Fixed points of adjoint functors enriched in a quantaloid

Hongliang Lai?, Lili Shen®!*

“School of Mathematics, Sichuan University, Chengdu 610064, China
b Department of Mathematics and Statistics, York University, Toronto, Ontario M3J 1P3, Canada

Abstract

Representation theorems are established for fixed points of adjoint functors between categories enriched in a small
quantaloid. In a very general setting these results set up a common framework for representation theorems of concept
lattices in formal concept analysis (FCA) and rough set theory (RST), which not only extend the realm of formal
contexts to multi-typed and multi-valued ones, but also provide a general approach to construct various kinds of
representation theorems. Besides incorporating several well-known representation theorems in FCA and RST as well
as formulating new ones, it is shown that concept lattices in RST can always be represented as those in FCA through
relative pseudo-complements of the given contexts, especially if the contexts are valued in a non-Girard quantaloid.
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1. Introduction

This paper aims to establish general representation theorems for fixed points of adjoint functors between categories
enriched in a small quantaloid ©, which set up a common framework for representation theorems of concept lattices
in formal concept analysis (FCA) [4, 6] and rough set theory (RST) [17, 18] in the generality of their Q-version.
As Galois connections between posets are precisely adjoint functors between categories enriched in the two-element
Boolean algebra 2, we start the introduction from this classical case.

A Galois connection [4] s 4 t between posets C, D consists of monotone maps s : C — D, t : D — C such that
s(x) <y & x<t(y)forall x € C,y € D. By a fixed point of s 4 ¢ is meant an element x € C with x = ¢s(x) or,
equivalently, an element y € D with y = s#(y), since

Fix(ts) :={x e C | x =ts(x)} and Fix(st) :={ye D]y = st(y)}

are isomorphic posets with the inherited order from C and D, respectively. As the first main result of this paper, the
following theorem characterizes those posets representing Fix(ts) = Fix(s?):

Theorem 1.1. Let s 4t : D — C be a Galois connection between posets. A poset X is isomorphic to Fix(ts) if, and
only if; there exist surjective mapsl: C — X and r : D — X such that

YeeC,VdeD: s(c)<dinD < I(c)<r(d)inX.

It is well known that if C, D are complete lattices, then so is Fix(zs) = Fix(s?). In this case, the above representation
theorem can be strengthened to the following one, which is our second main result, in terms of \/-dense and /\-dense
maps:
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Theorem 1.2. Let s 4 t : D — C be a Galois connection between complete lattices. A complete lattice X is
isomorphic to Fix(ts) if, and only if, there exist \/-dense maps f : A — X, k : A — C and \\-dense maps
g:B— X, h: B —> D such that

VYac A,VbeB: sk(a) <h(b)inD < f(a)<g)inX.
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These two theorems play the role of general representation theorems and their power will be revealed when being
applied to concept lattices. To see this, recall that given a relation ¢ : A —e— B between sets (usually called a formal
context, or context for short, and written as (A, B, ¢) in FCA and RST), there are two Galois connections

erH¢gt (2B — 24 and ¢4, 20 — 2P (1.0)

given by
ep(U)={yeB|VxeU: xpy}, ¢ (V)={xcA|YyeV: xpy},
eV)y={xecA|IyeV: xpy}, ¢.(U)={yeB|VxeA: xpy = x€ U}

for all U C A, V C B; the complete lattices consisting of their fixed points,
Mg := Fix(¢'@r) and Ky := Fix(g.¢"),

are respectively (up to isomorphism) the concept lattices of the context (A, B, ¢) in FCA and RST?. The fundamental
theorem of FCA characterizes those complete lattices representing Me:

Theorem 1.3. (See [4, 6].) A complete lattice X is isomorphic to My if, and only if, there exist a \/-dense map
fi1A— Xanda \-dense map g : B — X such that

Yace A, VYbeB: apb < f(a) < gb)inX.
The following diagrams explain how one derives the above theorem from 1.1 and 1.2:
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Explicitly, for the “only if”” part of Theorem 1.3 it suffices to consider X = Mg; one has a \/-dense map {-}, :
A — 2% sending each x € A to the singleton set {x} C A whose composition with [ : 24 — Mg from Theorem 1.1
gives the required \/-dense map f : A — My, and the A\-dense map g : B — My is constructed dually. Conversely,
for the “if”” part the \/-dense maps [ : A — X, {-}4 1 A — 24 and /\-dense maps g : B— X, {-}p: B — (28)°p
fulfill the requirements of Theorem 1.2; indeed, one may further show that the left Kan extension | : 24 — X of f

2My and K are also called the formal concept lattice and the object-oriented concept lattice of the context (A, B, @), respectively.
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along k [16] and the right Kan extension r : (28)°° — X of g along h (see Subsection 4.2) satisfy the requirements of
Theorem 1.1.

As for the representation of Ky, since it is well known that Ko = M(—¢) [5, 32], where —¢ : B —+ A is the
complement of the relation ¢ : A —e~ B given by

Vbe B,VaeA: b(—~p)Ja — —(apb),
the following theorem easily follows from 1.3:

Theorem 1.4. A complete lattice X is isomorphic to Ky if, and only if, there exist a \/-dense map f : B — X and a
N\-dense map g : A — X such that

Vbe B, YaeA: b(~p)a > f(b) <g(a)inX.

As (unital) quantales are usually chosen as truth tables in fuzzy set theory, Galois connections have been extended
to the quantale-valued setting [1, 8] as well as the theories of FCA and RST [2, 3, 7, 14, 19], and all the representation
theorems stated above can be established in this general setting. Since Galois connections between quantale-valued or-
dered sets are precisely adjoint functors between quantale-enriched categories, in fact, we will present these theorems
in an even more general framework of adjoint functors between categories enriched in a small quantaloid Q.

Quantaloids [23] may be thought of as quantales with many objects; indeed, let Sup denote the symmetric
monoidal closed category of complete lattices and sup-preserving maps, then a quantale is a monoid in Sup while
a quantaloid is a category enriched in Sup. The theory of quantaloid-enriched categories (or Q-categories for short),
as an extension of quantale-enriched categories [11, 13, 15], has been developed in [9, 23, 27, 28]; the survey paper
[30] is particularly recommended as an overview of this theory for the readership of fuzzy logicians and fuzzy set
theorists.

We recall the basics of quantaloid-enriched categories in Section 2 and present Kan extensions and (co)dense
O-functors as our key tools in Section 4. Under this general framework, Sections 3 and 5 are respectively devoted to
establishing our main results, Theorems 1.1 and 1.2, in the generality of their Q-version:

e Theorem 3.3: LetS 4 7 : D — C be an adjunction in Q-Cat. A Q-category X is equivalent to Fix(7'S) if, and
only if, there exist essentially surjective Q-functors L : C — X and R : D — X with D(S -, -) = X(L—, R-).

e Theorem 5.1: Let S 4 T : D — C be an adjunction between complete Q-categories. Then a complete Q-
category X is equivalent to Fix(7'S) if, and only if, there exist dense Q-functors F': A — X, K : A — C and
codense Q-functors G: B — X, H : B — D with D(SK—, H-) = X(F-, G-).

N N
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In fact, Theorems 1.1 and 1.2 are respectively special cases of Corollary 3.5 and Theorem 7.3 when Q = 2, which
will be shown later as immediate consequences of Theorems 3.3 and 5.1.

The applications of the general representation theorems in FCA and RST are discussed in Section 6. Note that
distributors between Q-categories (or Q-distributors for short) generalize relations between sets in the sense that a
O-distributor may be thought of as a multi-typed and multi-valued relation which respects the Q-categorical structures
in its domain and codomain. Thus, Q-distributors may be considered as multi-typed and multi-valued contexts upon
which a general theory of FCA and RST can be established (see [24, Section 4] for instance).

Explicitly, each Q-distributor ¢ : A —e—+ B induces two pairs of adjoint Q-functors between the (co)presheaf
O-categories of A and B, i.e.,

o119t :PTB— PA and ¢ +¢,:PA— PB,
3



called respectively the Isbell adjunction and Kan adjunction [26] induced by ¢, whose fixed points constitute complete
O-categories My and Ke, respectively. As our notations already suggest, Isbell adjunctions and Kan adjunctions in-
duced by Q-distributors present the Q-categorical version of the Galois connections (1.i) in FCA and RST. Therefore,
for a Q-distributor ¢ : A —e+ B, My and Ky may be respectively viewed as “concept lattices” of the multi-typed and
multi-valued context (A, B, ¢) in FCA and RST.

Although it is straightforward to extend Theorem 1.3 to the Q-version (see Theorem 6.5), the validity of Theorem
1.4 relies heavily on the fact that 2, as a Boolean algebra, satisfies the law of double negation, which guarantees the
existence of the complement —. For a quantaloid Q, the existence of - requires Q to be a Girard quantaloid [22]
(an extension of Girard quantales [21, 33]). In fact, it is impossible to extend Theorem 1.4 directly to the Q-version
without assuming Q being Girard: as Lai-Zhang revealed in the case that Q is a commutative integral quantale® (see
[14, Proposition 5.5]), in general a codense Q-functor A — K¢ may not even exist! This observation can be extended
to a quantaloid Q@ with some mild assumptions (Proposition 6.10), which reveals that even the existence of codense
Q-functors A — PA would require Q to be Girard.

