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Abstract

Let [0, 1]∗ be the unit interval [0, 1] equipped with a continuous t-norm ∗. It is shown that the category of [0, 1]∗-sets
is cartesian closed if, and only if, ∗ is the minimum t-norm on [0, 1].
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1. Introduction

Building on the theory of frame-valued sets of Higgs [5, 6] and Fourman–Scott [4], the theory of quantale-valued
sets developed by Höhle and his collaborators [13, 7, 8, 9, 10, 11] has been influential in the categorical foundations
of fuzzy sets [27]. Given a frame Ω, an Ω-set [4, 2] consists of a (crisp) set X and a map

α : X × X //Ω

such that
α(x, y) = α(y, x) and α(y, z) ∧ α(x, y) ⩽ α(x, y) (1.i)

for all x, y, z ∈ X, where α(x, y) measures the degree of x being equal to y, and (1.i) refers to the symmetry and
transitivity of the Ω-valued equality α. It is well known that the category

Ω-Set

of Ω-sets and their morphisms is a topos (see [4, Theorem 5.9 and Proposition 9.2]). Consequently, Ω-Set enjoys
many desirable properties, including cartesian closedness and the existence of a subobject classifier [2].

From the viewpoint of enriched category theory [15], every frame Ω gives rise to a bicategory DΩ [26], and DΩ
is actually a quantaloid [23, 24, 25]. Ω-sets are exactly symmetric categories enriched in the quantaloid DΩ, and
morphisms between Ω-sets are left adjoint DΩ-distributors.

If we consider a unital and involutive quantale [22, 20] Q as the table of truth values, the theory of Q-sets can
be established in the same way. Explicitly, we may construct a quantaloid DQ [11, 21, 25], and define Q-sets as
symmetric DQ-categories [11, 21] (cf. Remark 2.6). However, the category

Q-Set

of Q-sets and their morphisms need not be a topos. More precisely, in the case that Q is a commutative, unital and
divisible, Hu–Shen [14] proved that Q-Set is a topos if, and only if, Q is a frame.

Although Q-Set generally fails to be a topos, it is reasonable to ask which topos-like features it may still possess.
In this paper we initiate a study of the cartesian closedness of Q-Set. Given the difficulty in treating an arbitrary
quantale Q, we begin with the special case

Q = [0, 1]∗,
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where ∗ is a continuous t-norm [16, 17, 1] on the unit interval [0, 1]. Using the linearity of [0, 1] and the continuity of
∗, we derive our main result (see Theorem 4.6):

• The category [0, 1]∗-Set is cartesian closed if, and only if, ∗ is the minimum t-norm on [0, 1].

Therefore, [0, 1]∗-Set also fails to be cartesian closed when [0, 1]∗ is not a frame.
To make this paper accessible to readers who may not be familiar with enriched category theory, we present the

theory of [0, 1]∗-sets in fairly elementary terms, even though it can be formulated directly via quantaloid-enriched
categories (cf. Remark 2.6). Moreover, it is tempting to ask whether the methods adopted in this paper can extended
to an arbitrary quantale Q. Unfortunately, this is not possible due to the lack of linearity and continuity in the general
setting. In a subsequent work, we will investigate the cartesian closedness of the category [0, 1]∗-Set while weakening
the assumption on ∗ to left-continuity.

2. Real-valued sets

Throughout this paper, we consider [0, 1]∗ as the table of truth-values, where ∗ is a continuous t-norm on the unit
interval [0, 1]. More generally, a binary operation ∗ on an interval [a, b] is a continuous t-norm [16, 17, 1], denoted by
[a, b]∗, if

• ([a, b], ∗, b) is a commutative monoid,

• p ∗ q ⩽ p′ ∗ q′ if p ⩽ p′ and q ⩽ q′ in [a, b], and

• ∗ : [a, b] × [a, b] // [a, b] is a continuous function (with respect to the usual topology).

Note that for each p ∈ [a, b], there is a Galois connection

(p ∗ −) ⊣ (p→ −) : [a, b] // [a, b]

satisfying
p ∗ q ⩽ r ⇐⇒ q ⩽ p→ r

for all p, q, r ∈ [a, b].
Let p ∈ [a, b]. We say that p is idempotent if p ∗ p = p. In this case, it is easy to see that

p ∗ q = p ∧ q and p→ r = r (2.i)

for all q ∈ [a, b], r ∈ [a, p).

Example 2.1. The following continuous t-norms on the unit interval [0, 1] are the most prominent ones:

(1) The minimum t-norm [0, 1]∧ is given by the meet of real numbers, in which every q ∈ (0, 1) is idempotent, and

p→ q =

1 if p ⩽ q,
q if p > q.

(2) The product t-norm [0, 1]× is given by the usual multiplication of real numbers, in which every q ∈ (0, 1) is
non-idempotent, and

p→ q = 1 ∧
q
p
.

(3) The Łukasiewicz t-norm [0, 1]∗Ł is given by p ∗Ł q = 0∨ (p+ q− 1) for all p, q ∈ [0, 1], in which every q ∈ (0, 1)
is non-idempotent, and

p→ q = 1 ∧ (1 − p + q).
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In fact,
([a, b], ∗, b)

is a commutative, unital and divisible quantale [22].

Proposition 2.2. (See [21, Proposition 2.1].) The following identities hold in every continuous t-norm [a, b]∗:

(1) u = q ∗ (q→ u) whenever u ⩽ q in [a, b].

(2) v ∗ (q→ u) = (q→ v) ∗ u whenever u, v ⩽ q in [a, b].

(3) p ∧ q = p ∗ (p→ q) for all p, q ∈ [a, b].

We say that continuous t-norms [a1, b1]∗ and [a2, b2]• are isomorphic if the quantales ([a1, b1], ∗, b1) and ([a2, b2], •, b2)
are isomorphic; that is, if there exists an order isomorphism

f : [a1, b1] // [a2, b2]

such that
f : ([a1, b1], ∗, b1) // ([a2, b2], •, b2)

is an isomorphism of monoids.
It is well known [3, 19, 16, 17, 1] that every continuous t-norm ∗ on [0, 1] can be written as an ordinal sum of the

minimum, the product, and the Łukasiewicz t-norm. Explicitly:

Lemma 2.3. [16, 17, 1] For each continuous t-norm [0, 1]∗, the set of non-idempotent elements of ∗ in [0, 1] is a union
of countably many pairwise disjoint open intervals

{(pi, qi) | 0 < pi < qi < 1, i ∈ I, I is countable},

and for each i ∈ I, the continuous t-norm [pi, qi]∗ obtained by restricting ∗ to [pi, qi] is either isomorphic to the
product t-norm [0, 1]× or isomorphic to the Łukasiewicz t-norm [0, 1]∗Ł .

