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1 Introduction

A distributor [3] ¢: X —e—+ Y between categories enriched in a commutative quantale [15,
9,22,8]

V= (V,®,k)

may be described as a V-bifunctor ¢: X°? ® Y —V, and it induces three pairs of adjoint
V-functors between the (co)presheaf V-categories of X and Y:

(1) the Isbell adjunction [25] @y = @* : (V¥ )P — VX
(2) the Kan adjunctions [25,24] ¢* 4 @, : VX — VY™ and @; 4 ¢ : (VX)P — (VY )P,

In this paper we demonstrate that every two-variable adjunction [7,26] between V-
categories gives rise to (generalized) Isbell adjunctions and Kan adjunctions, and in fact
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provides a unified framework for these notions. Explicitly, for every two-variable adjunc-
tion (X,Y,Z,®,,/, ) between V-categories (Definition 3.3), a V-bifunctor

0:A®@B—Z
induces an Isbell adjunction
@ h: (XB)P—yA”

between the V-categories of V-functors (Proposition 5.1). As every two-variable adjunction
is associated with several others (Lemma 5.2), Isbell adjunctions constructed upon suitable
two-variable adjunctions are precisely Kan adjunctions

v Ay 22— XxP? and g AT ()P — (ZB)P
induced by V-bifunctors
y: A @B—Y and §:A® @ B—X,

respectively (Proposition 5.3). As revealed in Subsection 7.1, all these adjunctions are re-
duced to the ones described in [25,24] when X =Y = Z =V, which are now unified in the
general framework of two-variable adjunction.

The main results of this paper are concerned about the representation theorems for fixed
points of Isbell adjunctions and Kan adjunctions, whose prototypes can be traced in the fields
of formal concept analysis (FCA) [6,4] and rough set theory (RST) [18,19,29]. Explicitly,
if (X,Y,Z,®,,/, ) is a two-variable adjunction between complete V-categories, then fixed
points of @ - o*, w* 4y, and & 4 {7 constitute complete V-categories

Mo, Ky and K¢,

respectively, which provide a (very general) categorical interpretation of the notion of con-
cept lattice in FCA and RST:

(1) fX =Y =Z=V, then Mo, Ky and KTC are concept lattices valued in V [1,2, 14,25,
24,11]; see Subsection 7.1.

(2) If V =2, the two-element Boolean algebra, then M@, Ky and K¢ are multi-adjoint
concept lattices [17,16,12]; see Subsection 7.2.

In particular, the representation theorems for M, Ky and K¢ in the above special cases
have been established in the cited references. In our general setting, the desired representa-
tion theorems are presented as Theorem 6.2, Corollaries 6.6 and 6.7, which precisely charac-
terize V-categories that are equivalent to Mg, Ky and K¢, respectively. It is worth pointing
out that Theorem 6.2 is not a straightforward generalization of [25, Theorem 4.16] or [11,
Corollary 7.9] for the case of X =Y = Z =V, since the absence of the Yoneda embedding
in general V-categories of V-functors forces us to develop new techniques to complete the
proof. The key tools are the V-bifunctors

AQX— X" and 17 A @ XP—(XA)P

constructed for any V-category A and complete V-category X, which extend the notion of
formal ball in V-categories (Remark 4.4) and satisfy a generalized version of the Yoneda
lemma (Propositions 4.7 and 4.8).
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2 V-categories
Throughout, let
V= (V,®,k)

denote a commutative quantale [22]; that is, (V,®,k) is a commutative monoid with the
underlying set V being a complete lattice, such that

x@ (Vi) =Vxoy
icl iel
for all x,y; € V (i € I). The right adjoint induced by the multiplication, denoted by —,
x®@-)dx—-): V—V,
satisfies
XQy<Lz <= x<y—z2

for all x,y,z€ V.
A V-category [15,9] consists of a set X and a map o : X x X —V satisfying

k<o(x,x) and ofx,y) ® a(y,z) < ofx,z)

for all x,y,z € X. For simplicity, we abbreviate the pair (X, @) to X and write X (x,y) instead
of a(x,y) if no confusion arises.
Every V-category X is equipped with an underlying (pre)order given by

x<y <= k<X(x,y)

forall x,y € X. We write x =2 y iff x <y and y < x. A V-category X is separated (also skeletal)
if x =y whenever x = y in X.
A map f: X—Y between V-categories is a V-functor if

X(x,y) <Y(fx, fy)
for all x,y € X. With the order of V-functors given by
f<g:X—Y << WxeX: fx<gx < VxeX: k<Y(fx,gx),

we obtain a 2-category
V-Cat

of V-categories and V-functors.
Given a V-functor f: X —Y, we say that:

— fis fully faithful, if X (x,y) =Y (fx, fy) for all x,y € X.

— fis essentially surjective, if for each y € Y there exists x € X such that y = fx.

— f is an equivalence (resp. isomorphism) of V-categories, if there exists a V-functor
g:Y— X with gf = 1x (resp. gf = 1x) and fg = 1y (resp. fg = ly), where 1x and 1y
refer to the identity maps on X and Y, respectively. In this case, X and Y are equivalent
(resp. isomorphic) V-categories, and denoted by X ~ Y (resp. X = 7).

Assuming the axiom of choice, the following characterization of equivalences of V-
categories is well known:
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Proposition 2.1. [9] A V-functor f: X —Y is an equivalence of \V-categories if, and only
if, f is fully faithful and essentially surjective.

Example 2.2. Some basic examples of V-categories are listed below:

(1) Vitself is a separated V-category with
V(x,y)=x—y

for all x,y € V.