Hence, for a general quantaloid Q, in order to apply Theorem 5.1 to K¢, one needs to find a non-trivial codense Q-
subcategory of PA which would unavoidably have a larger size than A. To this end, we construct a Q-subcategory A of
PA consisting of all the possible relative pseudo-complements of representable copresheaves on A. Then, by defining
the O-distributor A” : A —e- A as the codomain restriction of the graph of the Yoneda embedding (Y,), : A —e+ PA,
one has the relative pseudo-complement

¢ =Ny
of any Q-distributor ¢ : A —e— B with respect to A”, through which the precise condition of a complete Q-category
representing Ko is obtained (Theorem 6.14). Indeed, we prove

Ko = Mg~ (1.i1)

in the proof of 6.14, which represents the “concept lattice” of any multi-typed and multi-valued context in RST as the
“concept lattice” of the relative pseudo-complement of the given context in FCA. Furthermore, the identity (1.ii) can
be established on the functorial level as Proposition 6.20 reveals.

Finally, Theorem 7.3 is presented in Section 7 as an elementary representation theorem for fixed points of adjoint
Q-functors in terms of order-theoretic notions, i.e., \/-dense and A-dense maps. By the aid of this theorem one
is able to incorporate Bélohldvek’s representation theorem for concept lattices of quantale-valued contexts in FCA
[3, Theorem 14(2)] and Popescu’s representation theorem for those in RST [19, Proposition 7.3] into our general
framework (see Corollary 7.9 and Remark 7.10). In fact, their results are extended to the quantaloid-enriched version
(Theorems 7.7 and 7.8) which outline the difference between the representations of My and Kg; as Corollary 7.9
shows, this subtle distinction could easily be ignored when Q is a quantale.

2. Quantaloid-enriched categories

A quantaloid [23] Q is a locally ordered 2-category whose hom-sets are complete lattices such that the composi-
tion o of arrows preserves joins in each variable. The corresponding adjoints induced by the compositions

—ou-d— u:Qp,r)— 9lg,r),
vo—4v N\, —:Q(p,r) — QAp,q)

satisfy
vousw e v<iw,/Ju < usv\yw

for all Q-arrowsu : p — ¢, v : g — r,w: p —> r, where the operations ./, \ are called left and right implications
in Q, respectively.

Unless otherwise specified, throughout this paper Q denotes a small quantaloid with a set Q of objects and a set
Q) of arrows. The identity Q-arrow on g € Qg will be denoted by 1,,.

3 An integral quantale is a unital quantale in which the unit is the top element of the quantale.
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Considering Q as a “base” set, a Q-typed set is a set A equipped with a map |-| : A — Q sending each x € A to
its type |x| € Qp. Amap F : A — B between O-typed sets is type-preserving if |x| = |Fx| for all x € A. Q-typed sets
and type-preserving maps constitute the slice category Set | Q.

A Q-category A consists of a Q-typed set Ay and hom-arrows A(x,y) € Q(|x,|y|) for all x,y € Ay such that
Ly < A(x, x) and A(y,z) o A(x,y) < A(x,2) for all x,y,z € Ag. A Q-category B is a Q-subcategory of A if By C Ay
and B(x, y) = A(x,y) for all x,y € By.

Each Q-category A admits a natural underlying (pre)order on Ay given by x < y if [x| = [yl and 1y < A(x,y). A
Q-category A is separated (or skeletal) if x = y (i.e., x < yand y < x) implies x = y for all x,y € Ay.

A O-distributor ¢ : A —e— B between Q-categories is given by a family of Q-arrows {¢(x,y) : x| — [¥l}xeayeB,
such that B(y,y") o ¢(x,y) o A(x', x) < o(x’,y") for all x,x" € Ay, y,y" € By. With the pointwise local order inherited
from Q, O-categories and Q-distributors constitute a (large) quantaloid Q-Dist in which

Yop:A—->C, Wop(rz)=\/v(.2) 0wy

YyeBy
£/ ¢:BorC, (/900 = |\ &x2) ¢lxy),
xehy
UNEA B, @NOxY = \ v\ Ex2)
7€Cy

for Q-distributors ¢ : A —=+ B, : B —+ C, ¢ : A —e= C; the identity O-distributor on A is given by hom-arrows
A A - A

A O-functor F : A — B between Q-categories is a type-preserving map F : Ay — By with A(x, x') <
B(Fx, Fx') for all x,x" € Ay. With the pointwise (pre)order of Q-functors given by

F<G:A—B & VxcAy: Fx<Gx & VxeAy: 1y <BFx,Gx),

Q-categories and Q-functors constitute a 2-category Q-Cat.

Remark 2.1. The dual of a Q-category A is a Q°-category?, given by A" = Aj and A(x,y) = A(y, x) for all
x,y € Ag. Each Q-functor F : A — B becomes a Q°-functor F°P : A°® — B° with the same mapping on
objects but (F’)°? < F° whenever F < F’ : A — B. Each Q-distributor ¢ : A —+ B corresponds bijectively to a
QCP-distributor ¢ : BP —e+ AP with ¢°P(y, x) = ¢(x,y) for all x € Ay, y € By. Therefore, as already noted in [27],
one has a 2-isomorphism

(=) : Q-Cat = (Q°°-Cat)° (2.1)

and an isomorphism of quantaloids
(=) : O-Dist = (Q°P-Dist)*, (2.i1)

where “co” refers to reversing order in hom-sets.
Each Q-functor F : A — B induces a pair of Q-distributors given by
Fy:A->B, Fyx,y) =B(Fxy) and F':B - A, Fi(y,x)=B(,Fx),

called respectively the graph and cograph of F, which form an adjunction Fy 4 F %in the 2-category Q-Dist, i.e.,
A<Ffo Fyand Fy o F% < B. Itis easy to see

F<G:A—B e G <F:A B e F<G:B-oA, (2.ii)

and therefore
(-); : Q-Cat — (Q-Dist)®, (-)": Q-Cat —> (Q-Dist)* (2.iv)

are both 2-functors.
It is straightforward to verify the following propositions:

4The terminologies adopted here are not exactly the same as in the references [27, 28, 29, 30]: Our Q-categories are exactly Q°P-categories in
the sense of Stubbe.



Proposition 2.2. For any Q-distributor ¢ : A —e B and Q-functors F : X — A, G : Y — B,
@(F-,G-) =G ogo Fy =Gy \ (¢ / F".

Proposition 2.3. (See [26].) Let F : A — B be a Q-functor.

(1) A=Fbo Fy if, and only if, F is fully faithful in the sense that A(x,y) = B(Fx, Fy) for all x,y € A,.
(2) If F is essentially surjective in the sense that there exists x € Ag with Fx = y for all y € By, then Fyo F = B.

Proposition 2.4. (See [9].) The following identities hold for all Q-functors F and Q-distributors ¢,  whenever the
operations make sense:

(1) poFy=¢ / F% Filop=F,\, ¢

(2) (Fpop) Ny =9\, (Floy), WoFy),/¢=y¢, (poFH.
B) e\ oFy=p\WoF,), FloW .,/ ¢ =F oy /¢
4) Flo(@\ W) =(poF) \¢, W/ @ oFy=y¢/ (Fiop).

A Q-functor F : A — B is an equivalence (resp. isomorphism) of Q-categories if there exists a Q-functor
G :B — A with GF = 1, and FG = 1 (resp. GF = 1, and FG = 1), where 14 and lp respectively denote the
identity O-functors on A and B. In this case, we write A ~ B (resp. A = B) to denote that A and B are equivalent
(resp. isomorphic) Q-categories.

Proposition 2.5. (See [27].) A Q-functor is an equivalence (resp. isomorphism) of Q-categories if, and only if, it is
fully faithful and essentially surjective (resp. fully faithful and bijective).

A pair of Q-functors F : A — B, G : B — A forms an adjunction F 4 G : B — A in Q-Cat if 1, < GF and
FG < 1g. It is easy to obtain the following equivalent characterizations of adjoint Q-functors:

Proposition 2.6. (See [27].) Let F : A — B, G : B — A be a pair of Q-functors. Then

FA4Gin Q-Cat & F,=G" & Gy F,in Q-Dist & G* 4 F" in Q-Dist.

3. Fixed points of adjoint O-functors and their representation

For a O-functor F : A — A, an object x € Ay is a fixed point of F if Fx = x, and we denote by Fix(F) the
Q-subcategory of A consisting of fixed points of F.
A Q-closure operator [26] on a Q-category A is a Q-functor F : A — A with 1, < Fand FF = F.

Proposition 3.1. (See [26].) For each Q-closure operator F : A — A, the inclusion Q-functor Fix(F) —— A is
right adjoint to the codomain restriction F : A — Fix(F).

Remark 3.2. In the language of category theory, a Q-closure operator F : A — A is a Q-monad on A (note that the
“Q-natural transformation” between O-functors is simply given by the local order in Q-Cat), and objects in Fix(F)
are precisely Eilenberg-Moore algebras of this Q-monad.

Dually, Q-interior operators correspond bijectively to Q°P-closure operators under the isomorphism (2.i) in Re-
mark 2.1; that is, Q-functors F : A — A with F < 14 and FF = F. The dual of Proposition 3.1 states precisely
that for each Q-interior operator F : A — A, the inclusion Q-functor Fix(F) —— A is left adjoint to the codomain
restriction F : A — Fix(F).

