R) −→
(A,B, S) is given by (f, g)⊥ = (g, f) : (B,A, Sop) −→ (Y,X,Rop).

L-Sup is a self dual category if (L,&) is a commutative unital quantale. For a left
adjoint f : A −→ B between complete L-lattices, let g : B −→ A be the right adjoint of
f . The dual f⊥ of f is given by the left adjoint g : Bop −→ Aop.

The following proposition says that the formal concept lattice functor B : L-Ctx −→
L-Sup preserves the dual structures of L-Ctx and L-Sup up to a natural isomorphism.

Proposition 6.3. If (L,&) is a commutative unital quantale, then the diagram

L-Ctx L-Sup
B

//

L-Ctx

L-Ctx

(−)⊥

��

L-Ctx L-SupB // L-Sup

L-Sup

(−)⊥

��
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commutes up to a natural isomorphism.

Proof. By definition, the functors (−)⊥ ◦B and B ◦ (−)⊥ map an L-context (X, Y,R) to
B(X, Y,R)⊥ =

(
R↓ ◦R↑(LX)

)op
and B(Y,X,Rop) = R↑ ◦R↓(LY ) respectively, hence

η(X,Y,R) = R↑ : B(X, Y,R)⊥ −→ B(Y,X,Rop)

is an isomorphism of complete L-lattices for each L-context (X, Y,R). We claim that
η = {η(X,Y,R)} is a natural isomorphism from (−)⊥ ◦B to B ◦ (−)⊥. To this end, we must
show that for each infomorphism (f, g) : (X, Y,R) −→ (A,B, S), the following diagram is
commutative:

B(X, Y,R)⊥ B(Y,X,Rop)
R↑

//

B(A,B, S)⊥

B(X, Y,R)⊥

B(f,g)⊥

��

B(A,B, S)⊥ B(B,A, Sop)
S↑ //B(B,A, Sop)

B(Y,X,Rop)

B(g,f)

��

Since
B(f, g)⊥ = f ∗ :

(
S↓ ◦ S↑(LA)

)op −→ (
R↓ ◦R↑(LX)

)op
and

B(g, f) = g∗ : S↑ ◦ S↓(LB) −→ R↑ ◦R↓(LY ),

we only need to show that g∗ ◦ S↑ = R↑ ◦ f ∗. For all λ ∈ S↓ ◦ S↑(LA) and y ∈ Y ,

R↓ ◦ g∗ ◦ S↑(λ)(x) = R↓ ◦ g→ ◦ S↑(λ)(x)

=
∧
y∈Y

(
g→ ◦ S↑(λ)(y)→ R(x, y)

)
=

∧
y∈Y

∧
g(b)=y

(
S↑(λ)(y)→ R(x, y)

)
=

∧
b∈B

(
S↑(λ)(y)→ R(x, g(b))

)
=

∧
b∈B

(
S↑(λ)(y)→ S(f(x), b)

)
= S↓ ◦ S↑(λ)(f(x))

= λ(f(x))

= f ∗(λ)(x),

hence R↓ ◦ g∗ ◦ S↑ = f ∗, and consequently g∗ ◦ S↑ = R↑ ◦ f ∗. This completes the proof.
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6.2. The property oriented concept lattice functor

Let (X, Y,R) be an L-context, define a pair of operators (R∃, R
∀) between the L-

powersets of X and Y by

R∃ : LX −→ LY , R∃(µ)(y) =
∨
x∈X

R(x, y)&µ(x)

and
R∀ : LY −→ LX , R∀(λ)(x) =

∧
y∈Y

(R(x, y)↘ λ(y)).

It is easy to check that
LY (R∃(µ), λ) = LX(µ,R∀(λ))

for all µ ∈ LX and λ ∈ LY , hence R∃ a R∀ : LX ⇀ LY is an L-adjunction. Therefore,
R∀ ◦R∃ is an L-closure operator on LX .

A pair (µ, λ) ∈ LX × LY is called a property oriented concept if λ = R∃(µ) and µ =
R∀(λ). µ is called the object and λ is called the property. The set of all property oriented
concepts of (X, Y,R) is denoted by P(X, Y,R). For (µ1, λ1), (µ2, λ2) ∈ P(X, Y,R), let

P(X, Y,R)((µ1, λ1), (µ2, λ2)) = LX(µ1, µ2) = LY (λ1, λ2),

then P(X, Y,R) becomes an L-ordered set. The projection

π1 : P(X, Y,R) −→ LX , (µ, λ) 7→ µ

is clearly an L-isometry. Since the image of π1 is exactly the set of fixed points of the
L-closure operator R∀ ◦ R∃ : LX −→ LX , we get that P(X, Y,R) is isomorphic to the
L-closure system R∀ ◦ R∃(LX) of the complete L-lattice LX , hence P(X, Y,R) is itself a
complete L-lattice, called the property oriented concept lattice of (X, Y,R).

The projection
π2 : P(X, Y,R) −→ LY , (µ, λ) 7→ λ

is also an L-isometry and the image of π2 is exactly the set of fixed points of the function
R∃ ◦R∀ : LY −→ LY . Hence P(X, Y,R) is also isomorphic to R∃ ◦R∀(LY )4. Both

R∃ : R∀ ◦R∃(LX) −→ R∃ ◦R∀(LY )

and
R∀ : R∃ ◦R∀(LY ) −→ R∀ ◦R∃(LX)

are isomorphisms and are inverse to each other.
In order to see the functoriality of property oriented concept lattices, we present the

following proposition first.