Following the definition of quantale-valued set [7, 8, 11, 21], by a [0, 1]∗-set (or, [0, 1]∗-valued set) we mean a
(crisp) set X equipped with a map

α : X × X // [0, 1],

such that

(S1) α(x, y) ⩽ α(x, x) ∧ α(y, y),

(S2) α(x, y) = α(y, x),

(S3) α(y, z) ∗ (α(y, y)→ α(x, y)) ⩽ α(x, z)

for all x, y, z ∈ X.

Remark 2.4. A [0, 1]∗-set (X, α) may be viewed as a set X equipped with a [0, 1]∗-valued equality (or, [0, 1]∗-valued
similarity) α [11, 18]. The value α(x, y) is interpreted as the extent of x being equal to y, and α(x, x) represents the
extent of existence of x (since every entity is supposed to be equal to itself). Therefore:

• (S1) says that x is equal to y only if both x and y exist; that is, equality implies existence.

• (S2) says that if x is equal to y, then y is equal to x.

• (S3) says that if x is equal to y, and there exists y such that y is equal to z, then x is equal to z.
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Let (X, α) be a [0, 1]∗-set. For x, y ∈ X, we write x � y if

α(x, x) = α(y, y) = α(x, y), (2.ii)

and we say that (X, α) is separated if
x � y ⇐⇒ x = y.

Moreover, we denote by
Xq = {x ∈ X | α(x, x) = q} (2.iii)

the slice of X consisting of elements whose extent of existence is q.
A morphism

φ : (X, α) //◦ (Y, β)

of [0, 1]∗-sets is a function
φ : X × Y // [0, 1],

such that

(M1) φ(x, y) ⩽ α(x, x) ∧ β(y, y),

(M2) (β(y, y)→ β(y, y′)) ∗ φ(x, y) ∗ (α(x, x)→ α(x′, x)) ⩽ φ(x′, y′),

(M3) φ(x, y′) ∗ (α(x, x)→ φ(x, y)) ⩽ β(y, y′),

(M4) α(x, x′) ⩽
∨
y∈Y

φ(x′, y) ∗ (β(y, y)→ φ(x, y))

for all x, x′ ∈ X, y, y′ ∈ Y; its composite with another morphism ψ : (Y, β) //◦ (Z, γ) is given by

ψ ◦ φ : (X, α) //◦ (Z, γ), (ψ ◦ φ)(x, z) =
∨
y∈Y

ψ(y, z) ∗ (β(y, y)→ φ(x, y)), (2.iv)

with
α : (X, α) //◦ (X, α) (2.v)

playing as the identity morphism for the composition. The category of [0, 1]∗-sets and their morphisms is denoted by

[0, 1]∗-Set.

Remark 2.5. If ∗ is the minimum t-norm ∧ on [0, 1] (see Example 2.1(1)), then the category

[0, 1]∧-Set

is a special case of the the well-known category Ω-Set, where Ω is a frame; see [4] and [2, Sections 2.8 and 2.9].
In this case, [0, 1]∧-Set is equivalent to the category Sh([0, 1]∧) of sheaves on [0, 1]∧ (cf. [4, Theorem 5.9] and [2,
Theorem 2.9.8]). Therefore, [0, 1]∧-Set is a topos (see [4, Proposition 9.2] and [2, Example 5.2.3]) and, in particular,
it is a cartesian closed category.

We may also consider monotone functions

f : (X, α) // (Y, β)

between [0, 1]∗-sets, which is a function f : X // Y such that

α(x, x) = β( f x, f x) and α(x, x′) ⩽ β( f x, f x′) (2.vi)

for all x, x′ ∈ X. The category of [0, 1]∗-sets and monotone functions is denoted by

[0, 1]∗-Set.
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Remark 2.6. It is noteworthy to point out that every continuous t-norm [0, 1]∗ gives rise to a quantaloid D[0, 1]∗
[12, 21, 25, 18] consisting of the following data:

• Objects of D[0, 1]∗ are elements of [0, 1].

• For p, q ∈ [0, 1], the hom-set D[0, 1]∗(p, q) = {u ∈ [0, 1] | u ⩽ p ∧ q}.

• The composite of u ∈ D[0, 1]∗(p, q) and v ∈ D[0, 1]∗(q, r) is given by

v ◦ u = v ∗ (q→ u).

• The identity D[0, 1]∗-arrow of D[0, 1]∗(q, q) is q itself.

• Each hom-set D[0, 1]∗(p, q) is equipped with the order inherited from [0, 1].

From the viewpoint of enriched category theory, the foregoing notions of [0, 1]∗-sets can be formulated within the
framework of D[0, 1]∗-categories:

• A [0, 1]∗-set is a symmetric D[0, 1]∗-category, where the type function is given by x 7→ α(x, x).

• A morphism of D[0, 1]∗-sets is a left adjoint D[0, 1]∗-distributor between D[0, 1]∗-categories;

• A monotone function between D[0, 1]∗-sets is a D[0, 1]∗-functor between D[0, 1]∗-categories.

Therefore:

• [0, 1]∗-Set is the category of symmetric D[0, 1]∗-categories and left adjoint D[0, 1]∗-distributors.

• [0, 1]∗-Set is the category of symmetric D[0, 1]∗-categories and D[0, 1]∗-functors.

Every monotone function f : (X, α) // (Y, β) induces a morphism

f♮ : (X, α) //◦ (Y, β), f♮(x, y) = β( f x, y) (2.vii)

of [0, 1]∗-sets, called the graph of f , whose opposite

f ♮ : (Y, β) //◦ (X, α), f ♮(y, x) = β(y, f x),

is called the cograph of f . Obviously, for every [0, 1]∗-set (X, α), the identity function 1X is monotone, and

α = (1X)♮ = 1♮X .

Hence, in order to simplify the notation, we abbreviate a [0, 1]∗-set (X, α) to X, and write 1♮X(x, y) instead of α(x, y) if
no confusion arises.

For each q ∈ [0, 1], we have a one-element [0, 1]∗-set {q} with

1♮
{q}(q, q) = q.