Each adjunction S 4 7 : D — C in Q-Cat gives rise to a Q-closure operator 7S : C — C and a Q-interior
operator ST : D — D. It is easy to see that the restrictions of S and T,

S :Fix(TS) — Fix(ST) and T :Fix(ST) — Fix(TS),

establish an equivalence of Q-categories, thus objects in both Fix(7'S) and Fix(S T') will be referred to as fixed points
of the adjoint Q-functors S 4 7. The following theorem describes those Q-categories which represent the fixed points
of S 4 T:



Theorem 3.3. Let S 4T : D — C be an adjunction in Q-Cat. A Q-category X is equivalent to Fix(TS) if, and only
if, there exist essentially surjective Q-functors L : C — Xand R : D — X with Sy = Rio Ly.

N §,=T*"

(® L D C D
T
X X

Proof. Necessity. It suffices to prove the case X = Fix(7T'S). Let L : C — Fix(T'S) and R : D — Fix(T'S) be the
codomain restriction of 7S : C — Cand T : D — C, respectively, then L and R are clearly essentially surjective
and satisfy

Sy=(STS)y $A47)
=T o (TS ) (S 4 T and Proposition 2.6)
=C(TS-,T-) (Proposition 2.2)
= Fix(TS)(L-,R-)
=Rfo L. (Proposition 2.2)

Sufficiency. We show that the restriction L’ : Fix(T'S) — X of L is an equivalence of Q-categories.
First, LT = R and RS = L. Indeed, by Propositions 2.3(2) one has

Ri=RioLolf=S,0l"=T o =(LT)" and L,=R,oR'oL,=Ry0S;,=(RS),

Thus the conclusion follows from (2.iii).
Second, L’ is fully faithful since for all ¢, ¢’ € Fix(T'S),

X(L'e,L'c") = X(Le, LTS ¢') (c=TSc)
= X(Lc,RS¢') (LT = R)
= Sy(c,S¢) (Sy =R o Ly = X(L-,R-))
=T%ec,Sc) (T = S})
=C(c, TS¢)
= Fix(TS)(c, ). (c=TSc)

Finally, L’ is essentially surjective since for any ¢ € Cy, RS = Land S -4 T imply
Lc=RSc=RSTSc=L(TSc)=L(TSc). (3.1)
Hence the essential surjectivity of L : C — X implies that of L', completing the proof. O

From (3.i) in the above proof one sees that L, up to isomorphism, is the composition of an equivalence L’ :
Fix(TS) — X and a left adjoint 7'S : C — Fix(T'S) (see Proposition 3.1), thus L itself must be a left adjoint in
O-Cat. Similarly one may deduce that R is a right adjoint in Q-Cat:

Corollary 3.4. The Q-functors L and R in Theorem 3.3 are respectively a left adjoint and a right adjoint in Q-Cat.

The condition given in Theorem 3.3 can be weakened as in the following corollary since the Q-functoriality of L
and R is self-contained:

Corollary 3.5. Let S 4T : D — C be an adjunction in Q-Cat. A Q-category X is equivalent to Fix(TS) if, and only
if, there exist essentially surjective type-preserving maps L : Co — Xg and R : Dy — Xo with Sy = X(L—,R-).

7



Proof. Forallc,c’ € Cy, let b € Dy with Rb = Lc’ and one has
C(e, ) < X(Lc', L) o Clc, )

= X(Lc',Rb) o C(c, ") (Rb = L")
= C(c', Th) o C(c, ") (T* = Sy = X(L-,R-))
< C(c, Th)
= X(Lc, Rb) (T* = Sy = X(L-,R-))
= X(Le, L"), (Rb = L)
showing that L is a Q-functor, and the Q-functoriality of R can be proved similarly. U

It is readily seen that Corollary 3.5 reduces to Theorem 1.1 when Q = 2. However, in general the O-categories C
and D may be too “large” to compute whether a Q-category X is equivalent to Fix(7'S), and one would wish to find
O-categories with smaller size than C and D which are able to generate the required Q-functors L : C — X and
R : D — X. A natural way is through dense and codense Q-functors introduced in the next section.

4. Weighted (co)limits, Kan extensions and (co)dense Q-functors

4.1. Weighted (co)limits in Q-categories
For each g € Qy, Let {g} denote the discrete Q-category with only one object g such that |g| = g and {g}(g,q) = 1,.

A presheaf with type g on a Q-category A is a O-distributor u : A —e—+ {g}. Presheaves on A constitute a Q-category
PA with

PAu.u) =W /1
for all u,y/ € PA. Dually, the Q-category PTA of copresheaves on A consists of Q-distributors A : {g} —e+ A as
objects with type g and

PTALY) =2\, 4
forall 1, 2’ € PTA. Tt is easy to see PTA = (PA°)°P as remarked in 2.1.

Remark 4.1. The underlying order of PTA is precisely the reverse local order in Q-Dist; that is, 4 < A in the
underlying order of PTA if and only if 2 < u in Q-Dist. In order to avoid confusion, we make the convention that
the symbol < between Q-distributors always refer to the local order in Q-Dist. Moreover, while \/ and / are used as
generic symbols for joins and meets, we write | | and [] instead for the underlying joins and meets in P*A to eliminate
ambiguity.

Given a Q-category A, the Yoneda embedding Y, : A — PA sends each x € Ay to A(—,x) € PA, and the
co-Yoneda embedding Y}, : A — PTA sends each x € Ag to A(x,~) € PTA. Both Y, and Y} are fully faithful
O-functors as the following Yoneda lemma implies:

Lemma 4.2 (Yoneda). (See [27].) Let A be a Q-category and u € PA, 1 € PTA. Then
p=PANY A=) = (Ya)(=p), A=PTAQ Y] =) = (YL (A, -).

Given a Q-functor F : X — A, the colimit of F weighted by a presheaf u € PX is an object colim, F € A, of
type |u| such that

A(colim,F,-) = Fy / . (4.1)
In particular, sup, u := colim, 1,, when it exists, is called the supremum of u € PA, which satisfies
AGupyp, —)=A / p. (4.i1)

Dually, the limit of F : X — A weighted by a copresheaf 1 € P"X is defined as lim, F = colim» F°P; that is, an
object lim, F' € A of type |4| such that

A=, limF) = A\, F~. (4.iii)
The infimum of A € PTA, when it exists, is given by infy A :=lim, 1.

8



Proposition 4.3. (See [27].) For all Q-functors F : X — A and u € PX, 1 € P'X,
colim,F = sup, F~u and UmyF =infoaF™ 2,
where the Q-functors F~ : PX — PA and F* : PTX — PTA are given by
FPu=uoF" and F"A=Fyol

A Q-category A is complete if it satisfies one of the equivalent conditions in the following theorem. In particular,
PA and P'A are both separated complete Q-categories.

Theorem 4.4. (See [27].) For any Q-category A, the following conditions are equivalent:

(1) A admits all weighted colimits.
(i) A admits all weighted limits.
(iii) Every u € PA has a supremum.
(iv) Every A € PTA has an infimum.
(V) Ya has a left adjoint sup, : PA — A in Q-Cat.
(i) Y} has a right adjoint inf, : PYA — A in Q-Cat.

It is well known that fixed points of a Q-closure operator or Q-interior operator on a complete Q-category consti-
tute a complete Q-category:

Proposition 4.5. (See [26].) Let F : A — A be a Q-closure operator (resp. Q-interior operator) on a complete
Q-category A. Then Fix(F) is also a complete Q-category.

4.2. Kan extensions of Q-functors

Given Q-functors K : A — B and F : A — C, the (pointwise) left Kan extension [27] of F along K, when it
exists, is given by
Lang F: B — C, (Lang F)b = colimg,p)F. (4.iv)

Remark 4.6. The (non-pointwise) left Kan extension of F : A — C along K : A — B, when it exists, is a
O-functor Lang F : B — C with
Lang F <SS < F<SK “4.v)

for all Q-functors § : B — C. It is easy to see that pointwise left Kan extensions defined by (4.iv) always satisfy
(4.v), but not vice versa. All Kan extensions considered in this paper are pointwise.

Dually, the (pointwise) right Kan extension of F along K is given by
Rang F = (Langw FP)® : B — C, (Rang F)b = limg:, _F. (4.vi)
From Equations (4.1) and (4.iii) one soon has the following characterization of Kan extensions:
Proposition 4.7. G : B — C is the left (resp. right) Kan extension of F : A — C along K : A — B if, and only if,
Gy=Fy,/ K, (resp. G" = K* \| F¥).
From Proposition 4.7 one may derive several useful formulas regarding to Kan extensions:

Proposition 4.8. (1) For any Q-functor F : A — B, F = Lan,, F = Ran;, F.
(2) For Q-functors F : A — C F': A —C,G:B—C,G:B—C,K:A—>XH:B—Y,

(Rany G)" o (Lang F); = (Rany G')" o (Lang F'),
whenever Gb o Fy= Gho Fé and Lang F, Lang F’, Rany G and Rany G’ exist.
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Proof. (1) is trivial. For (2), note that

(Rany G)* o (Lang F), = (H* \, G o (Lang F), (Proposition 4.7)
= H* \, (G* o (Lang F)y) (Proposition 2.4(3))
= H'\, (G* o (F, / Ky)) (Proposition 4.7)
= H*\, (G" o Fy) / Ky, (Proposition 2.4(3))

and similarly one has (Rany G')% o (Lang F'); = H* N\, (G o F}) ' Ky). Thus G'oFy = Gho F} implies
(Rany G)f o (Lang F); = (Rany G')" o (Lang F"),. O

The identity in Proposition 4.8(2) may be translated through Proposition 2.2 as C(F-,G-) = C'(F'—,G’'-) im-
plying C((Lang F)—, (Rang G)—) = C’((Lang F’)—, (Rangy G”)—) as the following diagram illustrates:

C

Lang F Rany G

(CI

If Lang F : B — C (resp. Rang F : B — C) exists, a Q-functor H : C — I is said to preserve Lang F (resp.
Rang F) if Lang HF (resp. Rang HF) exists and is isomorphic to H Lang F (resp. H Rang F). Lang F (resp. Rang F)
is absolute if it is preserved by any Q-functor with domain C. The following characterization of adjoint Q-functors
appeared in [27] in terms of non-pointwise Kan extensions, and here we strengthen it to the pointwise version:

Proposition 4.9. Let F : A — B be a Q-functor. The following statements are equivalent:

(1) F is a left (resp. right) adjoint in Q-Cat.
(i) Lang 1, (resp. Rang 1) exists and is absolute.
(iii) Lang 1, (resp. Rang 1,) exists and is preserved by F.