(2) Let [0,00] = (]0,29], =, +,0) denote Lawvere’s quantale. Then [0, ec]-categories are (gen-
eralized) metric spaces [15], and [0, eo]-functors are non-expansive maps.

(3) Every V-category X has a dual X°P, which has the same underlying set as X, and

XP(x,y) =X (y,x)

forall x,y € X.
(4) The product of V-categories X, Y, denoted by X x Y, has the cartesian product of their
underlying sets as its set of objects, and

(X X Y)((x7y)7 (x/:y/)) = X(xvx/) /\Y(y7y/)

forallx,x € X,y,y €Y.
(5) The tensor product of V-categories X, Y, denoted by X ® Y, has the cartesian product
of their underlying sets as its set of objects, and

X @Y)((x,y),(«,y) =X (x,x") @ ¥ (3,))

forallx,x' € X,y,y €Y.
(6) Given V-categories X, Y, we denote by Y* the V-category of V-functors from X to ¥,
with
YX(f.9) = \ Y(fxg0) @)

xeX

for all f,g € YX. In particular, VX* and (VX)°P are called the presheaf and copresheaf
V-categories of X, respectively, with

VX () = A\ px— p'x and (V)P = A Ax— Ax

xeX xeX

for all u,u’ € VX", 1, A" e VX,

Remark 2.3. The dual of a V-category given in Example 2.2(3) may be expanded to an
isomorphism
(—)°P: V-Cat— (V-Cat)*°

of 2-categories, where “co” refers to the dualization of 2-cells. Explicitly, the dual of a V-
functor f: X —Y, denoted by f°P: X°P —Y°P, is the same map as f on objects, but
(f)°P < f°P whenever f < f': X —Y. Moreover, it is easy to see that

(YX)oP = (yP)X* and (X @ Y)P =X © Y°P (2.ii)

for all V-categories X, Y.
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3 Two-variable adjunctions in V-categories

Recall that a pair of V-functors, f: X —Y and g: Y — X, form an adjunction in V-Cat,
denoted by f - g, if

Ix <gf and fg<ly;
or equivalently, if
Y(fx,y) = X(x,y) (3.9

forallx € X,y € Y. It is well known that the V-functoriality of f, g is implied by (3.i); that
is, maps f, g satisfying (3.i) are necessarily V-functors (see, e.g., [13, Theorem 2.10]). In
this case, f is called a left adjoint of g, and g a right adjoint of f.

The aim of this section is to introduce the notion of two-variable adjunction in the
context of V-categories, which appears in [7,21] for ordinary categories and in [26] for
enriched categories. First, it is straightforward to check the following lemma, where a V-
bifunctor simply means a V-functor X ® ¥ —Z:

Lemma 3.1. For V-categories X, Y, Z, amap ¢: X @ Y —Z is a V-bifunctor if, and only
if,

(1) @(x,—): Y—=Z is a V-functor for all x € X, and

2) o(—,y): X—Z is a V-functor forally € Y.

Suppose that X, Y, Z are V-categories and ®: X ® Y —Z is a V-bifunctor. If the V-
functors

—-®y: X—Z and x® —:Y—Z
admit right adjoints in V-Cat for any y € Y, x € X, say,
(—®y) (- y):Z—X and (x®—)"d(x\(—): Z—>Y, (3.i1)
then
Z(x®y,2) =X(xz y) =Y (3,x \2) (3.ii)
forallxeX,yeY,zeZ.

Lemma 3.2. /: Z®YP—X and \,: X°P ® Z—Y defined by (3.ii) (or equivalently,
by (3.iii)) are V-bifunctors.

Proof. We check the V-bifunctoriality of ,, as an example. By Lemma 3.1, it suffices to
show that for each z € Z,
7y —: YP—X

is a V-functor, which follows from

Y(0,y) <Z(z ) @y (2 Y) @)
<Z((zY) @y, Y)®Y)0X (2 ¥, 2/ Y)
=Z(z Y@y, Y)@Y)2Z((z yY)®Y,2)
<Z((zY) ®y,2)
=Xz Y,z y),

forally,y' €Y. O
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Definition 3.3. [26] Let X, Y, Z be V-categories. A two-variable adjunction in V-Cat con-
sists of V-bifunctors

®:XQRY—Z, S:ZRQYP—X, \XPRZ—Y

such that
Z(x®y,2) =X(x, 2/ y) =Y (y,x v 2)
forallxe X, yeY,zeZ.

For each V-category X, the Yoneda embedding (resp. co-Yoneda embedding) refers to
the V-functor

p: X—VX" x X(—x) (resp.p’: X— (V)P x> X(x,—)).

The following Yoneda lemma is well known, which in particular implies that y and y are
both fully faithful; however, y and y' are injective maps only if X is a separated V-category.

Lemma 3.4 (Yoneda). [9] Forany x € X, u € VX™, A € VX, it holds that
VX (g, u) = pux  and  (VX)P(A,97x) = Ax. (3.iv)

The supremum (resp. infimum) of U € VX (resp. A € VX), when it exists, is an object
supu € X (resp. infA € X) satisfying

X(suppt,x) = VX" (0w) = A\ wy = X (3,0) (3.v)
yeX
(resp. X(x,infA) = (VX)P(yTx, A1) = /\ Ay — X(x,y)). (3.vi)
yeX

for all x € X. A V-category X is cocomplete if every p € VX admits a supremum, or
equivalently, if n: X —VX* has a left adjoint, given by sup: VX" — X It is well known
that X is cocomplete if and only if X is complete [27], where the completeness of X is
defined as v : X — (VX)°P admitting a right adjoint inf: (VX)P —X.