Lemma 2.7. For p, q ∈ [0, 1], the following statements are equivalent:

(i) There exists a morphism φ : {p} //◦ {q} of one-element [0, 1]∗-sets.

(ii) Either p = q, or else p < q and p is idempotent.

In this case, it necessarily holds that φ(p, q) = p. Therefore, a morphism between one-element [0, 1]∗-sets, when it
exists, will be denoted by

p : {p} //◦ {q}.
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Proof. (i) =⇒ (ii): Suppose that φ(p, q) = r. Then, by (M1) and (M4) we have

r ⩽ p ∧ q and p ⩽ r ∗ (q→ r). (2.viii)

Thus
p ⩽ r ∗ (q→ r) ⩽ r ⩽ p,

and consequently r = p. It follows that
p = r ⩽ p ∧ q ⩽ q,

and
p ⩽ r ∗ (q→ r) = p ∗ (q→ p) ⩽ p,

where the latter inequality forces
p = p ∗ (q→ p). (2.ix)

If p < q, by Lemma 2.3 we have three cases:

(a) There exists s ∈ (p, q) such that s is idempotent. Then p is also idempotent, because

p = p ∗ (q→ p) ⩽ p ∗ (s→ p) = p ∗ p ⩽ p,

where s→ p = p follows from (2.i).

(b) There exists [a, b] ⊆ [0, 1] such that a ⩽ p < q ⩽ b and that there exists an isomorphism f : [a, b]∗ // [0, 1]×.
By (2.ix) and Example 2.1(2) we have

f (p) = f (p) ·
f (p)
f (q)

,

and consequently f (p) = 0 or f (p) = f (q). Since p < q, we conclude that f (p) = 0. Thus p = a is idempotent.

(c) There exists [a, b] ⊆ [0, 1] such that a ⩽ p < q ⩽ b and that there exists an isomorphism g : [a, b]∗ // [0, 1]∗Ł .
By (2.ix) and Example 2.1(3) we have

g(p) = g(p) ∗Ł (1 − g(q) + g(p)) = 0 ∨ (2g(p) − g(q)),

and consequently g(p) = 0 or g(p) = g(q). Since p < q, we conclude that g(p) = 0. Thus p = a is idempotent.

(ii) =⇒ (i): In this case, it is easy to see that φ(p, q) = p satisfies (M1)–(M4):

• (M1) p ⩽ p ∧ q.

• (M2) (q→ q) ∗ p ∗ (p→ p) ⩽ p.

• (M3) p ∗ (p→ p) ⩽ q.

• (M4) p ⩽ p ∗ (q→ p).

Therefore, φ : {p} //◦ {q} is a morphism of one-element [0, 1]∗-sets.

Remark 2.8. An anonymous referee suggests an alternative way to proving “(i) =⇒ (ii)” of Lemma 2.7. In the
paragraph below (2.ix), if p < q, we may consider the decreasing sequence

{(q→ p)n}n∈N = {(q→ p) ∗ · · · ∗ (q→ p)︸                        ︷︷                        ︸
n times

}n∈N

in [0, 1], which necessarily converges. Suppose that s = lim
n→∞

(q → p)n. Then s is idempotent, since the continuity of
∗ implies that

s ∗ s = lim
n→∞

(q→ p)n ∗ lim
m→∞

(q→ p)m = lim
n→∞

lim
m→∞

(q→ p)n+m = lim
n→∞

s = s.
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Moreover, using (2.ix) and induction we deduce that

p = p ∗ (q→ p)n (2.x)

for all n ∈ N. Thus,

q ∧ s = q ∗ s (s is idempotent)
= q ∗ lim

n→∞
(q→ p)n

= lim
n→∞

q ∗ (q→ p)n (∗ is continuous)

= lim
n→∞

p ∗ (q→ p)n−1 (by Proposition 2.2(1))

= lim
n→∞

p (by (2.x))

= p.

Since p < q, we conclude that p = s, and consequently p is idempotent.

3. Cauchy complete real-valued sets

A singleton on a [0, 1]∗-set X is a morphism λ : {p} //◦ X whose domain is a one-element [0, 1]∗-set. It is easy to
see that 1♮X(x,−) is a singleton for all x ∈ X.

A [0, 1]∗-set X is said to be Cauchy complete if it satisfies one of the equivalent conditions in the following
well-known proposition:

Proposition 3.1. (See [24, Proposition 7.1].) For a [0, 1]∗-set X, the following statements are equivalent:

(i) Each morphism φ : A //◦ X is the graph of a monotone function f : A // X.

(ii) For each singleton λ : {p} //◦ X, there exists x ∈ X such that λ = 1♮X(x,−).

In particular, in Proposition 3.1(ii) it necessarily holds that

1♮X(x, x) = p,

because
p ⩽

∨
x′∈X

1♮X(x′, x) ∗ (1♮X(x′, x′)→ 1♮X(x, x′)) ⩽ 1♮X(x, x) ⩽ p,

where the three inequalities follow from (M4), (M3) and (M1), respectively.
Let X be a Cauchy complete [0, 1]∗-set. For each x ∈ X and each morphism p : {p} //◦ {1♮X(x, x)} between one-

element [0, 1]∗-sets (see Lemma 2.7),

1♮X(x,−) ◦ p : {p} //◦ {1♮X(x, x)} //◦ X

is also a singleton. Thus, by the Cauchy completeness of X, there exists x • p ∈ X such that

1♮X(x • p, x • p) = p and 1♮X(x • p,−) = 1♮X(x,−) ◦ p, (3.i)

which is necessarily unique if X is separated. In fact, when X is a separated Cauchy complete [0, 1]∗-set, (3.i) indicates
that there are bijections (cf. (2.iii))

Xq � [0, 1]∗-Set({q}, X) (3.ii)

natural in q; that is, we have a bijection (cf. (3.viii) below)

Y : Xq // [0, 1]∗-Set({q}, X), Yx = 1♮X(x,−) (3.iii)
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for every q ∈ [0, 1], such that for each morphism p : {p} //◦ {q} between one-element [0, 1]∗-sets, the square

Xp [0, 1]∗-Set({p}, X)
Y

//

Xq

Xp

−•p

��

Xq [0, 1]∗-Set({q}, X)Y // [0, 1]∗-Set({q}, X)

[0, 1]∗-Set({p}, X)

−◦p

��

is commutative.