In this case, Lanp 15 : B — A (resp. Rang 15 : B — A) is the right (resp. left) adjoint of F.

Proof. (i) = (ii): If F 4 G, for the existence of Lany 1, it suffices to prove G = Lany 1,. Indeed, from Propositions
2.4(1) and 2.6 one has

Gy=A/ G =(lp)y / Fy

and thus Proposition 4.7 guarantees G = Lang 15. Now let H : A — C be any QO-functor, by applying again
Propositions 2.4(1) and 2.6 one has

(HG), = H,o G, = H, / G* = H, / F,,

showing that HG = Lang H.

(i1) = (iii): Trivial.

(iii) = (i): Let G = Lany 14, then FG = Lany F. By Proposition 4.7 one has

Gy=A/F, and F,/ F,=(FG),=F,0Gy=F,/ G,
where the last equality follows from Proposition 2.4(1). It follows that
Fy<Gy\A=G"<(F, / F) \ F,=Fy,
where the first equality follows from Proposition 2.4(1). Thus Fy = G*" and by Proposition 2.6 one has F 4 G. 0
10



The following characterizations of adjoint Q-functors will be useful in the sequel:

Proposition 4.10. (See [27].) Let F : A — B be a Q-functor. If F is a left (resp. right) adjoint in Q-Cat, then

(1) F is cocontinuous (resp. continuous) in the sense that F colim, G = colim, FG (resp. Flim, G = lim, FG) for
all Q-functors G : X — A and u € PX (resp. 1 € PTX).

(2) F is sup-preserving (resp. inf-preserving) in the sense that F sup, = supp F~ (resp. Finfy = infg F7).

(3) F preserves left (resp. right) Kan extensions of any Q-functor with codomain A.

(4) F is a left (resp. right) adjoint between the underlying ordered sets of A, B.

Moreover, if A is complete, then the following statements are equivalent:
(1) F is a left (resp. right) adjoint in Q-Cat.

(ii) F is cocontinuous (resp. continuous).

(iii) F is sup-preserving (resp. inf-preserving).

(iv) F preserves left (resp. right) Kan extensions.

4.3. (Co)dense Q-functors

A O-functor F : A — B is dense [26] if for any y € By, there exists 4 € PA such that y = colim, F. Dually, F is
codense if FP is a dense Q°P-functor; that is, y = lim, F for some A € P"A for any y € B.

A Q-subcategory B of A is dense (resp. codense) if the inclusion Q-functor J : B<— A is dense (resp. codense).
Example 4.11. For any Q-category A, the Yoneda embedding Y, : A — PA is dense since u = colim, Y, for all
u € PA. Dually, the co-Yoneda embedding YL : A — PTA is codense.

We have the following equivalent characterizations of dense and codense Q-functors:

Proposition 4.12. Let F : A — B be a Q-functor. The following statements are equivalent:

(1) F is dense (resp. codense).
(ii) F is sup-dense (resp. inf-dense) in the sense that there exists u € PA (resp. 1 € PTA) with y = supy F~u (resp.
y = infg F™ Q) for all y € By,.
@iii) Im(F) = {Fx | x € Ay} is a dense (resp. codense) Q-subcategory of B.
(iv) Fy / Fy =B (resp. FA\, F* = B).
(v) 1g = Lang F (resp. 1p = Rang F).
Proof. (i) & (ii): Follows immediately from Proposition 4.3.

(i) < (iii): Since one already has (i) & (ii), it suffices to show that F' is sup-dense if, and only if, the
inclusion Q-functor J : Im(F) < B is sup-dense. Let G : A — Im(F) be the codomain restriction of F, then
obviously F' = JG, and the surjectivity of G implies A o Gy, o G" = A for all A € P(Im(F)) by Proposition 2.3(2).

Lety € By. On one hand, if y = supg F~u for some u € PA, then G~ € P(Im(F)) satisfies

y = supgFu = supg G u.
On the other hand, if y = supy J~ A for some A € P(Im(F)), then 1 o Gy € PA satisfies
y = supgJ A =supgJ (1o Gyo G = supgJ G (4 0 Gy) = supgF (1 0 Gy).
(i) = (iv): One may find u € PA such that y = colim,, F for any y € By. Then

B(y,-) < Fy v/ Fy(=,)
< (Fy v Fy(=y) o BG.y)

=(Fy v Fy(=y) o (Fy(=y) v/ 1) (Equation (4.i))
<F/u
=B, -), (Equation (4.i))

and consequently B(y, —) = Fy /" Fy(=,y) = (Fy .~ Fp)(,-).
(iv) = (): Fy / Fy = B immediately implies B(y, —) = Fy ./ Fy(—,y); that is, y = colimp,( ) F for any y € Bo.
(iv) & (v): Follows immediately from Proposition 4.7. O
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Corollary 4.13. (1) Every essentially surjective Q-functor is both dense and codense.

(2) If Q-functors F : A — B and G : B — C are both dense (resp. codense) and G is a left (resp. right) adjoint in
Q-Cat, then GF : A — C is dense (resp. codense).

Proof. (1) is easy. For (2), note that Gy = HY if G 4 H in O-Cat, and thus

C =Gy Gy (Proposition 4.12(iv))
=Gyo (B / Gy (Gy = H" and Proposition 2.4(3))
=Gyo ((Fy v Fy) v Gy (Proposition 4.12(iv))
= Gy o (F; o/ (GF)y)
=(GF), v (GF), (Gy = H" and Proposition 2.4(3))
showing that GF is dense. O

5. Representation theorem in terms of (co)dense O-functors

Now we are ready to present the second main result of this paper. If S 4 T : D — C is an adjunction between
complete Q-categories, Proposition 4.5 guarantees the completeness of Fix(7'S) ~ Fix(S T). In this case, the following
representation theorem can be established through dense and codense Q-functors:

Theorem 5.1. Let S 4 T : D — C be an adjunction between complete Q-categories. Then a complete Q-category
X is equivalent to Fix(TS) if, and only if, there exist dense Q-functors F : A — X, K : A — C and codense
Q-functors G : B — X, H:]B%—>ID)withHh0Su0Kh =Gh0Fh.

S S.=T"
C__—_ D . C — D
TN 5 e
B B

X X
Proof. Necessity. One may find essentially surjective Q-functors L : C — X and R : D — X with §y, = Rio Ly
by Theorem 3.3. Then the dense Q-functors L : C — X, I¢ : C — C and the codense Q-functors R : D — X,
Ip : D — D clearly satisfy R% o Ly=Sy= lﬁ) oSy o (1.

Sufficiency. The completeness of X guarantees the existence of the Kan extensions (see the definitions in (4.iv)
and (4.vi))

A A

L:=Lang F:C—X and R:=RanyG:D — X.

N
K T H
A LLanx /RanH G B (5.9
\ /
X

We show that L and R satisfy the conditions in Theorem 3.3.
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First, LK = F and RH = G; that is, L and R are actually extensions of F' and G, respectively. For this, note that

Fy = (Rang G)fo (Lan;, F)y (Propositions 4.8(1) and 4.12(v))
= (Rang H) o (Lan;, SK), (H% o SyoKy = Gho Fy, and Proposition 4.8(2))
= (Rang H) o (S K)y (Propositions 4.8(1))
= (Rang H)* o (S Lang K)o K, (Proposition 4.12(v))
= (Rang H) o (Lang S K); o K, (Proposition 4.10(3))
= (Rang G)" o (Lang F), o K, (H" 0 S, o Ky = G" o F; and Proposition 4.8(2))
= Lo Ky, (Proposition 4.12(v))

and thus the conclusion follows (see (2.iii)). Similarly one may prove RH = G.
Second, L and R are essentially surjective. To this end, note that S = T4 implies

G'oF,=H'0S,0K,=H*0oT oK, = (THf o K,, (5.ii)
and consequently
L, = (Rang G)h o (Lang F)y (Proposition 4.12(v))
= (Rang TH)h o (Lang K)y (Equation (5.ii) and Proposition 4.8(2))
= (Rang TH)", (Proposition 4.12(v))

where the existence of Rang TH is guaranteed by the completeness of C. Thus L 4 Rang TH in Q-Cat and, as
a left adjoint, L is cocontinuous (see Proposition 4.10(1)). Therefore, for any x € Xy one may find u € PA with
x = colim, F, and consequently colim, K € C satisfies

L(colim, K) = colim,LK = colim,F = x,

where the second isomorphism follows from LK = F. Hence L is essentially surjective. Similarly one may obtain the
essential surjectivity of R by showing that R is a right adjoint in Q-Cat (with Lany S K as its left adjoint) and applying
RH = G.