Every V-functor f: X —Y induces a V-functor £~ : VX — VY given by

(fu)y=\/Y(fx,y) ® ux, (3.vii)

xeX
and thus gives rise to V-functors
(fP)7: VIRV and (f7)P: (VH)P—(VF)P
between (co)presheaf V-categories of X, Y.
Proposition 3.5. [27] Let f: X —Y be a V-functor between complete \V-categories. Then
[ is a left (resp. right) adjoint in V-Cat if, and only if, f preserves suprema (resp. infima) in
the sense that
Sfsupy = supy (fP)7  (resp. finfy = infy (f7)°P).
Therefore, if X, Y, Z are complete V-categories, then a two-variable adjunction
(X1Y727®7)/7\()
in V-Cat is completely determined by a V-bifunctor
®:XRQY—Z

that preserves suprema on both sides.
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4 Tensors and cotensors in V-categories

In a V-category X, the fensor (resp. cotensor) [9] of v € V and x € X, when it exists, is an
object vkx € X (resp. v — x € X) such that

X(v*x,y)=v—X(x,y) (resp.X(y,v—x)=v—X(y,x)) (4.9)

for all y € X. X is tensored (resp. cotensored) if vxx (resp. v — x) exists forallv e V,x € X.
A V-category X is order-complete if the underlying ordered set of X is complete.

Proposition 4.1. [28] A V-category X is complete if, and only if, X is tensored, cotensored
and order-complete.

Proposition 4.2. [28] Let f: X —Y be a V-functor between complete V-categories. Then
fis aleft (resp. right) adjoint in V-Cat if, and only if, f is a left (resp. right) adjoint between
the underlying ordered sets of X, Y, and preserves tensors (resp. cotensors) in the sense that
JSxx)=vxfx(resp. f(v—x)=v— fx)forallveV, xeX.

In fact, in a complete V-category X, (4.i) indicates that there are adjoint V-functors
(—*x)4X(x,—): X—V and X(—,x)4(——x): VP—X (4.i1)

for all x € X. Then it follows immediately from Proposition 4.2 that

X()Q/\y,‘) = /\X('x7yi) and X(\/yiax> = /\X(yiax) (4.iii)
il il il il
for all x,y; € X (i € I), where /\ y; and \/ y; are calculated in the underlying order of X.
il il
Let X be a complete V-category. For each V-category A, we define

t(a,x): A% —X, 1(a,x)b=A(b,a)*x, (4.iv)
1"(a,x): A—X, 17(a,x)b=A(a,b)*x (4.v)

forallae A, x € X.

Lemma 4.3. 1(a,x): A ——X and 1" (a,x): A—X are both N -functors.
Proof. The V-functoriality of 1(a,x) follows from

A(b,c) < A(c,a) = A(b,a)
< N\ (A(b,a) = X(x,y)) = (A(c,a) = X(x,y))

/\
/\ A(b,a)xx,y) — X(A(c,a) *x,y)
yey

X (A(c,a)*x, A(b,a)xx)
X(1(a,x)c,1(a,x)b)

for all b,c € A, and the V-functoriality of 17(a,x) is obtained dually. O
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Remark 4.4. The V-functor 1(a,x): A°° — X extends the notion of formal ball in V-
categories [10], which originates from (generalized) metric spaces (i.e., when V = [0, 0])
[5,23]. In fact, if X =V, then tensors in V are given by

Vxr=vQr

for all v,r € V. Consequently, for any a € A and r € V, 1(a,r): A’ —V is precisely a
formal ball of center a and radius r in the sense of [10, Definition 5.1].

A V-functor f: X—Y is dense (resp. codense) if, for every y € Y, there exists y € VX
(resp. A € VX) such that

y=sup(f®)"u (resp.y =inf(f)P4).
The following properties of (co)dense V-functors are useful later:
Lemma 4.5. (cf. [9, Theorem 5.1] and [11, Proposition 4.12]) A V-functor f: X —Y is
dense (resp. codense) if, and only if,
Y(v,y) = N Y(fxy) =Y (fx)) (resn Y(v,y)= NY(/, fx) = Y(y7fX))

xeX xeX
forally,y € X.
Lemma 4.6. (c¢f. [9, Proposition 5.9] and [11, Corollary 4.13])

(1) IfaV-functor f: X —Y is essentially surjective, then f is both dense and codense.
(2) If V-functors f: X —Y and g: Y —Z are both dense (resp. codense), and g is a left
(resp. right) adjoint in V-Cat, then gf : X —Z is dense (resp. codense).

Given a V-category A and a complete V-category X, Lemma 4.3 actually gives rise to
well-defined maps

AQX—X" and 1T A@XP 5 (XA)P,
and moreover:

Proposition 4.7. 1: A ® X — X% is a dense V-bifunctor, and 17: A @ X°P — (XA)%P is
a codense V-bifunctor.

Proof. We only prove the claim for 1, as the claim for 17 can be obtained dually.
First, 1 is a V-bifunctor. This is because

(A®X)((a,x),(d,x)) =A(a,d) @ X (x,x)
(

< (A(b,a) = A(b,d")) @ X (x,x)

<A N@AWB) = X(,y) = (Ab,a) = X(x,))
beAyeY

= /\ /\ X(A(b,d)xx',y) — X(A(b,a) *x,y)
beAyeY

= N\ X(A(b,a)xx, A(b,d") xx')
beA

= X" (1(a,x),1(d' X))

forall a,a’ € A, x,x' € X.
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Second, 1 is dense. By Lemma 4.5 it suffices to show that

Xy = A A X (a0, 1) = X4 (10,0, 1)
acAxeX

for all i, u’ € XA” . To this end, note that for any ¢ € A, the V-functoriality of yt: A% —X
implies that

A(b,c) < X (pe, ub)
for all b € A, and consequently

k< /\A(b,c) = X(ue,ub) = N\ X(A(b,c)* e, pb) = XA (1(c, puc), ).
beA beA

It follows that

A N\ XY (t(ax) p) = X4 (1ax), 1)

acAxeX
<X (1, o), ) = XA (1(c,pe), 1) < XA (1(c, pe), 1)
<X(1(c,puc)e,p'c) = X(Ale,c)xpe,p'c) = Ae,c) — X(pe,p'c) < X(ue,p'c).