4R∃ ◦R∀ : LY −→ LY is an L-opening operator on LY and R∃ ◦R∀(LY ) is an L-opening system on LY

in the terminology of [17].
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Proposition 6.4. Let (f, g) : (X, Y,R) −→ (A,B, S) be an infomorphism in L-Ctx. Then
f : (X,R∀ ◦R∃) −→ (A, S∀ ◦ S∃) is continuous.

Proof. Consider the following diagram:

LA LB
S∃

//

LX

LA

f→

��

LX LY
R∃ // LY

LB

g←

��
LB LA

S∀
//

LY

LB

LY LXR∀ // LX

LA

f→

��

We must show that f→ ◦R∀ ◦R∃(µ) ≤ S∀ ◦S∃ ◦ f→(µ) for all µ ∈ LX . The proof is similar
to that of Proposition 5.1, and is omitted here.

By virtue of Proposition 6.4 we obtain a functor V : L-Ctx −→ L-Cls that sends an
infomorphism

(f, g) : (X, Y,R) −→ (A,B, S)

to the continuous function

f : (X,R∀ ◦R∃) −→ (A, S∀ ◦ S∃).

If we identify P(X, Y,R) with R∀ ◦R∃(LX), then P(X, Y,R) = T ◦ V (X, Y,R). Hence
P is a functor from L-Ctx to L-Sup, the composition of V : L-Ctx −→ L-Cls and
T : L-Cls −→ L-Sup.

L-Ctx L-Sup
P //L-Ctx

L-Cls

V

��

L-Sup

L-Cls

D

��

L-Sup

L-Cls

BB

T

The functor P : L-Ctx −→ L-Sup is called the property oriented concept lattice functor
(or, the concept lattice functor based on rough set theory). P sends an infomorphism

(f, g) : (X, Y,R) −→ (A,B, S)

to the left adjoint
f∗ : R∀ ◦R∃(LX) −→ S∀ ◦ S∃(LA)

between complete L-lattices.
In the following we discuss the relationship between the concept lattice functors B and

P.
If d ∈ L is a dualizing element, let ¬l,¬r : L −→ L be defined by

¬la = d↙ a, ¬ra = a↘ d.
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For each set X, the functions ¬l,¬r can be extended to LX pointwisely. In particular,
the correspondence (X, Y,R) 7→ (X, Y, d ↙ R) gives a functor ¬l : L-Ctx −→ L-Ctx
which leaves the morphisms untouched. The functor ¬r : L-Ctx −→ L-Ctx is defined in
a similar way.

It is easy to see that if d is a dualizing element, then the functors ¬l : L-Ctx −→ L-Ctx
and ¬r : L-Ctx −→ L-Ctx are inverse to each other.

Lemma 6.5. If d is a dualizing element, then for any L-context (X, Y,R), it holds that
R∃ = ¬l ◦ (¬rR)↑ and R∀ = (¬rR)↓ ◦ ¬r.

Proof. Straightforward calculation by help of Proposition 2.4.

Proposition 6.6. If L has a dualizing element d, then V = U ◦¬r and it has a left adjoint
right inverse given by G = ¬l ◦ F : L-Cls −→ L-Ctx.

Proposition 6.7. If L has a dualizing element d, then P = B ◦ ¬r and B = P ◦ ¬l.

It follows immediately from the above proposition and Theorem 6.1 that if L has a
dualizing element, then every complete L-lattice is of the form P(X, Y,R) for some L-
context (X, Y,R). The converse conclusion is also true under some mild assumptions.

Proposition 6.8. ([17] for the commutative case) If (L,&) is a quantale with 1 ∈ L being
a unit element and 0 ∈ L a cyclic element, then the following are equivalent:

(1) 0 is a dualizing element, hence L is a Girard quantale.

(2) The functor V : L-Ctx −→ L-Cls has a right inverse, i.e., there exists a functor
G : L-Cls −→ L-Ctx such that V ◦G = 1.

(3) Each complete L-lattice is isomorphic to P(X, Y,R) for some L-context (X, Y,R).

Proof. (1)⇒ (2) Proposition 6.6.
(2)⇒ (3) Similar to Theorem 6.1.
(3) ⇒ (1) This can be proved similarly as in the commutative case in [17] by help of

L-opening operators and L-opening systems, the details are left to the reader.

7. Conclusion

For a unital quantale (L,&), the process that sends an L-context (X, Y,R) to the
formal concept lattice B(X, Y,R) is a functor B : L-Ctx −→ L-Sup from the category
L-Ctx of L-contexts and infomorphisms to the category L-Sup of complete L-lattices and
left adjoints. This functor can be written as the composition of a right adjoint functor
U : L-Ctx −→ L-Cls and a left adjoint functor T : L-Cls −→ L-Sup, where L-Cls is the
category of L-closure spaces and continuous functions.

The process that sends an L-context (X, Y,R) to the property oriented concept lattice
P(X, Y,R) also forms a functor P : L-Ctx −→ L-Sup.

If (L,&) has a dualizing element, then the property oriented concept lattice functor
P : L-Ctx −→ L-Sup can be written as a composition of the formal concept lattice functor
B : L-Ctx −→ L-Sup following a functor L-Ctx −→ L-Ctx, and vice versa.
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