Finally, Sy = Rbo Ly. Indeed,

Sy = (S Lang K), (Proposition 4.12(v))
= (Lang S K)y (Proposition 4.10(3))
= (Rany H )h o (Lang S K), (Proposition 4.12(v))
= (Rany G)" o (Lang F)y (H%o Syo Ky = Gho Fy and Proposition 4.8(2))
=Rio Ly,
which completes the proof. O

Theorem 5.1 paves a way towards a “good” representation of Fix(T'S) ~ Fix(ST) for a specific adjunction S -
T : D — C between complete Q-categories; that is, by looking for dense Q-functors into C (or equivalently, dense
Q-subcategories of C) and codense Q-functors into D (or equivalently, codense Q-subcategories of D). The power of
this theorem will be revealed in the next section for representations of concept lattices.

6. Fixed points of Isbell adjunctions and Kan adjunctions

In this section we demonstrate how the general representation theorems (3.3 and 5.1) give rise to representation
theorems of concept lattices in FCA and RST in the generality of the Q-version.
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6.1. Isbell adjunctions and Kan adjunctions
Each Q-distributor ¢ : A —e+ B induces an Isbell adjunction ¢; 4 ¢* : PTB — PA in Q-Cat [26] given by

91 :PA—P'B, ue o,/ u
o' PTB—PA, A1\ 0
and a Kan adjunction ¢* 4 ¢, : PA — PB defined as

" :PB—PA, A dog,

Since PTA = (PA)°P, there is also a dual Kan adjunction ¢; 4 ¢ with
1= (p™))P PB— PTA, A e\ 4,
¢ = (@P))?:PTA—P'B, u-gpou

which corresponds to the Kan adjunction (¢°P)* 4 (¢°P). : PB°® — PA°P in Q°P-Cat under the isomorphism (2.i) in
Remark 2.1.

Remark 6.1. As left and right Kan extensions of Q-functors introduced in Subsection 4.2 are exactly left and right
extensions of 1-cells [12] in the 2-category Q-Cat, Kan adjunctions induced by Q-distributors in fact generalize right
extensions of 1-cells in the 2-category Q-Dist. To see this, note that the underlying Galois connection (between
the underlying ordered sets) of a Kan adjunction ¢* 4 ¢, : PA — PB may be described as the monotone map
“composing with ¢”

¢ Q-Dist(B, {¢)) — Q-Dist(A, ()

admitting a right adjoint
¢. : Q-Dist(A, {g}) — Q-Dist(B, {¢})

for any g € Qy, which exactly says that for any presheaf u : A —= {g},
op=p/ ¢:B - {q}

is the right extension of y along ¢ : A —e~ B. Similarly, dual Kan adjunctions induced by OQ-distributors correspond
to left extensions of 1-cells in Q-Dist.

Proposition 6.2. (See [9].) (-)* : (Q-Dist)®® — Q-Cat and (-)" : (Q-Dist)®® — Q-Cat are both 2-functorial, and
one has two pairs of adjoint 2-functors

(=) 4 (=) : (Q-Dist)® — Q-Cat and (-); 4 (-)" : (Q-Dist)® — Q-Cat.
The adjunctions (—)% 4 (—=)* and (=), + (=) give rise to isomorphisms
(O-Cat)°(A, P'B) = O-Dist(A, B) = O-Cat(B, PA)
for all Q-categories A, B. We denote by
T:B—PA, Gy=¢(-y) and F:A—P'B, Fx=ex-) (6.1)
for the transposes of each Q-distributor ¢ : A —+ B.
Proposition 6.3. (See [25, 26].) Let ¢ : A —= B be a Q-distributor. Then

(1) ¢ =(Yh)io By =T o (Yu),
2) B =¢Yu =¢'Y],
3) T =¢'Y] =¢"Ye.
14



By Proposition 4.5, fixed points of the Isbell adjunction ¢; 4 ¢! and the Kan adjunction ¢* 4 ¢, constitute
complete Q-categories

Mg := Fix(¢'r) = {u € PA | @' =} and  Kg := Fix(g.¢") = {1 € PB | .¢"1 = A},
where are both separated since so are PA and PB.

Example 6.4. For the identity Q-distributor A : A —e+ A on a Q-category A, MA is the MacNeille completion of A
[26], and KA = PA is the free cocompletion of A [27].

With the help of Theorems 3.3 and 5.1, we arrive at the following representation theorem of My as the Q-version
of Theorem 1.3:

Theorem 6.5. (See [26].) For any Q-distributor ¢ : A —e= B, a separated complete Q-category X is isomorphic to
Mo if. and only if. there exist a dense Q-functor F : A —s X and a codense Q-functor G : B — X with ¢ = G%o Fy.

Proof. Necessity. By Theorem 3.3 there exist surjective Q-functors L : PA — X and R : P'B — X with
(o) = Rio Ly. Since Y4 : A — PA is dense (Example 4.11), L is dense (Corollary 4.13(1)) and L is a left adjoint
in Q-Cat (Corollary 3.4), one deduces the density of LY, : A — X by Corollary 4.13(2). Similarly one can see that
RY% : B — Xis codense. Finally, one has

¢ = (Y5 0By = (YL o(prYa) = (Y o R o Ly o (Ya)y = (RY) o (LYa)y

by applying the formulas in Proposition 6.3.
Sufficiency. Now we have dense Q-functors Y, : A — PA, F : A — X and codense Q-functors YITB B —
P'B, G : B — X with

G'oFy=¢=(Yp)F 0By = (YD o (orYa) = (YR o (ep)s 0 (Ya)y
by Proposition 6.3, thus the conditions in Theorem 5.1 are satisfied. This completes the proof. U

The following diagrams respectively illustrate the “only if”” part and the “if”” part of Theorem 6.5 (cf. Diagram
(5.1) in the proof of Theorem 5.1):

PA_ 1 'P'B PA, 1 'P'B

[2)
y N ‘\‘ / N N
A L=¢i<py R:‘Fl ]B A L:LanYA F R:Rany-;- G
B
Mg X

Example 6.6. For the identity O-distributor A : A —e— A on a Q-category A, MA is the MacNeille completion of A
(see Example 6.4). In this case, the codomain restriction Y : A — MA of the Yoneda embedding is dense, and the
composition ALYR : A — PTA — MA is codense. It is not difficult to verify A = (AiY;g)h o (Ya)y, which fulfills
the conditions in Theorem 6.5.

(2}
i

B (6.ii)

However, it is not straightforward to derive the counterpart of Theorem 6.5 for Ky as it is not easy to find a
non-trivial codense Q-functor into PA (or equivalently, a non-trivial codense Q-subcategory of PA) as required in
Theorem 5.1. This will be the topic of the next subsection.

6.2. Towards codense Q-subcategories of presheaf Q-categories

In a quantaloid Q, a family of Q-arrows {d, : ¢ — ql4eo, is a cyclic family (resp. dualizing family) if

dy /S u=u\d; (esp.(d,/ u)y\d,=u=d; ./ (u\ dy)) (6.1i)
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for all Q-arrows u : p — q. A Girard quantaloid [22] is a quantaloid Q equipped with a cyclic dualizing family of
Q-arrows. In this case, the complement of a Q-arrow u : p — ¢ can be defined as

—u=d, S u=uNd;:q—p,
which clearly satisfies =—u = u. For each Q-category A,
(=AY, x) = 2A(x, y)
gives a Q-distributor —A : A —e— A, and it is straightforward to check that
{=A 1 A —> A}seobo-Dist)

is a cyclic dualizing family of Q-Dist; this gives the “only if” part of the following proposition. As for the “if” part,
just note that Q can be fully faithfully embedded in Q-Dist:

Proposition 6.7. (See [22].) A small quantaloid Q is a Girard quantaloid if, and only if, Q-Dist is a Girard quan-
taloid.

Hence, with Q being Girard, each Q-distributor ¢ : A —e—+ B has a complement
—p:==A =9\ B :B > A,
Proposition 6.8. If Q is a small Girard quantaloid, then for any Q-category A,
-:PA — PTA
is an isomorphism in Q-Cat.
Proof. Since {=A}scob(o-pist) 1S a cyclic dualizing family, one has
PAUD) =1/ p=(CA L DN -A) = A L DN (A ) = PTA(p, =)

for all u,A € PA. Thus = : PA — PTAisa fully faithful Q-functor, and consequently an isomorphism in Q-Cat
since it is obviously surjective. O

From the combination of Example 4.11 and Proposition 6.8 one immediately obtains a codense Q-functor

. Yi .o
=YL = (A——=PTA—>PA) (6.iv)
for any Q-category A when Q is Girard. The representation of Ky follows easily in this case, which gives the Q-

version of Theorem 1.4:

Corollary 6.9. Let Q be a small Girard quantaloid. Then for any Q-distributor ¢ : A —= B, a separated complete
Q-category X is isomorphic to Ky if, and only if, there exist a dense Q-functor F : B — X and a codense Q-functor
G:A—>Xwith—u,0=G“0Fu.