Hence
A A XY (1a,x), 1) = XA (1(a,x), 1) < A\ X(pe ple) = x4 (1),
acAxeX cEA
which is in fact an equation since the reverse inequality is trivial. O

Proposition 4.8. Given a V-category A and a complete V-category X, it holds that

XA (1(a,x),pn) =X (x,ua) and (XM)P(A,1%(a,x)) = X (x,Aa) (4.vi)
forallac A, xeX, u e XA% L e xA
Proof. The identity for 1 follows from

X (1(a,x),n) = N\ X(A(b,a) *x,ub) = N\ A(b,a) — X (x,ub) = X (x, ua)
beA beA

foralla € A, x € X, u € XA, and the identity for 1" follows dually. O

Remark 4.9. Proposition 4.8 may be viewed as a generalized version of the Yoneda lemma.
In fact, if X =V, then for each V-category A, by setting

x=k
in (4.iv) and (4.v) we obtain the Yoneda embedding and the co-Yoneda embedding, i.e.,
1(a,k) =9sa=A(—,a) and 1'(a,k) =via=A(a,~)

for all a € A, and (4.vi) becomes exactly (3.iv) in Lemma 3.4.
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5 Isbell adjunctions and Kan adjunctions

Let
(X7Y?Z’®’)/’\‘)

be a two-variable adjunction in V-Cat. For each V-bifunctor

Q:A®?Q@B—Z,

we define
o Y —(XP)®, (@b = N 9(a,b) / pa, (5.0)
acA
o' (XBYP—yA" (9"A)a= N\ Ab\ 9(a,b). (5.ii)
beB

Proposition 5.1. Let ¢: A°® @ B—Z be a V-bifunctor. Then
@r 4 o*: (XB)P—yA”
in V-Cat.

Proof. First, ¢ and @' are well-defined maps. Given u € YA”, the V-functoriality of
Q1L : B—— X follows from

B(b,b') < )\ Z(¢(a,b),9(a,b')) (Lemma 3.1)
acA
< /\X((p(a,b) / ua, o(a,b) / na) (Lemma 3.2)
acA
< /\X( /\ o(d,b) v ud, ¢a,b) /ua) (Equations (4.iii))
acA da' €A

= X( N\ od.b)/ pd, \ olab),/ ,u.a) (Equations (4.iii))

deA acA

=X ((@rp)b, (Prut)b') (Equation (5.))

for all b,b’ € B; and similarly, @*A : A% —Y is a V-functor whenever A € X&.
Second, ¢ and @* are V-functors and o @* in V-Cat. Indeed,

(XP)P(@rue, ) = A\ X(Ab, (@r)b)

beB

— A x(/lb, A 9(a,b) / /.La) (Equation (5.0))
beB acA

= A\ A\ X(b,¢(a,b) / pa) (Equations (4.iii))
beBacA

= A\ A\ Y(ua,Ab\ ¢(a,b)) (Definition 3.3)
acAbeB

= /\ Y(,ua7 /\ Ab N (p(a,b)) (Equations (4.iii))
acA beB

= /\ Y (ua, (¢*A)a) (Equation (5.ii))

acA
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=" (1,0*2)
for all u € YA”, A € X5, which completes the proof. O

For each V-bifunctor ¢: X ® Y —Z, let ¢? : Y © X —Z denote the V-bifunctor given
by
97 (3,%) = @(x,)

forallxe X,yeY.

Lemma 5.2. For V-bifunctors ®: X QY —Z, /1 ZRQYP—X, \: XP R Z—Y, the
following statements are equivalent:

) (X,Y,Z,®,.,\) is a two-variable adjunction in V-Cat.
(i) (X,Z°P,Y°P N\, /7, ®) is a two-variable adjunction in V-Cat.
(iii) (Z°P,Y,X°P, ./, ®, \‘9) is a two-variable adjunction in V-Cat.

Proof. This is an immediate consequence of
Z(x®y,z) = X(x,2//y) =Y (3% \(2)
= YPENY) =X(xy 7 ) =ZP(zx @)
= XP(2/ 3x) = Z®(2,x®y) =Y (1,2 N\ x)
forallxeX,yeY,zeZ O

Note that the duality of V-categories (cf. Remark 2.3) allows us to reformulate Proposi-
tion 5.1 as follows: the dual of each V-bifunctor

0: A® @ B—Z%  ie., @%:(A®P)PQB® 7,
induces an adjunction
(91 (9" (X7 )P —y (4™
in V-Cat, given by (5.1) and (5.ii), which by duality corresponds to

((@)1)P (@))% s (Y4)P— X" (5.ii)

V-bifunctors
yv: AP @B—Y and §:A® @ B—X

give rise to adjunctions given in the following Proposition 5.3, where

v XBT 74 (' A)a=\/ Ab ® y(a,b), (5.iv)
W 22— X" (yp)b = ;E\Bua/ (a,b) (5.v)
acA
and
G (Z)P— ()P, (GA)a= N\ {(a,b) N Ab, (5.vi)
g (r)P—(2%)%, (CTw)b :bil; ¢(a,b) ® pa. (5.vii)

acA
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Proposition 5.3. Let y: A’ @ B—Y and {: A°° @ B—>X be V-bifunctors. Then
vy 22— XBT and G AT (AP — (ZB)P
in V-Cat.