Proposition 3.2. Let f : X // Y be a monotone function between Cauchy complete [0, 1]∗-sets. Then

f (x • p) � f x • p (3.iv)

for all x ∈ X and morphisms p : {p} //◦ {1♮X(x, x)}, where the isomorphism is defined by (2.ii).

Proof. First, by (3.i) we obtain that

1♮Y ( f x • p, f x • p) = p = 1♮X(x • p, x • p) = 1♮Y ( f (x • p), f (x • p)).

Consequently, using (3.i), (2.vi) and (S1), we have

p = 1♮X(x • p, x • p) = 1♮X(x, x • p) ◦ p ⩽ 1♮Y ( f x, f (x • p)) ◦ p = 1♮Y ( f x • p, f (x • p)) ⩽ 1♮Y ( f x • p, f x • p) = p.

Thus
1♮Y ( f x • p, f x • p) = 1♮Y ( f (x • p), f (x • p)) = 1♮Y ( f x • p, f (x • p)) = p,

and therefore, (3.iv) follows from (2.ii).

For each [0, 1]∗-set X, let
C†X B {λ ∈ [0, 1]∗-Set({q}, X) | q ∈ [0, 1]}

denote the set of all singletons on X. Then C†X is also a [0, 1]∗-set, with

1♮
C†X(λ, λ′) =

∨
x∈X

λ(x) ∗ (1♮X(x, x)→ λ′(x)) =
∨
x∈X

λ′(x) ∗ (1♮X(x, x)→ λ(x)), (3.v)

where the last equality follows from (M1) and Proposition 2.2(2). Indeed, C†X is separated and Cauchy complete (see
[24, Proposition 7.12]), called the Cauchy completion of X. It is straightforward to check that for any λ : {q} //◦ X in
C†X and p : {p} //◦ {q}, we have

1♮
C†X(λ, λ) = q (3.vi)

and
λ • p = λ ◦ p. (3.vii)

For every [0, 1]∗-set X, there is a monotone function

y
†

X : X // C†X, y
†

X x = 1♮X(x,−). (3.viii)

If X is separated and Cauchy complete, then X is isomorphic to C†X in [0, 1]∗-Set, with the isomorphism given by y†X ,
whose inverse is given by

rX : C†X // X with λ = 1♮X(rXλ,−). (3.ix)
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Example 3.3. By Lemma 2.7, the Cauchy completion C†{q} of a one-element [0, 1]∗-set {q} consists of morphisms
p : {p} //◦ {q} (p ∈ [0, 1]); that is,

C†{q} = {q} ∪ {p | p < q and p is idempotent}. (3.x)

Note that
1♮

C†{q}(p, p′) = p ∗ (q→ p′) = p ∧ p′ (3.xi)

for all p, p′ ∈ C†{q}, where the last equality holds because

p ∧ p′ = p ∗ p′ = p ∗ (1→ p′) ⩽ p ∗ (q→ p′) = p′ ∗ (q→ p) ⩽ p ∧ p′

if at least one of p and p′ is idempotent, and it holds trivially if p = p′ = q.

Example 3.4. Let X be a two-element [0, 1]∗-set, say X = {x, y}. Then the Cauchy completion of X is

C†X = {1♮X(z,−) ◦ p | z ∈ {x, y}, p : {p} //◦ {1♮X(z, z)} is a morphism, p ∈ [0, 1]}.

Indeed, if λ : {p} //◦ X is a singleton, then by (M4) and (M1),

p ⩽
(
λ(x) ∗ (1♮X(x, x)→ λ(x))

)
∨

(
λ(y) ∗ (1♮X(y, y)→ λ(y))

)
⩽ p.

Thus p = λ(x) ∗ (1♮X(x, x) → λ(x)) or p = λ(y) ∗ (1♮X(y, y) → λ(y)). Suppose that p = λ(x) ∗ (1♮X(x, x) → λ(x)). For
z ∈ {x, y}, note that

λ(z) = (p→ λ(z)) ∗ p (by (M1) and Proposition 2.2(1))

= (p→ λ(z)) ∗ λ(x) ∗ (1♮X(x, x)→ λ(x)) (p = λ(x) ∗ (1♮X(x, x)→ λ(x)))

⩽ 1♮X(x, z) ∗ (1♮X(x, x)→ λ(x)) (by (M3))

= (1♮X(x, x)→ 1♮X(x, z)) ∗ λ(x)) (by Proposition 2.2(2))
⩽ λ(z). (by (M2))

Thus
λ = 1♮X(x,−) ∗ (1♮X(x, x)→ λ(x)) = 1♮X(x,−) ◦ λ(x),

where the second equality follows from (2.iv). We claim that

λ(x) : {p} //◦ {1♮X(x, x)} (3.xii)

is a morphism, which would force λ(x) = p by Lemma 2.7. Indeed, (3.xii) satisfies (M1), (M2) and (M3) because λ is
a singleton, and satisfies (M4) because p = λ(x) ∗ (1♮X(x, x)→ λ(x)), as desired.

The full subcategory of [0, 1]∗-Set consisting of separated Cauchy complete [0, 1]∗-sets is denoted by

[0, 1]∗-CcSet,

and it is a reflective subcategory of [0, 1]∗-Set (see [24, Proposition 7.14]), with the reflector given by the Cauchy
completion C†. The adjunction

[0, 1]∗-Set [0, 1]∗-CcSet
C† //

[0, 1]∗-Set [0, 1]∗-CcSetoo ? _⊥

can be described by the bijections

[0, 1]∗-CcSet(C†X,Y) � [0, 1]∗-Set(X,Y) (3.xiii)
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natural in X ∈ [0, 1]∗-Set and Y ∈ [0, 1]∗-CcSet. In fact, the unit of this adjunction is y† (see (3.viii)), and for any
monotone function f : X // Y , where X is a [0, 1]∗-set and Y is a separated Cauchy complete [0, 1]∗-set, there exists
a unique monotone function (cf. (3.ix))

f̌ : C†X // Y, f̌λ = rY ( f♮ ◦ λ) (3.xiv)

such that the triangle

X C†X
y
†

X //X

Y
f

$$

C†X

Y

f̌

��

is commutative.
The following proposition is well known, and it allows us to explore the cartesian closedness of [0, 1]∗-Set through

[0, 1]∗-CcSet instead:

Proposition 3.5. (See [21, Proposition 5.7(2)].) The category [0, 1]∗-Set is equivalent to [0, 1]∗-CcSet.

