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Set
OprEiaE Propositional calculus and set theory are both instances of

an algebraic system called a Boolean Algebra, which is
discussed in Chapter 12.

The operators in set theory are analogous to the
corresponding operators in propositional calculus.

In this section, we fix a universal set U and assume that all
the considered sets are subsets of U.
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A Boolean Algebra is a set equipped with elements 1 and 0,
= — binary operations A and Vv, and a unary operation —,
satisfying these identities:

@ anl=3a,av0=ag
anb=bnAa avb=>bV g
an-a=0,av-a=1,;
an(bnc)=(anb)Ac;
av(bvc)=(aVvb)Vc;
an(avb)=a;
av(anb)=a;
an(
av(

Lili Shen

bvc)=(anb)V(anc);
banc)=(avb)A(aVc).
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The following table illustrates the similarity between

e propositional calculus and set operations.

Boolean Propositional Set operations

algebra calculus

Elements | Propositions Sets A,B,C...

ab,c... p,q,r...
1 Tautology T Universal set U
0 Contradiction F | Empty set @
A Conjunction A Intersection N
V Disjunction v Union U
- Negation — | Complement ()
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Definition
Let A and B be sets. The union of A and B, denoted by
AU B, is the set

{x|xe AV xeB}.
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AU B is shaded.
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Definition
Let A and B be sets. The intersection of A and B, denoted
by AN B, is the set

{x|xe Anx e B}.

A and B are said to be disjoint if their intersection is the
empty set.
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AN B is shaded.
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Definition
Let A be a set. The complement of A (with respect to the
universal set U), denoted by A, or A°, or U — A, is the set

{(xeU|x¢A}
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Ais shaded.
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Definition
Let A and B be sets. The difference of A and B, denoted by
A— B, or A\ B, is the set

ANB={x|xcAAx¢Bj}.

Note that A — B and B — A are not the same.
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A — Bis shaded.



Proofs of set identities

MATH 1190

Lili Shen

Set
Operations

Prove that AN B = AUB. I
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xeANB+x¢ANB
< X¢AV x¢gB
—+xecAV xeB

< xeAUB.
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Prove that AN(BUC) = (ANB)U (AN C).
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Proofs of set identities

xe AN(BUC)+xeAANXxeBUC
+xeAAN(xeBV xel)
s (xeANxeB)V(xeA N xe0)
«+xeAnB vV xe AnC
<+ xe(ANB)U(ANC).
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Fundamental set identities

(Identity laws) AN U =A, AUg = A
(Domination laws) AuU = U, AN g = @.
(Idempotent laws) AUA=A, ANA=A.
(Complementation law) A=A

(Commutative laws) AUB=BUA, AnB=BnA.
(Associative laws) (AuB)uU C =AU (BU C),
(AnB)NnC=An(BnNC).

@ (Distributive laws) AU (BN C) = (AUB)N (AU C),
ANn(BUC)=(AnB)U(ANC).

(De Morgan laws) ANB=AUB,AUB=ANB.
(Absorption laws) AU(ANB) =A,ANn(AuUB) = A
(Negation laws) AUA= U, ANA = 2.
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Show that -
AnNnBNnC=AuBuUC.
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ANBNC=(ANB

C D)
O




Generalized union and intersections
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define:

., Ap be an indexed collection of sets. We

n
UAi:A1UA2U"-UAn,

i=1

n
mAi:A1ﬁA2ﬂ”-ﬁAn.
=1

These are well defined, since union and intersection are
associative.
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Fori=1,2,....letAi={i,i+1,i+2,...}. Then

A=
1 i

{i,i+1,i+2,...}={1,2,3,...} = A =27,

n
= 1

n

-

n n
NA=N{i+1i+2,.. .} ={nn+1,n+2,...} = A,
i=1

v
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Let Ay, Ao, ..

. be a sequence of sets. We define:

JA=AUAU---UAU...,

i=1

(NA=ANAN---NAN....

i=1
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More generally, let / be a set, and A; a set for each i € I. We
Set define

Operations UA' = {X ’ die /(X € Ai)}v
icl
A ={x|Viel(xeA)
iel
Therefore,

A ={x|3iezt(xecA,
i=1
ﬁ A= {x|VieZ(x e A)l.

i=1
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Fori=1,2,....letAj={i,i+1,i+2,...}. Then

UJA=i+1,i+2,...}={1,23,...} = A =2,

ﬂA,_ﬂ{//+1/+2 3=

i=1
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Fori=1,2,..., let A;=(0,i), i.e., the set of real number x
with 0 < x < /. Then

[e.e] oo

U A= J(0,) = (0,00) = R,
i=1

i=1
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Section 2.2: 14, 16, 19, 24, 31, 48, 50.
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