As we will see in Subsection 7.1, adjunctions given by Propositions 5.1 and 5.3 general-
ize Isbell adjunctions and Kan adjunctions induced by V-distributors between V-categories,
respectively. Hence, following the terminologies of [25,24], adjunctions of the forms ¢y
o' and y* 4y, & 4 ¢ are called Isbell adjunctions and Kan adjunctions, respectively.

6 Representation theorems

In this section, we assume that X, Y, Z are complete V-categories, and

(X7Y5Z5®a\/a\()

is a two-variable adjunction in V-Cat.
Given a V-category A, a V-functor h: A—A is a V-closure operator if

1a<h and hh=h.

In particular, each adjunction f - g: B—A in V-Cat induces a V-closure operator gf: A—A.
We denote by

Fix(h) :={a € A|ha=a}
the V-subcategory of A consisting of fixed points' of /.
Proposition 6.1. [25] Let h: A—A be a V-closure operator. Then

(1) the inclusion V-functor Fix(h) A is the right adjoint of the codomain restriction
h: A—Fix(h);
(2) Fix(h) is a complete V-category provided that A is complete.

If X is a complete V-category, then for any V-category A, it is easy to see that X4 is
equipped with the pointwise tensors, cotensors and underlying joins inherited from X, and
thus X4 is also a complete V-category by Proposition 4.1. Therefore, by Proposition 5.1,
every V-bifunctor

0:A® ®B—Z

gives rise to a complete V-category
M@ :=Fix(¢'@r) = {u € Y™ | o' pru = p}

of the fixed points of the V-closure operator (pi(pT: YA" — YA induced by the Isbell
adjunction @4 Q.

The following theorem is the main result of this paper, which characterizes those V-
categories that are equivalent to M¢:

I Strictly speaking, “fixed point” should read “pseudo-fixed point” here, since a € Fix(h) satisfies ha = a
instead of ha = a.
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Theorem 6.2. Let ¢: A°® ® B—Z be a V-bifunctor. A V-category C is equivalent to M@
if, and only if, C is complete and there exist a dense V-bifunctor 0¢: A ® Y —C and a
codense \V-bifunctor f: B ® X°P—C such that

C(a(a,y),B(b,x)) =Z(x ®y,¢(a,b)) (6.0)
forallac A, beB xeX,yeY.
Before proving this theorem, we present the following lemma as a preparation:
Lemma 6.3. Foranya €A, be B, xc€ X,y €Y, it holds that
((pTl./-\,Y(a?y))bg (p(a,b) /y and ((P‘LIBX([?,X))H%X\ (P(avb)

Proof. The first isomorphism follows from

X, (@r1ay(a,y)) ( A o(d.b) (a’,a)*y)) (Equations (4.iv) and (5.)
=A sze’ip(a’,b)  (A(d,a)xy)) (Equations (4.iii))
a/E\AY A(d a)xy, X\, o(d,b)) (Definition 3.3)
= a/E\AA(a’ya) —=Y(y,x' \ o(d,b)) (Equations (4.i))
= ;Zw’ \¢(a,b))
=X(,0(a,b) / y) (Definition 3.3)

for all X' € X, where the penultimate equality holds since

A(d',a) < Z(¢(a,b),0(d',b)) <Y (X' \ 9(a,b),X' \, ¢(d,b))

by applying Lemmas 3.1 and 3.2 to ¢: A’ ® B—Z and \: X°°? ® Z—Y . The second
isomorphism is obtained dually. O

Proof of Theorem 6.2. Necessity. It suffices to prove the case C = M¢@. We show that
0:ARQY—M¢ and B:BRX®—Mo

given by
a(a.y) = ¢*@riay(a.y) and B(bx)=@'1x(b.x)
are dense and codense, respectively, and satisfy (6.1).
First, the density of o and the codensity of 8 both follow from Lemma 4.6. Indeed, o
is the composition of the dense V-bifunctor 14y : A ® Y —yA” (Proposition 4.7) and the
codomain restriction of the V-closure operator @*@;: Y A® __, yA% (cf. Proposition 6.1),

while f is the composition of the codense V-bifunctor lB.X: B ® X°P — (X58)°P (Proposi-

tion 4.7) and the codomain restriction of the right adjoint V-functor @*: (X5)P —yA”.
Second, Equation (6.1) follows from

Meo(a(a,y), B(b.x)) =Y (9 @1y (a,y), 9"1f y (b.x))
= (XB)P (0" Pr1ay (a,y), 1 x (b,X)) (¢: 1 9%)
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= (X®)P(@r1ay (a,y), 1 x (b,X)) (o1 0"
=X(x, (prtay(a,y))b) (Proposition 4.8)
=X(x,9(a,b) /" y) (Lemma 6.3)
=Z(x®y,¢(a,b)) (Definition 3.3)

forallacA,beB,xcX,yeY.
Sufficiency. We show that

h: Mp—C, hu=\/ a(a,pa)

acA

is a fully faithful and essentially surjective V-functor, and thus an equivalence of V-categories
by Proposition 2.1.
First, & is a fully faithful V-functor. Note that

for all u € M@, b € B, x € X, because

Clhy, B(b,x) =C(\/ (e, pa), B(b.x))

acA
= A\ Cla(a,pa),B(b,x)) (Equations (4.iii))
acA
= /\ Z(x ® ua,o(a,b)) (Equation (6.1))
acA
= N\ X(x,9(a,b) / pa) (Definition 3.3)
acA
—X (x, A 9(a,b) ./ ua) (Equations (4.iii))
acA
=X(x,(@ru)b). (Equation (5.1))
It follows that
Mo (i, 1) = Y*" (1, @' pyut”) (1 € Mg)
= (X®)P(prpt, prut”) (pr 49
= A X((@11)b, (r11)b)
beB
= N\ A X (9r)b) = X (x, (@12)b)
beBxeX
= A\ A C(hy',B(b,x)) = C(hy, B(b,x)) (Equation (6.ii))
beBxeX
= C(hp,hu’) (Lemma 4.5)

forall u, ' € M@, where Lemma 4.5 is applied to the codense V-bifunctor §: B® XP—C
in the last equality.