The adjoint equivalence between [0, 1]∗-Set and [0, 1]∗-CcSet can be described by the bijections

[0, 1]∗-CcSet(C†X,Y) � [0, 1]∗-Set(X,Y) (3.xv)

natural in X ∈ [0, 1]∗-Set and Y ∈ [0, 1]∗-CcSet. Explicitly, every monotone function f : C†X // Y corresponds to a
morphism

( f ◦ y†X)♮ : X //◦ Y

of [0, 1]∗-sets; and conversely, every morphism φ : X //◦ Y yields to a monotone function

Rφ : C†X // Y, (Rφ)λ = rY (φ ◦ λ). (3.xvi)

The naturality of (3.xv) in X means that for each morphism ψ : X′ //◦ X of [0, 1]∗-sets, the square

[0, 1]∗-Set(X′,Y) [0, 1]∗-CcSet(C†X′,Y)
R
//

[0, 1]∗-Set(X,Y)

[0, 1]∗-Set(X′,Y)

−◦ψ

��

[0, 1]∗-Set(X,Y) [0, 1]∗-CcSet(C†X,Y)R // [0, 1]∗-CcSet(C†X,Y)

[0, 1]∗-CcSet(C†X′,Y)

[0,1]∗-CcSet(C†ψ,Y)
��

is commutative, where the map R is defined by (3.xvi). Explicitly, for every morphism φ : X //◦ Y between [0, 1]∗-
sets,

R(φ ◦ ψ) = Rφ ◦ (ψ ◦ −) : C†X′
ψ◦−
// C†X

Rφ
// Y. (3.xvii)

4. Cartesian closedness of the category of real-valued sets

Recall that in a category C with finite products, an object Y is exponentiable if the functor − × Y : C // C admits
a right adjoint (−)Y : C // C; that is, if there are bijections

C(X × Y,Z) � C(X,ZY ) (4.i)

natural in X,Z ∈ C. Moreover, C is cartesian closed if every Y ∈ ob C is exponentiable. Explicitly, the existence of
the adjunction (− × Y) ⊣ (−)Y may be characterized by its counit

{evZ : ZY × Y // Z}Z∈obC ,
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called the evaluation, with the universal property that for each morphism f : X × Y // Z in C, there exists a unique
morphism E f : X // ZY such that the triangle

ZY × Y ZevZ
//

X × Y

ZY × Y

E f×1Y

��

X × Y

Z

f

&&

(4.ii)

is commutative. Conversely, every morphism g : X // ZY corresponds to

Mg = evZ ◦(g × 1Y ) : X × Y // Z. (4.iii)

The naturality of (4.i) in X means that for each morphism h : X′ // X, the square

C(X′,ZY ) C(X′ × Y,Z)
M

//

C(X,ZY )

C(X′,ZY )

−◦h
��

C(X,ZY ) C(X × Y,Z)M // C(X × Y,Z)

C(X′ × Y,Z)

−◦(h×1Y )

��

is commutative; that is, for every morphism g : X // ZY ,

M(g ◦ h) = Mg ◦ (h × 1Y ) : X′ × Y
h×1Y // X × Y

Mg
// Z. (4.iv)

Note that the category [0, 1]∗-CcSet is complete and cocomplete (see [21, Section 7]). In fact, it is straightforward
to check that the product of X,Y ∈ [0, 1]∗-CcSet is given by

X × Y = {(x, y) | x ∈ X, y ∈ Y, 1♮X(x, x) = 1♮Y (y, y)} and 1♮X×Y
(
(x, y), (x′, y′)

)
= 1♮X(x, x′) ∧ 1♮Y (y, y′) (4.v)

for all x, x′ ∈ X, y, y′ ∈ Y with 1♮X(x, x) = 1♮Y (y, y), 1♮X(x′, x′) = 1♮Y (′y, y′).
For Y,Z ∈ [0, 1]∗-CcSet, if the the exponential ZY exists in [0, 1]∗-CcSet, then there are bijections

ZY
q � [0, 1]∗-Set({q},ZY ) (by (3.ii)) (4.vi)

� [0, 1]∗-CcSet(C†{q},ZY ) (by (3.xv)) (4.vii)

� [0, 1]∗-CcSet(C†{q} × Y,Z) (by (4.i)) (4.viii)

natural in q. Recall that the bijections above are given by Y, R and M, respectively (see (3.iii), (3.xvi) and (4.iii)).
Thus, every f ∈ ZY

q is mapped to
MRY f ∈ [0, 1]∗-CcSet(C†{q} × Y,Z)

under these bijections.

Lemma 4.1. For Y,Z ∈ [0, 1]∗-CcSet, suppose that the exponential ZY exists in [0, 1]∗-CcSet. If f ∈ ZY
q and

p : {p} //◦ {q} is a morphism between one-element [0, 1]∗-sets, then

MRY( f • p) = (MRY f ) ◦ ((p ◦ −) × 1Y ) : C†{p} × Y // Z.

Proof. First, applying (3.xvii) to p : {p} //◦ {q} and 1♮ZY ( f ,−) : {q} //◦ ZY yields

R
(
1♮ZY ( f ,−) ◦ p

)
= R

(
1♮ZY ( f ,−)

)
◦ (p ◦ −) : C†{p} // ZY . (4.ix)

Second, by applying (4.iv) to (p ◦ −) : C†{p} // C†{q} and R
(
1♮ZY ( f ,−)

)
: C†{q} // ZY we obtain that

M
(
R

(
1♮ZY ( f ,−)

)
◦ (p ◦ −)

)
= MR

(
1♮ZY ( f ,−)

)
◦ ((p ◦ −) × 1Y ) : C†{p} × Y // Z. (4.x)
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Thus

MRY( f • p) = MR
(
1♮ZY ( f • p,−)

)
(by (3.iii))

= MR
(
1♮ZY ( f ,−) ◦ p

)
(by (3.i))

= M
(
R

(
1♮ZY ( f ,−)

)
◦ (p ◦ −)

)
(by (4.ix))

= MR
(
1♮ZY ( f ,−)

)
◦ ((p ◦ −) × 1Y ) (by (4.x))

= (MRY f ) ◦ ((p ◦ −) × 1Y ), (by (3.iii))

as desired.