Proof. With Theorem 6.5 at hand, it suffices to prove
Ke = M(=¢).
Indeed, since {—~A}aeob(0-ist) 1S a dualizing family,
P’ A= ((=A /(")) \ —A) /¢
=(A S (o) N\ (mA /@)
=(CFA L) DN AL @)
=/ DN\ e
= (~@)* (~pnd
for all A € PB. Hence ¢.¢* = (-=¢)*(=¢); : PB — PB, and the conclusion follows. 0
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Although the above proof is indirect, it is not difficult prove this corollary directly using Theorems 3.3 and 5.1 as
the following diagrams (cf. the diagrams (6.ii) below Theorem 6.5) sketch, which also explain the role of the codense
Q-functor (6.iv):

(p*
PB PA PB PA

/ '\w Y \
B B
B Lany]E Ran (6V)

However, Corollary 6.9 does not make sense for a general quantaloid Q. In fact, the following proposition blocks
the way of finding a codense Q-functor A — PA for an arbitrary Q-category A without assuming Q being Girard:

Proposition 6.10. Let Q be a small quantaloid in which 1, = T, : ¢ — q for all g € Qy and {1,},4c0, is a cyclic
family, where T, and L, denote the top and bottom arrows in Q(q, q), respectively. Then the following statements are
equivalent:

() {Lglgeq, is a dualizing family, hence Q is a Girard quantaloid.
(ii) There exists a codense Q-functor F : A — PA for any Q-category A.

Proof. (1) = (ii): —-YL : A — PA is the required codense Q-functor (see (6.iv)).

(ii) = (i): For each g € Qy, objects in P{g} are exactly Q-arrows with domain g. Suppose there exists a codense
Q-functor F : {q} — P{q} targeting at w : ¢ —> ¢, then F* € PP{q} satisfies F*(u) = w ,/ u for all u € P{g}, and
consequently

Pig(v,u) = Fi(u) \, FA(v) (Proposition 4.12(iv))
=w/Su) N\ (w,/ V)
=((wS W) \w) Sy
= Plgl(v,(w /) \y w)

for all v € P{q}, which implies u = (w .,/ u) \, w. In particular, since 1, = T, letting u = 1, and one has

w=l,\Nws(wy/ L) \vw= 1,

which exactly means w = 1,. Hence u = (1, .,/ u) \, 1,4, and the arbitrariness of u indicates that {1,},c0, is a
dualizing family, completing the proof. O

A family of quantaloids that satisfy the hypotheses in Proposition 6.10 is given below:
Example 6.11. For any frame (L, A, —, 0, 1), one may construct a quantaloid DL [10, 20, 31] with the following data:

e objects in DL are the elements of L;

each DL(p,q) ={u € L : u < p A g} is equipped with the order inherited from L;

o the composition of DL-arrows u € DL(p, q), v € DL(q,r) is givenby vou = v A u;

the implications of DL-arrows are given by
w/u=qgArAu—w) and v\ w=pAgA—-ow)

for all u € DL(p, q), v € DL(q,r), w € DL(p, r);

the identity DL-arrow in DL(g, q) is q itself.
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It is straightforward to check that {0 : ¢ — g}4er is a cyclic family in DL, but it is a dualizing family in DL if and
only if L is a Boolean algebra.

So, it is unavoidable that for a non-Girard quantaloid Q, a codense Q-subcategory of the presheaf Q-category PA
would have a larger size than A. If we look again at the codense Q-functor _‘Y,T«x : A — PA in (6.iv) when Q is
Girard, we will see that it actually generates a codense Q-subcategory of PA with objects

{uePA|u= —qu’;a =djy . A(a,-) for some a € Ap}; (6.vi)

that is, presheaves on A which are complements of representable copresheaves on A. For a general quantaloid Q,
although the complements of Q-distributors may not exist, (6.vi) suggests us to construct a Q-subcategory A of PA
consisting of all the possible relative pseudo-complements of representable copresheaves on A:

Ay ={uePA|u=u, Ala,-)for some a € Ay and Q-arrow u : |a| — cod u}. (6.vii)

A is certainly a non-trivial Q-subcategory of PA. We will see that A is a codense Q-subcategory of PA (Proposition
6.15) and, moreover, a /\-dense Q-subcategory of PA as an immediate consequence of Proposition 7.5 discussed in
Section 7.

6.3. Representation theorem for fixed points of Kan adjunctions
Given a Q-category A, the codomain restriction of the graph of the Yoneda embedding (Y,), : A —e» PA on A
gives a Q-distributor A” : A —e+ A with

A (=) = Yaly(=p) = (6.viii)

for all u € A,, where the second equality follows from the Yoneda lemma. The following identity holds for all
QO-distributors ¢ : A —— B:

Proposition 6.12. ¢ = (A" / ) \, A",

Proof. Since ¢ = (A” / ¢) \y A” if and only if o(—,b) = (A" /" (=, b)) \, A” for all b € By, it suffices to prove
u= A" u) N\, A” for any u € PA. On one hand,

wa) / Aa,-) € Ay

for all a € Ay implies

u=ps A

=\ @/ Ala,-)
achy

= N\ (@) « p@) \ p@) / Ala,-)
achy

=A@@MWMD\@@M/Mmﬁ)
achy

= /\ (@) v (poAla,-)) \ (ua) /" Aa,-))
achy

= /\ (@) v Ala, =) / W)\ (@) / Ala, -))
achy

> AW wN\w
weho

= N\ W) S )\ A=) (Equation (6.vii))
weho

= (A" ) A"

On the other hand, u < (A” /" p) N\, A" is trivial. The conclusion thus follows. O
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This proposition indicates that the family {A” : A —e- A) Acob(Q-Caty N Q-Dist satisfies part of the properties of a
dualizing family in a quantaloid (see (6.iii)). Therefore, it makes sense to define the relative pseudo-complement of
any Q-distributor ¢ : A —e—+ B with respect to A” as

O =A 9B - A (6.ix)
It is easy to obtain the following expressions for ¢”:

Lemma 6.13. Foranyu=u/ Aa,-) € Ay,

(D) S = o=,
(2) ‘PD(_’ u I/ A(a, _)) =u l/ Qo(a, _)

With the above preparations, now we are ready to establish the following representation theorem of K¢, which
extends Corollary 6.9 from a Girard quantaloid to a general quantaloid:

Theorem 6.14. For any Q-distributor ¢ : A —e+ B, a separated complete Q-category X is isomorphic to Ky if, and
only if. there exist a dense Q-functor F : B — X and a codense Q-functor G : A — X with ¢" = G¥ o Fy.

Proof. Similar to the proof of Corollary 6.9, it suffices to prove ¢.¢* = (¢")*(¢"); : PB — PB, which implies
Ky = M¢™
and the conclusion would follow from Theorem 6.5. Indeed,

P A= (A" /(D)) NA) o (Proposition 6.12)
=(A" /(o) (A" ¢)
=(A" Vo HDNA 9
=@ S DN (Equation (6.ix))
= ()M na
for all A € PB, as desired. O

Since KA = PA (see Example 6.4), Theorem 6.14 in particular implies the existence of a codense Q-functor
G : A — PA. In fact, the inclusion O-functor J : A — PA is codense:

Proposition 6.15. A is a codense Q-subcategory of PA.

Proof. For any u € PA, note that & = A~ /i : {|ul} —» Ais in PTA, and we claim u = lim,» J. Indeed, by applying
Equation (6.viii) to any A € PA one has

A(=v) / A=v/ A=PAv) = PAW, Jv) = J%1,v) (6.x)
for all v € Ay, and consequently

PAMAw=p,/ 2

=W VA A (Proposition 6.12)
=N A D
=15\ JA, o), (Equation (6.x))
showing that y = lim- J. O
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Hence, one is able to prove Theorem 6.14 directly through Theorems 3.3 and 5.1 as the following diagrams
illustrate; the details are similar to the proof of Theorem 6.5 and will be left to the readers. We also remind the readers
to compare (6.xi) with the diagrams (6.v) under Corollary 6.9, which clearly indicate the difference between the cases
of Q being Girard or not:

¢ o
PB._ 1 "PA PB__ L 'PA
y’ 2 \) % ) \
B L=p.¢" R=g, A B L=Lany, F R=Ran, G A (6.x1)
F=LYg G=RJ F e
Ke X

Remark 6.16. The identity K¢ = My obtained in the proof of Theorem 6.14 shows that the “concept lattice” of
any multi-typed and multi-valued context in RST can be represented as the “concept lattice” of the relative pseudo-
complement of the given context in FCA. In fact, there are other trivial ways to represent any Ky as a “concept lattice”
in FCA.

First, for any separated complete Q-category A one may easily check

M(A : A —+ A)=ImYy ={Ypa|ae Ay} = A.

In particular, Ky is a separated complete Q-category and thus K¢ = M(Ky : K¢ —=+ Ko).
Second, similar to Proposition 6.12 one may prove that ¢ = ((Ya)y v @) v (Ya)y for any Q-distributor ¢ :
A —o—+ B, and consequently one has

Ko = M((Ya); v ¢)

by performing the same calculations in Theorem 6.14, where (Y4); ./ ¢ is in fact the relative pseudo-complement of
¢ with respect to (Ya)y.