Second, / is essentially surjective. For any ¢ € C, note that C(a(a,—),c) € V¥™ for all
a € A. Thus it makes sense to define

u: AP —Y, ua= squc(a(aaf%c)v
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which is a V-functor because

/\ Cla a.y)) (V-functoriality of o)
yeY
< A Clald,y).c) = Cla(a,y),c)
yeY
= VYUP (C((X(a,7 7)a C),C((X(a, 7)a C))
<Y(ud,ua) (V-functoriality of supy )
for all a,a’ € A. We claim that
c=hotoiu.
Indeed,
Cle, B(b.x)) = C(hg* @11, B(b.x)) (6.iii)
for all b € B, x € X, because the density of oc: A ® Y —C guarantees that
C(c /\ /\ C(a ) — C(a(a,y),B(b,x)) (Lemma 4.5)
acAycY
= A NC(a Y= Z(x®y,¢(a,b)) (Equation (6.1))
acAyeY
= A\ A\Cla )= Y (y,x N\, ¢(a,b)) (Definition 3.3)
acAyeY
= /\ Y(ua,x ™\ ¢(a,b)) (Equation (3.v))
acA
= A\ X(x,9(a,b) / pa) (Definition 3.3)
acA
—X (x, A 9(a,b) ./ ua) (Equations (4.ii))
acA
=X (x,(oru)b) (Equation (5.1))
=X(x, (@@ r11)b) (o1 4 0")
= C(ho*eru, B(b,x)). (Equation (6.ii))
Hence, by the codensity of f: B® X°P—C,
/\ /\ C(c ) — C(c,B(b,x)) (Lemma 4.5)
beBxeX
= N\ N\ C(.B(b,x)) = C(ho*rp, B(b,x)) (Equation (6.iii))
beBxeX
= C(ho*eru,c’) (Lemma 4.5)
for all ¢’ € C, which completes the proof. O

Remark 6.4. The above proof for Theorem 6.2 is a direct one. Besides, an easier but indirect
approach to the sufficiency of the condition in Theorem 6.2 may be formulated by applying
the results of [11]. Explicitly, since we have dense V-functors «, 14 y and codense V-functors

B, l;  satistying

(XP)P(@riay (@), tx (b,x) = Z(x ® y,9(a,b)) = C(at(a,y), B(b,x))
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Pr
A® —————— (yBy\op
Ay Y (:/ (X ) %
ARY B ® X°P

xc/

forallae A,be B, xe X, ye€Y,itfollows from [11, Theorem 5.1] that C is equivalent to
Me.

Now, in order to derive representation theorems for the complete V-categories of fixed
points of Kan adjunctions given by Proposition 5.3, i.e.,

Ky = Fix(yoy*) = {4 € X5 | oy A = 1},
K'$=Fix({'¢) = {1 e 2P | {TGia =2},

let us apply Theorem 6.2 to the adjunction (5.iii). Indeed, for any V-bifunctor ¢: A°? ®
B——Z°, the V-category of fixed points of (5.iii) is precisely (M@°P)°P. By Theorem 6.2,
the dual of a complete V-category C is equivalent to M@°P if, and only if, there exist a dense
V-bifunctor @: A% ® ¥ —C°P and a codense V-bifunctor f: B ® X°P—C°P with

C(B(b,x),a(a,y)) =C®(a(a,y),B(b,x)) =Z(x®y,p(a,b))
foralla € A, b € B, x € X,y € Y. Therefore, by the duality of V-categories we have:

Corollary 6.5. Let ¢: A°° @ B—Z° be a V-bifunctor. A V-category C is equivalent to
(M@°P)°P if, and only if, C is complete and there exist a dense V-bifunctor : B @ X —C
and a codense V-bifunctor a: A @ Y°P —C such that

C(B(b,x),a(a,y)) =Z(x®y,¢(a,b))
forallacA,beB xeX,yeY.

The representation theorems for Ky and K¢ are then obtained by applying Corollary
6.5 to Proposition 5.3:

Corollary 6.6. Let y: A°® ® B—Y be a V-bifunctor. A V-category C is equivalent to Ky
if, and only if, C is complete and there exist a dense V-bifunctor f: B® X —C and a
codense V-bifunctor a.: A @ Z—C such that

C(B(b,x),a(a,z)) =Y(y(a,b),x \ z)
forallac A, be B, xeX, z€Z

Corollary 6.7. Let {: A% ® B—3X be a V-bifunctor. A V-category C is equivalent to K™
if, and only if, C is complete and there exist a dense V-bifunctor B: B ® Z°° —C and a
codense V-bifunctor a: A @ Y°P—C such that

C(B(b,2),a(a,y)) =X({(a,b), 2/ y)

forallac A,beB, yeY, zeZ



Isbell adjunctions and Kan adjunctions via quantale-enriched two-variable adjunctions 17

7 Examples
7.1 WhenX =Y =Z=V

When X =Y = Z =V, the multiplication ® of the quantale V obviously induces a two-
variable adjunction on V, since

Vx®y,2)=V(x,y—=2)=V(yx—72)
for all x,y,z € V. A V-bifunctor ¢: A°? ® B—V is precisely a V-distributor
¢: A - B;
that is, a map @ : A x B—V satisfying
B(b,b') ® ¢(a,b) ® A(d',a) < ¢(d',b)

for all a,a’ € A, b,b’ € B. Therefore, the Isbell adjunction ¢4 @' and Kan adjunctions
¢* - ¢., 7 - @; induced by ¢ are exactly the ones given in [25, Proposition 4.1] and [24,
Proposition 6.2.1], respectively, when Q =V is a commutative quantale. In this case, M¢,
K¢ and KT ¢ are separated and complete V-categories since so is V, and the corresponding
representation theorems are formulated as follows:

Corollary 7.1. Let ¢: A —e= B be a V-distributor, and let C be a separated \/-category.