Lemma 4.2. For Y,Z ∈ [0, 1]∗-CcSet, suppose that the exponential ZY exists in [0, 1]∗-CcSet. Then the evaluation is
given by

evZ : ZY × Y // Z, evZ( f , y) = (MRY f )(q, y),

where q = 1♮Y (y, y).

Proof. First, note that MRY f ∈ [0, 1]∗-CcSet(C†{q} × Y,Z) since, by (4.v), we have 1♮ZY ( f , f ) = 1♮Y (y, y) = q . Thus
(MRY f )(q, y) is well defined, because q ∈ C†{q}.

Second, note that
(RY f )q = rZY

(
1♮ZY ( f ,−) ◦ q

)
= rZY

(
1♮ZY ( f ,−)

)
= rZYy

†

ZY f = f ,

where the first equality follows from (3.iii) and (3.xvi), the second equality holds because q ∈ C†{q} is exactly 1♮
{q},

and the last equality follows since ZY ∈ [0, 1]∗-CcSet indicates that rZY is the inverse of y†ZY (see (3.viii) and (3.ix)).
Therefore, since E and M are inverses of each other, we conclude that

evZ( f , y) = evZ(RY f × 1Y )(q, y) = evZ(EMRY f × 1Y )(q, y) = (MRY f )(q, y)

for all ( f , y) ∈ ZY × Y , where the last equality follows from the commutativity of the triangle (4.ii).

For monotone functions f : C†{p} × Y // Z and g : C†{q} × Y // Z, we define a subset D( f , g) of the interval
[0, 1], which consists of u ∈ [0, p ∧ q] satisfying(

u ∗ (p→ r) ∗ (q→ r′)
)
∧ 1♮Y (y, y′) ⩽ 1♮Z

(
f (r, y), g(r′, y′)

)
(4.xi)

for all (r, y) ∈ C†{p} × Y and (r′, y′) ∈ C†{q} × Y .

Lemma 4.3. For Y,Z ∈ [0, 1]∗-CcSet, suppose that the exponential ZY exists in [0, 1]∗-CcSet. Then

1♮ZY ( f , f ) = p (4.xii)

if the domain of the monotone function MRY f is C†{p} × Y, and

1♮ZY ( f , g) =
∨

D(MRY f ,MRYg) (4.xiii)

for all f , g ∈ ZY .

Proof. (4.xii) is an immediate consequence of the bijections (4.vi), (4.vii) and (4.viii). For (4.xiii), suppose that
f ∈ ZY

p , g ∈ ZY
q and u ∈ [0, p ∧ q]. Let us consider the [0, 1]∗-set X with

X = {x, x′}, 1♮X(x, x) = p, 1♮X(x′, x′) = q and 1♮X(x, x′) = u, (4.xiv)

and the map
h : X // ZY with hx = f , hx′ = g.

We claim that the following statements are equivalent, and consequently, (4.xiii) follows at once from (i)⇐⇒ (v):
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(i) u ⩽ 1♮ZY ( f , g).

(ii) h : X // ZY is a monotone function.

(iii) ȟ : C†X // ZY is a monotone function (defined by (3.xiv)).

(iv) Mȟ : C†X × Y // Z is a monotone function (defined by (3.xiv) and (4.iii)).

(v) u ∈ D(MRY f ,MRYg).

Indeed, (i) ⇐⇒ (ii) is an immediate consequence of the definition of monotone functions (see (2.vi)), while (ii) ⇐⇒
(iii) and (iii)⇐⇒ (iv) follow from (3.xiii) and (4.i), respectively. It remains to show that (iv)⇐⇒ (v).

First, by Example 3.4, C†X consists of singletons on X of the form

1♮X(x,−) ◦ r or 1♮X(x′,−) ◦ r′,

where r : {r} //◦ {p} and r′ : {r′} //◦ {q} are morphisms between one-element [0, 1]∗-sets. Note that if
(
1♮X(x,−) ◦ r, y

)
∈

C†X × Y , then 1♮Y (y, y) = r (see (3.vi) and (4.v)). Thus

(Mȟ)
(
1♮X(x,−) ◦ r, y

)
= evZ(ȟ × 1Y )

(
1♮X(x,−) ◦ r, y

)
(by (4.iii))

= evZ

(
ȟ
(
1♮X(x,−) ◦ r

)
, y

)
= evZ

(
rZY

(
h♮ ◦ 1♮X(x,−) ◦ r

)
, y

)
(by (3.xiv))

= evZ

(
rZY

(
h♮(x,−) ◦ r

)
, y

)
(by (2.v))

= evZ

(
rZY

(
1♮ZY (hx,−) ◦ r

)
, y

)
(by (2.vii))

= evZ

(
rZY

(
1♮ZY ( f ,−) ◦ r

)
, y

)
(hx = f )

= evZ

(
rZY

(
1♮ZY ( f ,−) • r

)
, y

) (
by (3.vii) and 1♮ZY ( f ,−) ∈ C†ZY

)
= evZ

((
rZY

(
1♮ZY ( f ,−)

)
• r

)
, y

)
(by Proposition 3.2)

= evZ( f • r, y) (by (3.ix))

= (MRY( f • r))
(
1♮Y (y, y), y

)
(by Lemma 4.2)

= (MRY f ) ◦ ((r ◦ −) × 1Y )
(
1♮Y (y, y), y

)
(by Lemma 4.1)

= (MRY f )(r, y)

for all r : {r} //◦ {p} and y ∈ Y , where the last equality holds because 1♮Y (y, y) : {r} //◦ {r} is actually the identity
morphism on {r}. Similarly, we may compute that

(Mȟ)
(
1♮X(x′,−) ◦ r′, y′

)
= (MRYg)(r′, y′)

for all r′ : {r′} //◦ {q} and y′ ∈ Y .
Second, from (2.iv), (4.xiv) and Proposition 2.2(1) we see that

1♮X(x, x) ◦ r = 1♮X(x, x) ∗ (p→ r) = p ∗ (p→ r) = r,

1♮X(x, x′) ◦ r = 1♮X(x, x′) ∗ (p→ r) = u ∗ (p→ r),

1♮X(x′, x) ◦ r′ = 1♮X(x′, x) ∗ (q→ r′) = u ∗ (q→ r′),

1♮X(x′, x′) ◦ r′ = 1♮X(x′, x′) ∗ (q→ r′) = q ∗ (q→ r′) = r′
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for all r : {r} //◦ {p} and r′ : {r′} //◦ {q}. Thus, it follows from (3.v) that