Therefore, the point of the construction A in Theorem 6.14 is to find a smallest possible codense Q-subcategory
of PA. Although A may not be precisely the smallest one (e.g., when Q is a Girard quantaloid), it is the best solution
we find for an arbitrary quantaloid Q.

Example 6.17. For the identity Q-distributor A : A —e> A on a Q—categor}L A, since KA = PA, we have the dense
Yoneda embedding Y, : A — PA and the codense inclusion Q-functor J : A & PA that satisfy

A" (= p) = = PA(Ya—, 1) = PA(Ya—, Ju) = J3(=, ) o (Ya)

for all u € Ay, where the first two equalities hold by Equation (6.viii) and the Yoneda lemma, respectively.
More generally, for any fully faithful Q-functor F : A —> B one has KF? = PA since

(FO) (F i = (Fy) (F'p = (Ff o F)'u = A'u =
for all u € PA, where the first and the third equalities respectively follow from Propositions 2.4(1) and 2.3(1). In this

— i
case, the dense Yoneda embedding Y, : A — PA and the codense Q-functor H := (B <’ ,pB L PA) satisfy

(Fo (=, 2) = (F.A = PA(Ya—, HA) = H'(—, ) o (Yp),
for all A € By, where the first two equalities follow from Lemma 6.13(1) and the Yoneda lemma, respectively.

Example 6.18. Let A be a completely distributive (or equivalently, fotally continuous) Q-category [29]; that is, a
complete Q-category in which sup, : PA — A has a left adjoint T4 : A — PA in Q-Cat. Let 64 : A —e— A be the
O-distributor with transpose 9<_A = T, (see (6.1)). Since sup, : PA — A is essentially surjective and thus codense
(see Corollary 4.13(1)), from Proposition 6.15 and Corollary 4.13(2) one immediately knows that the restriction

supy

G:= (AC—PA—"25 A)
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of sup, on A is codense. As 1 : A — A is obviously dense, and

Or(— ) =/ 6a (Lemma 6.13(1))
= PA(TA—,IJ) ((QK = TA)
= A(-,Gpu) (Tp 4 sup,)

= G*(—. 1) o (1)
for all u € Ay, one soon deduces K8 ~ A from Theorem 6.14.

6.4. The functoriality of relative pseudo-complements
At the end of this section, we show that the identity

Ko = Mg~

obtained in the proof of Theorem 6.14 can be established on the functorial level; that is, the process of generating the
“concept lattice” in RST from a Q-distributor ¢ can be decomposed into two functorial steps:

(1) calculating the relative pseudo-complement ¢”;
(2) generating the “concept lattice” of ¢” in FCA.

First we establish the functoriality of the relative pseudo-complement
¢ =A

of a Q-distributor ¢ with respect to A”. In fact, Q-distributors can be organized as objects into a category Q-Chu with
Chu transforms (called infomorphisms in [26])

(F,G): (p: A ->B)— (y: A" = B)

as morphisms; that is, Q-functors F : A — A’ and G : B’ — B such that the square

is commutative, or equivalently, Y(F—, —) = ¢(—, G-). B
For any Q-functor F : A — A’ and u ,/ A(a, —) € Ay, note that

(Fp(u v/ Ala, =) =(u " Aa,-) v/ Fy=u ./ (FyoAla,-) =u,/ A'(Fa,-) (6.xii)
is an object in A’. Thus (F k)« : PA — PA’ can be restricted as a Q-functor (Fy). : A — A,

Proposition 6.19. (G, (Fy).) : (¢ : B’ =+ A7) — (¢" : B —e> A) is a Chu transform provided so is (F,G) : (¢ :
A—-o>B)— (Y: A - B).

Proof. If (F,G) : ¢ —  is a Chu transform, then for all u = u ./ A(a, —) € Ay,

¢ (G- =u ./ ¢la,G-) (Lemma 6.13(2))
=u,/ y(Fa,-) ((F,G) is a Chu transform)
=y (- u/ A'(Fa,-)) (Lemma 6.13(2))
=¥ (=, (Fyp). (Equation (6.xii))
Thus (G, (Fy).) : " — ¢" is a Chu transform. O
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Proposition 6.19 induces a contravariant functor
(=) : (Q-Chu)®® — Q-Chu

that sends each Q-distributor to its relative pseudo-complement with respect to A~ and sends each Chu transform
(F,G): ¢ — Y10 (G,(Fy.) : ¥ — ¢

It is known in [26] that the assignments ¢ +— Mg and ¢ +— K are respectively functorial and contravariant
functorial from Q-Chu to the category O-Sup of separated complete Q-categories and left adjoint Q-functors (or
equivalently, sup-preserving Q-functors; see Proposition 4.10(iii)). Explicitly, for any Chu transform (F,G) : (¢ :
A—-B)— (y: A - B),

M(F,G) = y 'y (F) : Mp — My and  K(F,G) = . (Gh* : Ky — Kg
define functors
M: Q-Chu — Q-Sup and K: (Q-Chu)® — Q-Sup.
Hence, the identity K¢ = Mg” can be expressed as the following commutative diagram:
Proposition 6.20. The diagram

=r

(Q-Chu)® Q-Chu

M

Q-Sup
is commutative.
Proof. It suffices to prove M(G, (Fy).) = K(F,G) : Ky = My — Ko = M¢” for any Chu transform (F,G) : ¢ — .
This is easy since
K(F,G) = 0.¢"(G")" = (¢ 0 (G = M(G, (Fy).),
where the second equality holds because when restricting the codomain to the image, both ¢.¢* and (¢”)*(¢"); are left
adjoint to the same inclusion Q-functor K¢ = Mg~ “— PB (see Proposition 3.1), thus they must be equal. O

7. Elementary representation theorems in terms of join-(meet-)dense maps

A map f : A — Bbetween (pre)ordered sets is \/-dense (i.e., join-dense) (resp. /\-dense (i.e., meet-dense)) if, for
any y € B, there exists {x;};c; € A withy = \/ fx; (resp. y = A fx;). Obviously, \/-dense (resp. /\-dense) monotone
iel i€l
maps between ordered sets are precisely dense (resp. codense) 2-functors between 2-categories. With a little abuse
of language, we say that a Q-functor F' : A — B is \/-dense (resp. A-dense) if its underlying type-preserving map
F : Ay — By, as a monotone map between the underlying ordered sets of A and B, is \/-dense (resp. /\-dense).

Proposition 7.1. \/-dense (resp. \-dense) Q-functors into complete Q-categories are necessarily dense (resp. co-
dense).

Proof. Let F : A — B be a \/-dense Q-functor, with B complete. For any y € By, let {xj}is € Ay with y =
\/ Fx;, then \/ A(-, x;), the join of {A(—, x;)}ic; in the underlying order of PA, is also in PA. Since B is complete,

i€l i€l
YITB : P'B — B is a left adjoint in Q-Cat (see Theorem 4.4(vi)), and thus preserves underlying joins by Proposition

4.10(4), i.e.,
B(\/ Fxi.-) =YL \/ Fx; = | |YiFx = /\ B(Fx:.-),
i€l i€l i€l i€l
where | | denotes the underlying join in P'B (see Remark 4.1). Hence
B(y,-) =B(\/ Fxi.—) = \B(Fxi.-) = \ Fi v/ A= x) = F; ./ \/ A=, x),
i€l i€l i€l i€l
and consequently y = colimv A(-xy T showing that F is dense. O
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Remark 7.2. The converse of Proposition 7.1 is not true; that is, dense (resp. codense) Q-functors are not necessarily
\/-dense (resp. /\-dense). For example, the Yoneda embedding Y4 : A — PA is dense for any Q-category A (see
Example 4.11), but it is not \/-dense. In fact, this is clear when one considers the singleton Q-category {g}, in which
case the image of Yy, : {g} — P{q} contains only one object and thus it can never be \/-dense in P{g} as long as Q
is larger than 2. Similarly, the co-Yoneda embedding Y} : A — PTA is codense but in general not /\-dense.

Each Q-typed set A may be viewed as a discrete Q-category with

1, ifx=y,
Aww:{”

Lips  else,

where L)y is the bottom arrow in Q(|xl, |y]). It is easy to see that type-preserving maps from a discrete Q-category to
any other Q-category are necessarily Q-functors. Therefore, Proposition 7.1 induces the following elementary version
of Theorem 5.1 which only employs order-theoretic notions (i.e., \/-density and A-density of maps) to characterize
the Q-categorical equivalence:

Theorem 7.3. Let S 4 T : D — C be an adjunction between complete Q-categories. Then a complete Q-category
Xis equivalent to Fix(TS) if, and only if, there exist \/-dense type-preserving maps F : A — Xy, K : A — Cy and
\-dense type-preserving maps G : B — Xo, H : B — Dy, where A, B are Q-typed sets, such that D(SK—, H-) =
X(F-,G-).

