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Homework announcement
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Since Dec 4 will be the date of our last class, the TA will
collect the homework (assigned today) on Nov 27 for the
last time.

You do not need to hand in the homework of Nov 27 and
Dec 4, but in order to prepare for the final exam, it is highly
suggested to finish them by yourself.
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Linear congruences
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Solving o
Congruences ax=b>b (mOd m),

where mis a positive integer, a and b are integers, and x is
a variable, is called a linear congruence.

The solutions to a linear congruence ax = b (mod m) are
all integers x that satisfy the congruence. In general, the
solutions are expressed as

x=c¢ (mod m)

for some fixed integers ¢ and m, which means all integers of
the form ¢ + km (k € Z) satisfy ax = b (mod m).
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Definition
An integer a such that aa =1 (mod m) is called an inverse
of a modulo m.




Inverse of a modulo m

LA One method of solving linear congruences makes use of an
Lili Shen inverse g, if it exists. Although we can not divide both sides
Solving of the congruence
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ax=b (mod m)
by a, we can multiply by a and obtain
aax =ab (mod m).
Since aa=1 (mod m) implies
x =aax (mod m),

it follows that the solutions of ax = b (mod m) are those
integers x satisfying

x=ab (mod m).
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S When m is small, we may find an inverse of a modulo m
simply by inspection. For example, in order to find an

inverse of 3 modulo 7, we check 3- k fork =1,2,3,4,5,6

(i.e., the positive integers smaller than 7), and find that

5.-3=15=1 (mod 7),
so 5 is an inverse of 3 modulo 7.

When m is large, we may try to find its inverse in the
following way.
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Theorem

If a and m are relatively prime integers and m > 1, then an
inverse of a modulo m exists. Furthermore, this inverse is
unique modulo m.

In other words, there is a unique positive integer a less than
m that is an inverse of a modulo m and every other inverse
of a modulo m is congruent to a modulo m.
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Since gcd(a, m) = 1, there are integers s and ¢ such that

sa+tm=1.

Therefore, sa=1 (mod m), and s is an inverse of a modulo
m.

For the uniqueness of s, suppose that there is another
integer s’ satisfying s’a=1 (mod m), then

sa—sa=0 (mod m),
and consequently m | a(s — s’). Since gecd(a, m) = 1, it

follows that m | (s — §'), i.e., s =&’ (mod m), as
desired. n




Examples of solving linear congruences
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Solve the linear congruence 3x = 4 (mod 7), and find the
smallest positive integer that is a solution of this
congruence.
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Solution.
Sl First we find that 5 is an inverse of 3 modulo 7 by
inspection, i.e.,

5.3=1 (mod 7).

Now we multiply both sides of 3x =4 (mod 7) by 5, and
obtain
15x =20 (mod 7).

It follows that the solutions are the integers satisfying

x=15x=20=6 (mod 7).

The smallest integer that solves the congruence is 6. O

v
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Solve the linear congruence 19x = 4 (mod 141).
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First we find an inverse of 19 modulo 141

141 =19.7 4 8,
19=8.2+3,
8=3.2+2,
3=2.141,

it follows that gcd(19,141) = gcd(19, 8) = gcd(8,3) =
gcd(3,2) = gecd(2,1) = 1.
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Consequently,

1=3-2
~3-(8-3.2)=3-3-8
~3.(19-8.2)-8=3.19-7-8
~3-19-7-(141-19-7) = —7-141 +52.19.

Thus 52-19 =1 (mod 141), and thus 52 is an inverse of 19
modulo 141.

v
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Sl Now we multiply both sides of 19x = 4 (mod 141) by 52,
and obtain

52.19x =52-4 =208 (mod 141).
It follows that the solutions are the integers x satisfying

x=(52-19x — 7 -141x) =208 =67 (mod 141).




The Chinese remainder theorem
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In order to find solutions for a system of congruences like

x =2 (mod 3),
x =3 (mod 5),
x=2 (mod 7),

we introduce the following Chinese remainder theorem (also
called Sun-Tsu theorem).



The Chinese remainder theorem
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gglr\g:gences Let my, mo, ..., my, be pairwise relatively prime positive
integers greater than 1 and ay, ao, . . ., a, arbitrary integers.
Then the system of congruences

x = a; (mod my),
X = ax (mod my),

has a unique solution modulo m = mym. ... my. (Thatis,
there is a unique solution x with 0 < x < m, and all other
solutions are congruent module m to this solution.)




The Chinese remainder theorem
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m
Mk = )
My

then gcd(my, M) = 1. It follows that there is an inverse yj
of M, modulo my, i.e.,

Mkyxk =1 (mod my).

Let

n
X = axMcyk = atMiys + aaMoys + - - + anMpyn.
k=1




The Chinese remainder theorem
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foreach k =1,2,...,n, thus x is a solution for the system of
congruences.

For the uniqueness of the solution, suppose that there is
another integer y satisfying y = ax (mod my) for each k,
then x = y (mod my) for each k, and consequently

mg | (x — y) for each k. Since my, my, ..., m, are pairwise
relatively prime, it follows that

m=mimy...my|(x—y),

i.e., x =y (mod m), as desired. O
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Solve the system of linear congruences

x =2 (mod 3),
x =3 (mod 5),
x =2 (mod 7).
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Solution 1.
UL et m=3-5.7 = 105, M; = 35, M, = 21, M3 = 15. By
inspection we find that

35.-2=1 (mod 3),
21-1=1 (mod 5),
15-1=1 (mod 7).

Thus those integers x satisfy
x=2-35-2+3-21-142-15.1=283=23 (mod 105)

are the solutions. O

4
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this expression for x into the second congruence, we get

3t+2=3 (mod)5),

and consequently 3t =1 (mod 5). Since 2 is an inverse of
3 modulo 5, we multiply both sides by 2 and obtain

6t=2 (mod5),

and consequently t =2 (mod 5), which means t = 5u + 2,
where u € Z, and thus x = 3(5u+2) +2 = 15u + 8.
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15u+8=2 (mod7),

and consequently 15u = -6 =1 (mod 7). Since 1 is an
inverse of 15 module 7, it follows immediately that

u=1 (mod?7),
which means u = 7v + 1, where v € Z, and thus
x=15(7v+1)+8 =105v + 23.

Therefore, those integers x satisfy x =23 (mod 105) are
the solutions. O

v
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Section 4.4: 5, 11, 20, 21, 23, 24.
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