1♮
C†X

(
1♮X(x,−) ◦ r, 1♮X(x′,−) ◦ r′

)
=

∨
z∈X

(
1♮X(x, z) ◦ r

)
∗
(
1♮X(z, z)→

(
1♮X(x′, z) ◦ r′

))
=

[(
1♮X(x, x) ◦ r

)
∗
(
1♮X(x, x)→

(
1♮X(x′, x) ◦ r′

))]
∨

[(
1♮X(x, x′) ◦ r

)
∗
(
1♮X(x′, x′)→

(
1♮X(x′, x′) ◦ r′

))]
= [r ∗ (p→ (u ∗ (q→ r′)))] ∨ [u ∗ (p→ r) ∗ (q→ r′)]
= u ∗ (p→ r) ∗ (q→ r′),

where the last equality holds because u ∗ (q→ r′) ⩽ u ⩽ p implies that

r ∗ (p→ (u ∗ (q→ r′))) = u ∗ (q→ r′) ∗ (p→ r)

by Proposition 2.2(2). Therefore, in conjunction with (4.v) we conclude that the monotonicity of the function Mȟ is
equivalent to (

u ∗ (p→ r) ∗ (q→ r′)
)
∧ 1♮Y (y, y′) ⩽ 1♮Z

(
(MRY f )(r, y), (MRYg)(r′, y′)

)
for all (r, y) ∈ C†{p} × Y and (r′, y′) ∈ C†{q} × Y , which establishes (iv)⇐⇒ (v) and thus completes the proof.

Example 4.4. As suggested by an anonymous referee, we present here an application of Lemma 4.3 in the following
simple setting. Let us consider the Łukasiewicz t-norm [0, 1]∗Ł (see Example 2.1(3)). Let Y = C†{1}, and assume that
ZY is the exponential of Y,Z ∈ [0, 1]∗Ł -CcSet. For f , g ∈ ZY with

1♮ZY ( f , f ) = 1 and 1♮ZY (g, g) =
1
2
,

we may compute 1♮ZY ( f , g) as follows. Note that D(MRY f ,MRYg) consists of u ∈
[
0,

1
2

]
satisfying(

u ∗ (1→ r) ∗
(1
2
→ r′

))
∧ 1♮Y (y, y′) ⩽ 1♮Z

(
f (r, y), g(r′, y′)

)
(4.xv)

for all (r, y) ∈ C†{1} × Y and (r′, y′) ∈ C†
{1
2

}
× Y . Since there is no non-trivial idempotent element in [0, 1]∗Ł , we have

C†{1} =
{
0: {0} //◦ {1}, 1: {1} //◦ {1}

}
and C†

{1
2

}
=

0: {0} //◦
{1
2

}
,

1
2

:
{1
2

}
//◦
{1
2

} .
Thus, it follows from (4.v) that C†

{1
2

}
× Y = C†

{1
2

}
× C†{1} contains only one element, i.e.,

(
0: {0} //◦

{1
2

}
, 0: {0} //◦ {1}

)
.

Consequently, the left side of (4.xv) must be 0 (because y′ must be 0: {0} //◦ {1}, and thus 1♮Y (y, y′) = 0 by (3.v)),

which means that the inequality (4.xv) holds trivially. Hence D(MRY f ,MRYg) =
[
0,

1
2

]
, and from Lemma 4.3 we

conclude that
1♮ZY ( f , g) =

∨
D(MRY f ,MRYg) =

∨[
0,

1
2

]
=

1
2
.

Proposition 4.5. The category [0, 1]∗-CcSet is cartesian closed if, and only if, ∗ is the minimum t-norm on [0, 1].

14



Proof. The “if” part is an immediate consequence of Remark 2.5 and Proposition 3.5. For the “only if” part, we
proceed by contradiction. Suppose that ∗ is not the minimum t-norm on [0, 1]. Then, by Lemma 2.3, there exists a
non-trivial closed interval

[a, b] ⊆ [0, 1]

such that the continuous t-norm [a, b]∗ obtained by restricting ∗ to [a, b] is either isomorphic to the product t-norm
[0, 1]× or isomorphic to the Łukasiewicz t-norm [0, 1]∗Ł ; in particular, no element in (a, b) is idempotent.

Let us consider the [0, 1]∗-set X with

X = {x, x′}, 1♮X(x, x) = 1♮X(x′, x′) = b and 1♮X(x, x′) = a.

Let Y = C†{b} and Z = C†X. We show that ZY equipped with (4.xiii) cannot be a [0, 1]∗-set.
First, using Example 3.3 and the fact that (a, b) contains no idempotent element, we find that

C†{b} = {b : {b} //◦ {b}} ∪ {p : {p} //◦ {b} | 0 ⩽ p ⩽ a and p is idempotent}. (4.xvi)

Since 1♮
C†{b}(p, p) = p for all p ∈ C†{b} (see (3.vi) and Lemma 2.7), we see that each slice of C†{b} contains only one

element. Thus, by (4.v), C†{b} × Y = C†{b} × C†{b} can be identified with C†{b} itself. Moreover, it follows from
(3.xi) that

1♮
C†{b}×Y (p, q) = p ∧ q

for all p, q ∈ C†{b}. Similarly, let c =
a + b

2
. Note that c < C†{b}, because c ∈ (a, b) is not idempotent. Thus

C†{c} × Y = C†{c} × C†{b} can be identified with

{p : {p} //◦ {b} | 0 ⩽ p ⩽ a and p is idempotent}, (4.xvii)

and
1♮

C†{c}×Y (p, q) = p ∧ q

for all p, q ∈ C†{c}.
Second, from Example 3.4 we have

Z = {1♮X(z,−) ◦ p | z ∈ {x, y}, p : {p} //◦ {1♮X(z, z)} is a morphism, p ∈ [0, b]}.

Define f , g, h ∈ ZY corresponding to

MRY f : C†{b} × Y // Z, (MRY f )p = 1♮X(x,−) ◦ p,

MRYg : C†{c} × Y // Z, (MRYg)p = 1♮X(x,−) ◦ p,

MRYh : C†{b} × Y // Z, (MRYh)p = 1♮X(x′,−) ◦ p.