(1) Cisisomorphic to M@ if, and only if, C is complete and there exist a dense \V -bifunctor
a: A®V—>C and a codense N -bifunctor : B® V°?P—C and such that

Clafa,y),B(b,x)) = (x@y) = ¢(a;b)

forallae A, beB, x,ye V.
(2) C is isomorphic to K@ if, and only if, C is complete and there exist a dense \V-bifunctor
B: B®V—C and a codense \V-bifunctor a: A @ V—C such that

C(B(b,x),a(a,2)) = @(a,b) = (x = 2)
foralla€ A, beB, x,z€ V.

(3) Cis isomorphic to KT @ if, and only if, C is complete and there exist a dense V-bifunctor
B: B® V°°—C and a codense \V-bifunctor a.: A @ VP —C such that

C(ﬁ(b,z),a(&y)) = (p(a7b) - (y — Z)

forallac A, be B, y,zeV.

Remark 7.2. As elaborated in [11, Section 7], (1) and (2) of Corollary 7.1 are actually the
commutative case of [11, Corollary 7.9], whose prototypes come from [2, Theorem 14(2)]
and [20, Proposition 7.3], respectively.
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7.2 Multi-adjoint concept lattices

In the special case of V = 2, the two-element Boolean algebra, a two-variable adjunction
with respect to ordered sets X, Y, Z consists of maps

®: XXY—Z, J:ZxY—X, “\;:XxZ—Y
such that
X®y<Lz = x<z/y &= y<x\(Z

forallxe X,y €Y,z € Z; thatis, (X,Y,Z,®,,,\,) is an adjoint triple in the sense of [17,
16]. For any sets A, B and maps

Q:AXB—Z, Ww:AxB—Y and {:AXxB—X,

— Mo is the multi-adjoint concept lattice of the context (A, B, @) [17,12],

— Ky is the multi-adjoint property-oriented concept lattice of the context (A,B,y) [16,
12],

— KT¢ is the multi-adjoint object-oriented concept lattice of the context (A, B, {) [16,12].

In particular, our Theorem 6.2 formalizes the representation theorem of the multi-adjoint
concept lattice (see [17, Theorem 20]) when V = 2.

7.3 Tensors and cotensors

For every complete V-category X, from (4.ii) we see that its tensors and cotensors give rise
to a two-variable adjunction

(V7X7X7*7X0p(_7_)7>_>); (71)

explicitly,
X(vxx,y) =V@,XP(y,x)) =X (x,v —y)
forallv e V, x,y € X. In this case:

(1) The Isbell adjunction induced by a V-bifunctor ¢ : A°? ® B—X is given by

or: X (VAP ()b = N\ X(na,@(a,b)) = X" (1, @(=,b)),  (7ii)

acA
o' (VEYP— X4 (p*d)a= )\ Ab— ¢(a,b), (7.ii)
beB

which satisfies

XA (@' 4) = (VE)P (@i, A) = \ Ab— XA7 (1, 0(—,b)) (7.iv)
beB

for all u € XA”, A € VB. In particular:
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(la) If B =1, the singleton V-category, then a V-bifunctor 7: A’ ® 1— X may be
identified with 7 € XA”, and (7.iv) becomes

XA (, T) = VO (T, v) = v — XA (1, 7)
for all u € XA™, v € V; that is,
Th=vr—1

is the cotensor of v and 7 in XA” (cf. (4.1)), given by the pointwise cotensors inher-
ited from X, and

Mt={v—r1|veV}.

(1b) If
P: AP @ X" X, @(a,p) = Ua (7.v)

is the evaluation V-bifunctor, then it follows from (7.ii) and (7.iii) that

ou=X"(u,~) and @'A= A At—1

7eXA®
forall € XA%, A € VX' that is,
o = n;Aop and @' = infy 0p,

where the latter identity is an immediate consequence of the completeness of XA®
and the formula for infima given in [25, Theorem 2.8]. Since (piq)T = infy 0 U;Aop =
Lyaop, we have now

Mo = X4

(2) The Kan adjunction induced by a V-bifunctor y: A°°? ® B—X is given by

v VBT XA (yA)a =\ Abxy(a,b), (7.vi)
beB

v XA VBT (y)b = A\ X(w(a,b), na) = X*" (w(—.b), 1), (7.vii)
acA

which satisfies

XAy a, 1) = VI (A we) = N\ Ab — XA (w(=,b), 1) (7.viii)
beB

for all u € XA”, A € VB” . In particular:
(2a) If B = 1, then for each T € XA”, (7.viii) becomes

XA (T, ) = Vv, Tp) = v — X4 (1, p)

for all u € XA™, v € V; that is,
TV =v%T

is the tensor of v and 7 in XA” (cf. (4.1)), given by the pointwise tensors inherited
from X, and

Ko = {x""(t,u) | u € X"},
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(2b) If y: A% @ XA” — X is the evaluation V-bifunctor given by (7.v), then it follows
from (7.vi) and (7.vii) that

y'A= \/ Atxt and wypu=X""(—p)