Proof. The necessity is trivial by taking A = Cy, B = Dy and applying Theorem 3.3 as in the proof of Theorem
5.1. For the sufficiency, the type-preserving maps F, K, G, H are all Q-functors and, by Proposition 2.2, X(F—,G-) =
ID(S K—, H-) means precisely G% o F, = H o Syo Ky:

/%\ / \

Therefore, the conclusion follows soon from Proposition 7.1 and Theorem 5.1. O

St Tt

Theorem 7.3 is precisely the Q-version of Theorem 1.2. As applications of Theorem 7.3, we will derive elementary
representation theorems of Mg and Ky in the rest of this section. To this end, for any Q-category A we denote by
Ay Xgom Q1 the Q-typed set

Ay Xdgom Q1 = {(a,u) | a € Ay, u : |a] — codu is a Q-arrow}
with types |(a, u)| = cod u for all (a, u) € Ay Xgom Q1. Dually, we write

Ay Xeog Q1 ={(a,u) |a € Ay, u:domu — |a| is a Q-arrow}
for the Q-typed set with types |(a, u)| = dom u for all (a, u) € Ay Xeoa Q1-

Remark 7.4. Note that neither Ay Xgom Q1 nor Ay Xcoq Q; is a product in the slice category Set | Q. Let (Q;, dom)
and (Q;, cod) be Q-typed sets with type maps sending each Q-arrow to its domain and codomain, respectively. Then
the product Ay X (Q;,dom) in Set | Oy has exactly the same underlying set as A Xqom Q1, but the type of (a,u) €
Ay X (Qq,dom) is |(a, u)| = |a| = dom u. Similarly, the underlying set of the product Ay X (Q, cod) in Set | Q is the
same as Ay X¢oq Q1, but the type of (a, u) € Ag X (Qy, cod) is |(a, u)| = |a| = cod u.
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Considering Ay Xgom Q1 and Ay X.oq Q; as discrete Q-categories, one has the following Q-functors (which only
have to be type-preserving maps):

Up : Ayg Xgom Q1 — PA, Un(a,u) =uoYpa=uoA(—,a),
Ny : Ay Xgom @1 — PA, Nyla,u) =u J/ Yj;a =u/ Aa,-),
U; t Ay Xeod Q1 — PTA, Uj\x(a, u) = Yka ou=~A(a,-)ou,
Nj& t Ay Xeod Q1 — PTA, N;&(a, u)=Yaa\yu=A~A(-,a)\ u.

Proposition 7.5. For any Q-category A, Uy, N} are \/-dense, and Ny, U, are \-dense.
Proof. The \/-density of Uy and the /\-density of N, are easy since

=uoOo A = \/ p(a) o A(_, a) = \/ UA(Cl, /J(Cl)),

achy aghy
p=ps A= \wa s Aa-)= |\ Nuap@)
ach ach

for all u € PA. For the /\-density of U}, and the \/-density of N}, just note that

A=Aod=\/ Aa.-)oda) = [ | Uj(a Aa)).

achy aghy
A=ANA= [\ A0\ A0 = || Nj(@ @)
ach achy
for all 1 € PTA, where [] and | | are calculated in the underlying order of PTA (see Remark 4.1). O

It is easy to observe Im(Ny) = A (see (6.vii)), and thus, as we mentioned at the end of Subsection 6.2, the crucial
construction A in the representation theorem of Kg (i.e., Theorem 6.14) is in fact a /\-dense Q-subcategory of PA.

Proposition 7.6. Let ¢ : A —e— B be a Q-distributor. Then

(1) (ppy(Unla,u), U(b,v)) = v\, (p(a, b) / u) for all (a,u) € Ay Xgom Q1, (b,v) € By Xcoa O,
(2) (@ )(Ug(b,v), Nala,w)) = (u ./ @(a,b)) /v for all (a,u) € Ay Xgom Q1, (b,Vv) € By Xgom @1

Proof. Straightforward calculation. O

Theorem 7.7. For any Q-distributor ¢ : A — B, a separated complete Q-category X is isomorphic to My if, and
only if, there exist a \/-dense type-preserving map F : Ay Xgom Q1 — Xo and a \\-dense type-preserving map
G : By Xeoa @1 — Xo such that

v\ (¢(a,b) / u) = X(F(a,u), G(D,v))
Sfor all (a,u) € Ay Xgom Q1, (b, V) € By Xcoa Q1-

Proof. Necessity. By Theorem 3.3 there exist surjective Q-functors L : PA — X and R : P'B — X with
(SDT)I: X(L—,R-). It is easy to see that Corollary 4.13 also holds for \/-dense and A -dense type-preserving maps;

in fact, one just needs to consider @ = 2 and note that left (resp. right) adjoint Q-functors are also left (resp. right)
adjoints in the underlying order (see Proposition 4.10(4)). Therefore, following the same reasoning in the proof of
Theorem 6.5 one deduces the \/-density of LU, : Ag Xgom @1 — X, and the A-density of RU]E3 1 Bo Xeod Q1 — Xop.

% T
Ap Xdom Q1 L=¢lp; R= Bo Xcoa Q1

m} G= RUt



Finally, Proposition 7.6(1) implies

v\ (9(a,b) / u) = (e)y(Un(a, u), Ug(b,v)) = X(LU s (a, u), RUL (D, v))

for all (a, u) € Ao Xgom Q1, (b,v) € By Xcoa Q-
Sufficiency. From Proposition 7.5 we have \/-dense type-preserving maps Ua : A¢ Xgom @1 — PA, F :
Ay Xgom Q1 — X and /\-dense type-preserving maps U]JI; : By Xeod Q1 — PTB, G : By Xcoa Q1 — Xo with

X(F(a,u),G(b,v)) = v\ (¢(a,b) / u) = P'B(p;Ua(a, u), UL(b,v))

o
—> T
PA t P'B ;
¢

Ap Xdom Q1 L=Lany, F R=Ran : G Bo Xcoda Q1
B

\X/

for all (a, u) € Ay Xgom @1, (b, V) € By Xcoq @1 by Proposition 7.6(1). Thus the conditions in Theorem 7.3 are satisfied,
completing the proof. O

Theorem 7.8. For any Q-distributor ¢ : A —+ B, a separated complete Q-category X is isomorphic to Ko if, and
only if, there exist a \/-dense type-preserving map F : By Xgom Q1 — Xo and a \-dense type-preserving map
G : Ay Xgom Q1 — X such that

(u/ ¢la,b)) /v =X(FD,v),Ga,u)
for all (a9 M) € A0 Xdom le (bv V) € IB0 Xdom Q1~

Proof. Similar to Theorem 7.7 under the help of Proposition 7.6(2) and the details are left to the readers. Here we
just sketch the diagrams both for the “only if”” part and the “if”” part as a comparison to the above theorem and the
diagrams (6.xi) illustrating Theorem 6.14:

o
PB T 'PA

IBO Xdom Ql L=¢p.¢* R=¢, AO Xdom Ql
M) %
Ko

o
PB T 'PA

IB0 Xdom Ql L=Lanyy F R=Rany, G AO Xdom Ql

X
O

In the case that Q has only one object, i.e., a unital quantale, both Ay Xgom Q1 and A X0q Q1 become the cartesian
product of the set Ay and the set of elements of Q. As the following immediate corollary of Theorems 7.7 and 7.8
states, our results generalize Bélohlavek’s representation theorem for concept lattices of quantale-valued contexts in
FCA (see [3, Theorem 14(2)]) and Popescu’s representation theorem for those in RST (see [19, Proposition 7.3]):

Corollary 7.9. Let Q be a unital quantale, ¢ : A —e— B a Q-distributor and X a separated complete Q-category.
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(1) X is isomorphic to My if, and only if, there exist a \/-dense map F : Ag x Q — Xy and a /\-dense map
G : By x Q@ — X, such that
v\ (pla, b) / u) = X(F(a,u), G(b,v))

foralla e Ay, b € By, u,ve Q.
(2) X is isomorphic to Ko if, and only if, there exist a \/-dense map F : By x Q — Xo and a \-dense map
G : Ay x Q@ — X such that
(u/ ¢(a,b)) v/ v=X(FDb,v),Ga,u)

foralla e Ay, b e By, u,veQ.

Remark 7.10. Bélohlavek’s [3, Theorem 14(2)] is precisely Corollary 7.9(1) when Q is a commutative integral
quantale, while Popescu’s [19, Proposition 7.3] is a weaker version of our Corollary 7.9(2) even if Q is commutative
and integral. Explicitly, Popescu’s result should be stated as:

A complete lattice X is isomorphic to the underlying complete lattice of Ky if, and only if, there exist a
\/-dense map F : By x Q@ — X and a /\-dense map G : Ag X Q — X such that

pla,b) <vNu < F(b,v) <G(a,u)
foralla € Ay, b € By, u,v e Q.

In fact, the “only if” part of the above claim is an immediate consequence of Corollary 7.9(2), and the “if” part follows
by applying Theorem 7.3 in the case Q = 2 to the underlying Galois connection (between the underlying ordered sets)
of o™ 4 .

8. Concluding remarks

The following diagram indicates the connections between the most important representation theorems established
in this paper. With the general representation theorems for fixed points of adjoint Q-functors in hand, one is able
to derive various kinds of representation theorems for concept lattices in FCA and those in RST in the generality
their Q-version. Besides unifying and extending existing representation theorems, their most important application
in this paper is the development of a universal approach to represent concept lattices in RST as those in FCA; to
our knowledge, this has never been achieved before for multi-typed and multi-valued contexts possibly valued in a
non-Girard quantaloid, although its 2-version is trivial. Moreover, we believe that the general representation theorems
have the potential to be applied to more areas which deserve further investigation.

Representation of K¢ (Theorem 6.14)

Representation of Mg (Theorem 6.5)

Representation theorems

in more areas?
/

General representation theorems 3.3 & 5.1

T~

Elementary representation of My (Theorem 7.7) Elementary representation of K¢ (Theorem 7.8)
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