Analogously to the proof of Lemma 4.3, we may compute that

1♮X(x, x) ◦ p = 1♮X(x, x) ∗ (b→ p) = b ∗ (b→ p) = p,

1♮X(x, x) ◦ q = 1♮X(x, x) ∗ (b→ q) = b ∗ (b→ q) = q,

1♮X(x, x′) ◦ p = 1♮X(x, x′) ∗ (b→ p) = a ∗ (b→ p) = a ∗ p,

1♮X(x, x′) ◦ q = 1♮X(x, x′) ∗ (b→ q) = a ∗ (b→ q) = a ∗ q

for all p : {p} //◦ {b} and q : {q} //◦ {b}, where we have applied (2.i) to the idempotent element b. Thus, since both
a and b are idempotent,

1♮
C†{b}×Y (p, q)
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= p ∧ q

= (p ∧ q) ∨ (a ∧ p ∧ q)
= (p ∗ q) ∨ (a ∗ p ∗ a ∗ p)
= (p ∗ (b→ q)) ∨ [a ∗ p ∗ (b→ (a ∗ q))]

=
[(

1♮X(x, x) ◦ p
)
∗
(
1♮X(x, x)→

(
1♮X(x, x) ◦ q

))]
∨

[(
1♮X(x, x′) ◦ p

)
∗
(
1♮X(x′, x′)→

(
1♮X(x, x′) ◦ q

))]
=

∨
z∈X

(
1♮X(x, z) ◦ p

)
∗
(
1♮X(z, z)→

(
1♮X(x, z) ◦ q

))
= 1♮Z

(
1♮X(x,−) ◦ p, 1♮X(x,−) ◦ q

)
= 1♮Z((MRY f )p, (MRY f )q),

showing that MRY f is a monotone function. Similarly, MRYg and MRYh are both monotone functions. Thus f , g and
h are well defined.

For monotone functions f : C†{p} × Y // Z and g : C†{q} × Y // Z, we define a subset D( f , g) of the interval
[0, 1], which consists of u ∈ [0, p ∧ q] satisfying(

u ∗ (p→ r) ∗ (q→ r′)
)
∧ 1♮Y (y, y′) ⩽ 1♮Z

(
f (r, y), g(r′, y′)

)
(4.xviii)

for all (r, y) ∈ C†{p} × Y and (r′, y′) ∈ C†{q} × Y .
Finally, note that for p ∈ C†{b} × Y and q ∈ C†{c} × Y , by similar calculations as above we obtain that

1♮Z((MRY f )p, (MRYg)q) = 1♮Z
(
1♮X(x,−) ◦ p, 1♮X(x,−) ◦ q

)
= p ∧ q.

Moreover, for p ∈ C†{b} × Y and q ∈ C†{b} × Y ,

1♮Z((MRY f )p, (MRYh)q)

= 1♮Z
(
1♮X(x,−) ◦ p, 1♮X(x′,−) ◦ q

)
=

∨
z∈X

(
1♮X(x, z) ◦ p

)
∗
(
1♮X(z, z)→

(
1♮X(x′, z) ◦ q

))
=

[(
1♮X(x, x) ◦ p

)
∗
(
1♮X(x, x)→

(
1♮X(x′, x) ◦ q

))]
∨

[(
1♮X(x, x′) ◦ p

)
∗
(
1♮X(x′, x′)→

(
1♮X(x′, x′) ◦ q

))]
= [p ∗ (b→ (a ∗ q))] ∨ [a ∗ p ∗ (b→ q)]
= (p ∗ a ∗ q) ∨ (a ∗ p ∗ q)
= a ∗ p ∗ q

= a ∧ p ∧ q;

and similarly, for p ∈ C†{c} × Y and q ∈ C†{b} × Y ,

1♮Z((MRYg)p, (MRYh)q) = 1♮Z
(
1♮X(x,−) ◦ p, 1♮X(x′,−) ◦ q

)
= a ∧ p ∧ q.

Therefore:

• D(MRY f ,MRYg) consists of those u ∈ [0, c] satisfying

(u ∗ (b→ p) ∗ (c→ q)) ∧ (p ∧ q) ⩽ p ∧ q (4.xix)

for all p ∈ C†{b} × Y and q ∈ C†{c} × Y . Since (4.xix) always holds, we have D(MRY f ,MRYg) = [0, c].

• D(MRYg,MRYh) consists of those u ∈ [0, c] satisfying

(u ∗ (c→ p) ∗ (b→ q)) ∧ (p ∧ q) ⩽ a ∧ p ∧ q (4.xx)

for all p ∈ C†{c} × Y and q ∈ C†{b} × Y . Since p ⩽ a by (4.xvii), the inequality (4.xx) also holds trivially. Thus
D(MRYg,MRYh) = [0, c].
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• D(MRY f ,MRYh) consists of those u ∈ [0, b] satisfying

(u ∗ (b→ p) ∗ (b→ q)) ∧ (p ∧ q) ⩽ a ∧ p ∧ q (4.xxi)

for all p, q ∈ C†{b} × Y . Note that

(u ∗ (b→ p) ∗ (b→ q)) ∧ (p ∧ q) = (u ∗ p ∗ q) ∧ p ∧ q = u ∧ p ∧ q,

where the last equality follows from the fact that p and q are both idempotent (see (4.xvi), and note that b is
also idempotent). Thus, the inequality (4.xxi) becomes

u ∧ p ∧ q ⩽ a ∧ p ∧ q,

which holds if, and only if, u ⩽ a (for the “only if” part, just note that the arbitrariness of p, q ∈ C†{b} × Y
allows us to choose p = q = b). It follows that D(MRY f ,MRYh) = [0, a].

Consequently, by Lemma 4.3 we obtain that

1♮ZY (g, g) = c, 1♮ZY ( f , g) = 1♮ZY (g, h) =
∨

[0, c] = c and 1♮ZY ( f , h) =
∨

[0, a] = a.

Hence
1♮ZY (g, h) ∗

(
1♮ZY (g, g)→ 1♮ZY ( f , g)

)
= c ∗ (c→ c) = c > a = 1♮ZY ( f , h),

which contradicts to (S3).

Therefore, the main result of this paper arises as an immediate consequence of Propositions 3.5 and 4.5:

Theorem 4.6. The category [0, 1]∗-Set is cartesian closed if, and only if, ∗ is the minimum t-norm on [0, 1].

In particular, as an immediate corollary, we reproduce the result of [14] in the framework of real-valued sets:

Corollary 4.7. (See [14, Theorem 5.6].) The category [0, 1]∗-Set is a topos if, and only if, ∗ is the minimum t-norm
on [0, 1].
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