TexA®P
forall u € XA% A€ V(XAOP)OP; that is,
V' =supyaor  and Wi = Y00
by [25, Theorem 2.8], and consequently
Ky = Fix(9ya00 supyaor ) = {hyaor it | 1t € XAy x4,

(3) The Kan adjunction induced by a V-bifunctor {: A® @ B—V, i.e., a V-distributor
{: A -+ B, is given by

Gro (XP)YP—(XNP (LGid)a= )\ {(a,b) — Ab, (7.ix)
beB

Ehe (XMP—(XB)P ()b =\/ {(a,b)*pa. (7.x)
acA

Note that {; 4 {T apparently generalizes the adjunction given by [24, Proposition 6.2.1]
(in the case of Q = V) by replacing the multiplication ® and the implication — of
V with the tensor and cotensor of X, respectively. In particular, if A = (A, @) is a V-
category, then o: A —e+ A is a V-distributor, and it is straightforward to check that
o 2ol 1x4yop, which necessarily forces that Ko = (X4)°P,

7.4 (Generalized) metric spaces

Recall that a (generalized) metric space is precisely a [0,0]-category (cf. Example 2.2(2)).
The implication of the quantale

is given by
x—y=max{0,y —x}

for all x,y € [0,00], where “max” refers to the standard order of extended real numbers. In
order to eliminate ambiguity, we denote joins and meets with respect to the standard order
on [0, 0] by | | and ['], respectively.

Given a topological space X, let LSC(X,[0,c0]) denote the set of lower semi-continuous
maps from X to [0, co]; that is, maps f: X —[0,] such that {x € X | fx < a} is closed for
all a € [0,00]. LSC(X, [0, 0]) becomes a (generalized) metric space, with

LSC(X7 [0>°°D(fvg) = |_| max{O,gxffx}
xeX

forall f,g € LSC(X,[0,e0]). It is clear that LSC(X, [0, 9] ) is closed with respect to pointwise
joins of maps, making itself a complete lattice, and moreover:
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(1) LSC(X,[0,00]) is tensored, with
axf: X—[0,00], (axf)x=a+ fx

forall a € [0,o0], f € LSC(X,[0,9]), x € X;
(2) LSC(X,[0,0]) is cotensored, with

a— f: X—>[0,|, (a— f)x=max{0, fx—a}
forall a € [0,0], f € LSC(X,[0,00]), x € X.

It follows from Proposition 4.1 that LSC(X,[0,ce]) is a complete [0,c]-category. Hence, by
setting V = [0,e0] and X = LSC(X, [0,00]) in (7.i) we obtain a two-variable adjunction in
metric spaces.

Let Y be a classical metric space (whose metric is symmetric, finite and separated)
equipped with the usual metric topology. Then the set C(X,Y) of continuous maps from
X to ¥, and the set [0,]" of non-expansive maps from Y to [0, o], are both equipped with a
(generalized) metric structure given by Equation (2.i) in Example 2.2(6). Since the compo-
sition gf of f € C(X,Y) and g € [0,0]" lies in LSC(X, [0, 0]), it is straightforward to check
that

1 [0,00)" x C(X,Y)——=LSC(X,[0,e]), (g.f) > gf

defines a [0, oo]-bifunctor, where the metric on [0,0]" x C(X,Y) is given by Example 2.2(5).
(1) The induced Isbell adjunction

Y

@1 A @t ([0,00] CXI))P 5 LSC(X, [0, 00]) ]

is given by
(e f= || LSCX,[0,%])(ngef)= || |]max{0,gfx— (ug)x},
8€[0,]" 8€[0,00] ¥EX
(2= || Af—gfx= || ma{0,gfx—As}
feC(xy) feC(xy)

forall it € LSC(X,[0,00]) 01" 2 € [0,00]*:¥) and Mg consists of 1 € LSC(X, [0, e0]) 01"
satisfying

(mgx=[] [] []max{0,gfx—max{0,¢'fx'—(ng)x'}}

FECXY) g'e[0,00]Y ¥ EX
forall g € [0,e0]", x € X.
(2) The induced Kan adjunction

op

¢* = ¢.: LSC(X,[0,00]) 01" —5 [0, 0] CX 1)
is given by

(@ M)e)x= [ (fxgflx= [] Af+efx,

feC(xy) feC(xy)

(pu)f = || LSC(X,[0,%))(gf,mg)= || |]max{0,(ug)x—gfx}

8€[0,]" 8E[0,e0]V XEX
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forall A € [0,00]CX1)™ 1y € LSC(X, [0,00]) =", and K¢ consists of A € [0,00] X 1)
satisfying

rfr= || L |—| max{0,Af +gf'x—gfx}

g€[0,00]Y XEX f'eC(X,Y)

forall f € C(X,Y).
(3) In particular, for each x € X,

¢ [0,0]" x C(X,¥)—[0,09],  (g,f) > gfx
defines a [0, o]-distributor. The induced Kan adjunction
(P 4 9]+ (LSCX, 0,65 O3 (LSCX, [0,0) )0
is given by

(p)s)e)x' = || (efx—2af)X =[] max{0,Afx' —gfx},

feC(X.Y) FeC(X.Y)
(@Im) )y = [ (efxrpgx’= [] gfx+(ug).
2€[0,00)Y 2€[0,00)¥

for all A € LSC(X, [0,00])<X ), i1 € LSC(X, [0,00])(%=1")"  and K¢ consists of A €
LSC(X, [0,00]) “X¥) satisfying

A= T[] |l (efx+max{0,Afx —gf'x})

g€[0,00)Y f'€C(X,Y)

forall f € C(X,Y), X €X.
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